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Page 2.

in this work are studied the machime algorithms of the systems

of numeration (both positional and nonpositiorl) with the composite

bases/bases.

The results of this work can be of interest both for developers

of TSVM, which lead the search for fundamentally new constructive

solutions of organizing AU TsVM, and for the developers of

elements/cells with the specific character of the arithmetic of

complex numbers in numeration systems with the composite bases/bases.

The book Ls intended for engineers, scientific workers, graduate

students and stiiients, who specialize in the area of computational

technology.

33 tables, 52 illustrations, 15 references.
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PREFACE.

The rates 3f development of sciencs and technology, depth and

comprehansiveness of the conducted scientific research lead to the

setting of ever more complex prcblems whose sclution is necessary for

the national economy. it requires the growth cf the productivity of

electronic comptiters. Even now on 1970-1980 is forecast the creation

of computationaL means by the productivity of 10' operations per

second.

If we clear the questions, connected with the development of the

new methods of the numerical solution of tasks, programming and the

creation of new machine languages, then the vays of further

perfection of c=mputational means are examined/scanned both in the

improvement in the engineering and technical basis and in the

levelopment of structure, logic and organization of computers.

The first path represents the sufficiantly prolonged process

which includes at the initial stage the discovery/opening the

physical principles of the construction of elements/cells with the

high speed operation of changeover of one state in another, at the
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following stage - development of new efEicient technological methods

(in the relation to the possibilities of mass production and

economically) and finally at the completing stage - conversion of

those existing &ad introduction of new production enterprises. This

is the very heavy path, which requires considerable time and enormous

means.

Computer techaology in this plan/layout passed already the

serips/roy of stages. With the advent of relay technology purely

mechanical computational means passed into the electromechanical

ones. Then, when arose vacuum electronic engineering, began to be

constructed the electron-tube electronic computers, which together

with radio elpctronics completed transition to the semiconductor

technology.

Page 4.

At present computational means prepare to do the following step/pitch

- to pass to microelectronic technology and integral chart

technology.

Another matter is the alternate path. It does not require any

technical and technological improvements, but is based on the

creation of new theoretical concepts in representation and
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information processing in the machine, in the construction of its

structure and logic and in the organization of the very process of

the solution of problems in the machines.

At the basis of all methods createi by this method, lies/rest3

the idea very simple and at the same time very complicated - the

deparallelization of operations. Simple it because logically it

appears, as soon as one machine net in the state to manage the data

by the capacity of computational operations and, that means it is

necessary to draw other machines and to distribute the work between

them for its simultaneous and parallel execution. This is, in the

known sense, the principle of the organization of any mass production

when different parts of article in parallel are made on different

equipment and only at the final stage they are gathered into the

article in the final form. Is complicated this idea by the fact that

the solution far not of any problem can be dismembered to the parts,

which allow/assume parallel execution in different machines. In the

majority of the cases the algorithms of the solution carry especially

consecutive character and only by complicated artificial methods it

is possible to produce necessary separation, spending in this case

the significant part of the total produ:tivity of machine to the

realization of this separation and for the subsequent

connecting/fitting of all parts of the soluticn between themselves.

In spite of such very essential difficulties in the organizatiom of
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the multiple oparation of different machines above the solution of

large problems, the creation of sultimachine computing systems is at

present the important method of the satisfaction of the necessities

for the high productivity.

Is very promising and is fruitful in the practical plan/layout

the deparallelization not of the algorithms of the solution of

problem, but deparallelization on the "microlevel.. of the algorithms

of the execution of elementary arithmetic operations. Hare it was

required to fini a theoretical-numerical basis, which is determining

the methods of the separation of a number into the individual parts,

which allow/assume their independent and parallel processing. This

basis was the theory of ccmparison.

Page 5.

Relyin; on fundamental concepts and positions of this theory, it was

possible to construct the original numeration system in the residual

classes, in which numbers are represented by their deductions on the

basis of mutualLy simple moduli/modules - the basis of system, and

the rational operations on numbers are conducted independent of the

appropriate deductions of these numbers individually. Numeration

system in the residual classes underwent development both in ths

theoretical and pr' ,tical o mn/layout and it was used as basis for
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the -omstructiom of high-productivity computers.

Neanvhile the ideas and the concepts of the system of residual

classes proved to be such attractive that caused the tendency to

widen sphere their applications/appendi-es and to generalize them in

different directions.

Since in the system of residual classes are absent the evident

interbit/interbyto connections, then natural was generalization in

the direction of the creation of the general theory of ronpositional

systems, which would contain all possible similar numeration systems.

This theory is developed/processed by the works of the series/row of

Soviet scientists and it came tc light/ietscted/sxposed the already

very interesting numeration system, vhizh possess different specific

properties, important for the efficient practical realization.

Another not less important direction - generalization of the

system of residual classes to the objects of more complicated nature

than the region of real numbers. ork in this direction was conducted

in the institute of mathematics and mechanics of AN KazSSR.

The following in its complexity is the region of complex

numbers. The construction of numeration system in the residual

classes in complex domain proved to be possible on the basis of the
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6aussian theory complex integers, and (aussian idea of the

isomorphism between the ccmposite deductions of a number on the

composite modulus/module and his real deductions according to the

norm of this modulus/module made it possible to wholly replace the

integrated numeration system with real -ind thereby virtually it

created the possibility to work in the real region with complex

numbers as a wh31 without their separation into real and complex

domains.

It is diffi-ult to overestimate the practical value which has

this possibility for solving the tasks, formed/shaped in the terms of

complex quantities. The algorithms of the solution of problems

considerably are simplified, since in them is absent this

element/cell, as isolation of the independently real and alleged

parts of the values and their couplings, and the productivity of the

solution of problems in this case sharply grows.

Page 6.

The possibility to use with a complex number (or flat/plane vector)

as by the elementary inseparable cbject promises the interesting

prospects for the creation of the new methods of the numerical

solution of many important tasks. Over the long term - transposition

of this method to the three-dimensional/space multidimensional
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vectors, and also to the elements/cells of some function spaces.

The book contains the results cf research by construction 2f

machine arithmetic in complex dcmain in the described above

direction.

Ia the first three chapters, being based on K. F. Sauss's works

on the theory of biquadratic deductions [8], are studied basic

questions of the division theory, theory of comparisons, theory of

the indices complex integers. Special attenticn is paid to the

analysis of the concept of the full/totl/complate system of

deductions on ta composite moduli/modules and to the analysis of the

tables of modular arithmetic.

The fourth chapter is dedicated to th- study of the properties

of the positional numeration systems with the composite bases/bases.

The fifth chapter contains the generalization of the theory of

the numeration system of residual classes to complex domain and the

development of machine algorithms in these numeration systems. Sy the

introduction of special coding are examined the methods of the

abridgement of table of modular addition and multiplication. Ara

studied the operations of shortening and expanding the range.
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The book will be of interest both for the mathematicians, who

work in the region to the theory of mathematical machines and their

use/application, as well as for the development engineers of the

digital computers, which lead the search for the fundamentally new

ways of organizing the arithmetic units of computers and increase in

their efficiency.

The authors express a deep appreciation to E. I. Al'zamarova for

the shown/renderad help in the calculation of tables and the

formulation of the manuscript.

The authors.
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Chapter 1.

DIVISION THEORY IN A RING OF COMPLX INTEGE,1S.

§1. Ring of complex integers.

Let us designate through F the set of all complex numbers

a-bi(l -1=i), r3al and alleged parts of which are integers. Such

numbers are called complex integers or whole gaussian numbers

(sometimes by Gaussians) in the honor of K. F. Gauss, who for the

first time in iatail studied the arithmetic complex integers in the

famous research "Theory of biquadratic leductions" (8]. Subsequently

complex integer3 We will triefly vrite/record ts.k.ch., whole real

numbers - ts.v.zh.

Since for any ts.koch. u, w, ve f .t F/of,I1ed

u+wer,
u~w e r,

- u e r,
moreover

'a +- W+ U,

U (go + V)- aw+ UU,
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then set of ts.k.ch. r is carried out commutative ring.

Ring & oas not have zero divisors, which is equivalent to the

assertion: from condition uow=O it follows that, at least, one of the

cofactors is equal to 0.

Lit us designate through P the set of all complex numbers whose

real and alleged parts are raticnal numbers.

Page 8.

since sun, diffirence, product, quotient (if divider/denominator it

is different from 0) twc numbers cf P again belongs P, then P is

fiels. Ring &I s contained in field P, but it is not it really is

easy to construct quotient of two ts.k.ch. which is not ts.k.ch.

Any number.of P can te represented in the form of relation of

two ts.koch.; therefore P call the quotient field of ring r.

Norm of ts.k.ch. z=a~bi is called the square modulus of this

number. For the norm is built-in the following symbol:

Sz a2 + P.(1.1)

It is obvious,

Z-w i; Z [Iz! lw I (1.2)
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§2. Divisibility in the ts.k.ch. ring G

Since
a - bi ._ + bd be-ad

z I _d, (2.1) '-d

that divisibility "completely" of ts.k.:h. v to ts.k.ch. z is

equivalent to iivisibility of ts.v.ch.: asbc, bc-ad on Iz'=a--b, or

ac - -d 0 (mod'a•;;);

(2.2)
bc - ad .0 (mod 'z ' ).

In such cases it 13 accepted to write z/w (it is read: "z divides

w"), otherwise: zxv. that the relation of livisibility in ring

possesses the ftlloving properties: 1) z/O, I/z, z/z for any x; 2)

Ozz for any z(zOO): 3) from z/w, v/u it follows z/u; 4) from z/v. %/v

follows zu/vv; 5) from zu/vu, u0O follows z/v; 6) from a -w, (1- - R)

follow

Z/ at Mi

for any u1, U2,...., U.

If ts.k.ch. 1/1, then it is called the divider/denominator of

unity. Hence it follows that the divider/denominator of unity in ring

r are all those numbers, the reciprocals numbers to which there are

ts.k.ch.: *-' = - - and s-ler.£
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Since F=(F ') - , #hat t is also the divider/denominatoc of unity.

Further, since .,'-1, that ile -e-ll= EII -Ile-'Ill=1.

Page 9.

Since the i3 r of ts.k.ch. must be ts.v.ch., Latter/last

equality is possible only when ril anII '11=1. Thus, ts.k.ch. z

then only then Lt is the divider/denominator of unity when lz!1=1.

Lit z-a~bi and ;.z'=. In that case

12 - V = 1.

Latter/last equation has the following solutions in the integers:

a = - 1, b - : a -0. b . 1.

In other worls, in rinq (' four dividers/denominators of unity:

Ts.k.t-h. that differ from each other in terus of the multiplier,

equal to the divider/denominator of unity, are called associated.

?he, the numbers, associated with ts.k.ch. a+bi, will be

A -a-bt; -b-a: b-al,

andits.k.ch. a-bi (conjugated/combined to number a~bi) - the numbers

-a-bi; b+ai; -b-a.

A somewhat spe:ial position occupy the associated numbers

a-al; -a-a; -- al; a-a; (a, b- tS..ch.)
b; -- b; bt; - b;
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which liffmr in terms of the fact that are connected in their group

the conjugated/combined numbers.

T.te relation of fissionability is invariant to the

dividers/denominators of unity in the sense that it is not broken, if

given ts.k.ch. are replaced with any others, with them those

associated, i.e., if st, z - dividers/denominators of unity and i/v,

then zt.

A:tually/rially, since 9,/1 and 1/2. that 'i *. Further, since

z/v and ti/92, that zl/w,.

Example. 3.21 divides 4+7i, i.e., (4+7i)/(3.2i)=2i.

Also (3+2i) (-1) divides (4+71)1, i.e., (-7.4i1/(-3-2i)1-2i.

§3. Prime numbers of Gauss.

The dividers/enominetora of unity and all numbers, associated

with tsokoch. z, are called trivial dividers/denominators of ts.k.:h.

is
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Page 10.

Ts.k.ch. ace called composite/compound, if there are sontrivial

divilers/denosimators of this number, and simple - otherwise.

Prime numbers we will call the prime numbers of Gauss (p.ch.G.)

in contrast to the term "prime numbers (p.ch.), difference from the

term "prime numbers (p.ch.), which relate to ts.v.ch.

It is obvious, any composite/compound natural number is

composite/compound in ring 6. However, not any p.ch. is p.ch.G.

Actually it is known that p.ch. of form 4n+1 are

decomp3sed/expamded into the sum of squares; therefore such numbers

can be represented in the form ef the product of two of those

conjugated/combined ts.k.ch. as, for example, 2= (I i) (1-i),

5- (2-1) (2-i)

But p.ch. 3f fore 4n+3 are p.ch.G. Actuauly/really, let p.oh.

p=4n.3 and p=(aebi) (c~di), then l= (a-bi) o(c-di) and, therefore,

p2 = (a2 4 b2) (c2 + d").

Since p - p.ch. then a&.bzctIdz-p. Further, in view of oddness p

numbers a and b have opposite parity. Let at2k. bsu=m1, then

p-a -b2 - 4 +4m'+4m+1.
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i.e. pm I (mod4), whereas p=(mod4).

They arrived at the contradiction.

TLeorem 3.1. So that ts.k. h. z=a~bi(a, bWO) would be p.ch.G. is

necessary and it is sufficient so thatizlithere would be p.ch.

Proof. Let lzl=p - p.t.h. *nd let z=uew, then

Since norms of ts. k.ch. are ts. v. ch., taen one of the multipliers IuA

lollaust be equal to 1. if11U=1, then w - divider/denominator of unity.

Thus, z does not have other dividers/denosinators, except trivial

ones.

Conversely, 13t IlzII=a*+b2 be composite number and let p/lIzI (p -

p.ch.). Ire possible two cases.

Case 1. p - p.ch. of form 4n+1, then p=e'zf; let us show that

ts.k.ch. z is Lvifed into etip or on e-ip.

Page 11.

Ve have equalities

ab .b a20 b -- &a1;

, ,s • P



DOC = 8102001 PAGE 18

Hence we obtain the identities

Izi p = (am + bl)' + (b2 - a'2 ;

z p - (a2 - b3) 2 - (b2 - a) 2 .

Further, since

(aa +b ).(a -b ) =a 2 p -',2

the either W(aa+bO). or p/(aa-bO). In the first case from the first

identity it follows that p/(b-ao) and therefore (a ip)/(a~bi); in

the seond case from thq second identity follows that p/(baaM and

therefore (a-i) /(a&bi).

Case of 2. p - p.ch. of form 4n 3; in that case number Ijzll=naZbZ

is divided into p if and only if p/a and p/b, i.e., number a+bi - is

composite/compound.

Thus, it is shown that if the norm of ts.k.ch. z is

composite/compound, then number itself z - composite/compound.

Corollary I. NormUzNp.ch.G. 2 is either p.ch. or square p.ch.;

in this case in the first case p.ch.G. has different from zero real

and alleged parts, and secondly - p.ch.G. with an accuracy to the

dividers/donomiaators of unity coincides with p.ch.
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Corollary 2. Set p.ch.G. can be classed as follows:

0 1 -1 -=1
1 1+i --1+i -1--i 1-i z I=2
2 a+0-i -P+ic -0 A-ia ' = p-n. R.

pml (mcd 4)
3 p ip -p -ip jj z II= p2

p=3 (mod 4)

Kay: (1). Type )f p.ch. (2). Jrime numbers of Gauss (p. ch.G.). (3).

Norm of p.ch.G.

§4. Properties of livisibility in ring G

Theorem 1.1. For any ts.k.ch. z and p there are ts.k.ch. t and r

such, that
z tp-r, (4.1)

moreover

ir < Ipli. (4.2)

Page 12.

Proof. Let z=a~bi and p=auio. Let us consider the number

a+bL ai--bi al-2b .
7-- -i 5 = 7 Pv -7p,=;+i

T anl e - resps-tively nearest ts.ch. to the real and alleged parts

of the fraction, i.e.

< (4.3)

We form ts.k.ch. t=z+ie, then

-t 2=_'  '- , - --  _ 7)2 4 -
,. P ' 2 "
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Let us assume r=z-tp, then z=tp~r, moreover

r .=--(-(' - t' p --- - - i < _- " - , < ! p .

The propecty of ts.k.ch. expressed by the proved theorem, seans

that ring (' is Euclidian ring (71, for which remains valid the

euclidean algorithm. Euclidean algorithm for ts. k.ch. will be

described belov.

Relationship/ratio (4.1) is generalized the relation of

livisibility, in this case, as usual, number z is called dividend, p

- by divider/denominator (modulus/module3), t - by the partial

quotient, r - by remainder/residue.

The relatively partial quotient (t) and remainder/residue (r)

theorem 4.1 claims their only existence. Requirement (4.2), generally

speaking, does not provide the uniqueness of pair t and r.

Example. P-3-4 ., - 1a.

5 + Q- l-p +(2 + 21), .,2-- 2iiI - 8 <5, ,
5 -4- Qt -2p - (- 1), -1 '- 1< H[I

5 - 4Q- (2 + )p - (1-3i). 1-3i. - 10< op..

A question about the conditicns of thq uniqueness of

representation of ts.k.ch. in the form (4.1) has important value for

the machine arithmetic of ts.k.ch. and it will be examined below.

For ts.k. h. by the usual method is built-in the concept 3f the
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greatest common livisor (NOD). Ts.k.ch. d is NOD of ts.k.ch.

z,, z 2, .. .. , z,; (d=(zl, z 2, ..... z)). if

1) d is the common divisor of all numbers Zj, Z" .... Z,;

2) d are divided into any common divisor of numbers z:, z:, . . z,.

Page 13.

Ts.k.ch. z!, z2, .... z is mutually simple, if (z1,z ..... z,)--

Theorem 4.2. For any final set of ts.k.ch. zi z- ..... z, there

exists with an accuracy to the dividers/denominators of unity only

NOD. In this case d=(z, z2, ... , z.) when and only when

zkdwlR
1 c-k - n (4.4)

d u/-- zk

k-1

with some ts.k.zh.wk, uk (1 k Zn). Z

Proof. On the basis of ts.k.ch. ^ we form set of ts.k.ch. L
by means of all possible combinations of form

k-i

Set L - subring, since from a, beL it follows

a -- beL, a, beL,

a -b= ' (-)ZhCL,
k-LI

hi
k-1
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Lst Us consider the norms of all t3.k.ch. of subriag L. Since

fromtlzl=0 it follows z=O, then among different from zero ts.k.ch.

sets L there is, at least, one ts.k.ch. d with the smallest value of

norm.

Lat us show that any ts. k.ch. zeL is Jividsd into d. Let

z=qod~r, wharqIjriIj<d4jSince d.zeL. that r=z-qdCL. But ts.k.ch. d has

on set L minimum norm; therefore frcm conditions ruL and r -< d it

follows that r=O.

Further, since zkeL(I-k ln), first d . zk (1 [k - n), i.m. carried

out condition (4.3) : since deL, that will be located such ts.k.ch.

u;,u2. U. - that

d = 'V Uk Zk,

kt"i

i.e. is satisfial condition (4.4). But any ts.k.ch. d, which

satisfies conditions (4.3), (4.4) , is NOD of numbers z. z ...... z.

Page 14.

Actually/raally, from (4. 3) it follows that d is the common divisor

of numbers Z1, z2, ... , z,, and from (4.4) it follows that any common

livisor of numbers Z1, Z2, .... , z. is dividar/dencminator of ts.k.ch. 1.

It remains to show that NOD is determined by
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relationships/ritios (4.3), (4.4) with an accuracy to the

dividers/denominators of unity. Let it be e - divider/denominator of

unity, then (4.3) and (4.4) it is possible to present in the form

z,= (d)'(wk -),

e.d = 'V(euA,.zk,

k-i

i.e. t3.k.ch. e.d also is MOD of elements/cells, z1,z2. ... z,.

Corollary 1. In relationship/ratio (4. 3) numbers W1, W2, a.... w, are

mutually simple, in this case
M
EUk W 1.'TUtWk

h-1

Corollary 2. If w,, w2, .... w, - is mutually simple and

z,=dwk(I-k sn), then

d = (zl, Z2, ..... z).

Corollary 3. If z=a~bi and (a, b)=1, then (z, z)=.

In fact, lat us assume that (z, z) =p (pl) . Since (z, z) =p and

(z, i)=(1, z), than p - ts.v.ch. Hence we consist: z=p(a 1 bli), which

contradicts condition (a, b)=1.

Theorem 4.3 (euclidean algorithm). NOD of ts.k.ch. z, v can be

found with the help of the algorithm, described below.

Proof. If w=O, then (z, w)=z; but if Wv/O, then is realized the

process of consecutive indexing on the diagram
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z =wq, + r, r, 11 < w

w =rq2  r2  r2 !I < r,Ii

r, r2 q. r. r. !I < r2 II
. . . . . .. . . . . . . (4.5)
a-2-r. 1 q,-r, Ii r 1 < ' I r,_1 1

r.-I = r, q.-I r._1 = 0

Since ill !Ir(i - whole non-negative numbers and

I > !I r, 0 > 11 r2 I> Ji r, >. .. ,

that the described process of ccnsecutive indexing is final and at

certain s+1- stap/pitch we will obtain r..1=O.

Page 15.

Let us show that ts.k.ch. r, will be unknown NOD. From

equalities (4.5), examining/scanning them from bottom to top, we see

that
r,lr,_,, r,/r,_2, r.1 r, . .. r,1W, r,/z,

i.e. r, is coummn divisor of ts.k.ch. z and w. Let now C - any

dividec/denominator of numbers z and w, then, exaaining/scanniing
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equalities (4.5) also downward, we note that

/rl, C/ r2, C / rl ... A' r,,

i e r.=(z, w).

Observatioa. Using a quclidean algorithm, it is possible to find

NOD for any final set of ts.k.ch. ZI, z2, ., z' from the diagram

d= (z,, z 2), d2 =(d, z3), d3 = (d2, z 4) . , d =-(d.-z, z)= (z 1, z 2, .. , Zn).

Example.

a) To find NOD of ts.k. ch. (1+31., 1-31):
1 + &-(1-3i) (-I +i+(-1-i), 0-1-i -2<

< - - L - •1.

2 2

1 -1- (--1- i) (1 + 2)+O.

(1+ 8*, 1-8)--I -i.

b) to find NOD of ts.k.ch. (-8+9i,3+1, 10+4Q):

-+29f-($+1)(2+0+2+, 12+4i- 20< 13+11CI-130.

3+111-(2+4)02+-1+), 1-1+31P-10< !2+4il-20,

2+49-(-1 + 81) (1-0 +0.

whence (-3+291, 3 '11i)=1-i. Turther

10 + 41 - ( - ) (+71+ 0.

therefore

(-8+2 8, + 11i, 10+4-1--a.

Theorem 4.4. If w/zC and (v, C)=1, then w/z.

Proof. Sin:e (w, C)zI, then there are ts.k.ch. ul, u2 such, that

w o+ u 1
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Multiplying this eluality on z, we will obtain z=utVz4uz(Coz). Sin=e

w/Cez and w/ulzw, then v/z.

Theorsm 4.5. If z - any ts.k.ch. and p - p.ch.G. then for (p,

z)=1 is necessary and sufficiently, in order to pxz.

Proof. Let (p, z)=d; therefore d/p. Since p - p.ch.G. the

ts.k.ck. d can be either the number, associated with p or by the

divider/denominator of unity. But d cannot be the number, associated

with p, since otherwise they would have, that p.,d. but since d/z,

then would be obtained that p/z. 'fhus,1dII=1, i.e., d - the

divider/denominitor of unity and, therefore, p, z is mutually simple.

Conversely, if (p, z)=1, then pkz, since from pz,. and p/p would

follow that p/1 that it ccntradicts so thatllpll*1.

Theorm .5. If product of ts.k.ch. Z&z 2 .... eeZ is divided into

p.ch.G. p, then at least one of the cofactors is divided into p.

Proof. By Induction on n theorem can be reduced to product of
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'4-hi~n
two ts.k.ch. zez 2 . If p/z, A according to theorem 4.5 (pe z7)=1*

then according to theorem 4.4 p/z2 .

Theorem 4. 7. Any ts.k.ch. z, different from 0 and

dividers/denominators of unity, is decomposed/expanded into the

product p.:h.'. and besides by only form with an accuracy to to the

order of cofactors and dividers/denominators of unity.

Proof. Let z - arbitrary ts. k.ch. Let us dqmonstrate at first

the existence of its disintegraticn on p.ch.G.

IrfzII=1 aal z is not factorable, different from the numbers.

associated with z, then z - p.ch.G.

Let z have the nontrivial dividers/denominators z=c occit . At

least one of the m (let us say c('~1) it has the nontrivial

dividers/danominators c'a)jcac(1. otherwise the axistence of expansion

z on p.ch.G. is proved. as a result of the consecutive

use/application of these reasonings we will obtain chain/netvork of
,, 11 >,jCM 1 > 1 (2); > S > ..

tsek. ch. cW1,  dZ)2, cO)3, ... , moreevor zl> c(1) h1 2 1 ! CIS, . .

Since norms of ts. k.ch. are integers, then through a finite

number of steps/pitches this chain/netvork is broken, i.e., each such

chain/network wilt lead to that decomposed ts.k.ch. (p.ch.G.). This
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proves to be th3 existence of the disintegration of any ts.o.ch. On

p.ch.G.

Lbt us demonstrate the uniqueness of disintegration. rf ts.k.=h.

z is p.ch.G. then the uniqueness ef its disintegration with an

accuracy to the dividers/denominators of unity is obvious. Let us

assume by the induction that is valid the uniqueness of

disintegration with a number of sirple multipliers not more than n-1.

Let further ts.k.ch. w have two expansions (with a number of

multipliers, equal n): wP p...qq 2... q,, where all P,, Pj - p.ch.G.

Page 17.

Since w is divided into p,, then one of the cofactors

q!. q2 ... , qf is livided into pl. Let this be q1 . Since q, - p.ch.G.,

then qj=ep,, where 1IIeI=1. shortening to p, initial equality, we will

obtain ts.k.ch. with the number of cofa:tors, which does not ex:eel

n-1. Since by hypothesis for a number of cofactors not above n-i

uniqueness of ILsintegration on p.ch.G. is accurate, then n-i--s-1.

Thus, with the adequate/approaching numbering we will have

q,=apI, where Ijd t=l.

Example. Ts.k.ch. 109+1421 uniquely is represented in the form

109 + 1421 - (2 + i) (3 + 2) (4 - - I) (5 - 2).

L _ _ _ _ _ _ _
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The concept of the least comsoo multiple (VOK) of several

ts.k.ch. is built-in by the usual methol:

z is N(OK 3f ts.k.ch. W1, W,. LV , W., if z is common multiple of

numbers w;, w ... - w. and divides any common multiple of them.

Dacomposin;/expanding each ts.k.ch. w!, w2, .... w. on p.ch.G. we

form ts.k.ch. z, equal tc the product of all p.ch.G. of entering the

disintegration at least of one of the numbers wi. It is obvious that

thereby MOK arm determined unambiguously vith accuracy to the

dividers/denominators unity.

Theorem 4.8. If ts.k.ch. z is diviled into each ts.k.ch.

pj.p2, ... , p,. and these latter pairvise are mutually simple, then

P1, P2, ... p / Z.

Proof. The simple multipliers of each of the numbers Ph enter
does 1%0+ thAVc

into z, in this case any pair of numbers P, Pt A. common factors.

Therefore

P1, P2,.... p,/z.

Corollary. If ts.k.ch. P1, p. ... , pa is pair-vise mutually simple,

then the MOK of numbers PP2,.... ,p, is equal to their product

PIP2... Ps-



DOC = 81024001 PAGE 30

Theorem 4.9. If ts.k-ch. z of mutual is simple vith each

ts.k.ch. PP2, ..... P,, the z is mutually simple with product

. p- .... P-a.

Proof. Accordinq to condition (z, Pi=(1. kr), i.e. z and

py(l k<n) are prises; therefore z and pIp2... p, are primes, i.e.,

(Z. 0V ... p)= .
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Chapter 2.

COMPARISONS CF COMPLEX INIEGEBS ANC THELF PiOF7RTIE3.

§1. Concept about the ccmFarison.

In the previous chaFter was de*ermin?- th. al-iorithm of tin-

division in accordance vith which any pair . z 17d p c3.

compared with tha ?air ." rd r such, tnat

z=pq-r(1.1)

where I r < p

Two s -k h. z and w are called comparable in complex -no la i ,

if with division of z and w by p to them correspond one and tha sa-"

remainier/residue: in this case tbey write:

z an w (mod p).

As has already been noted abcve, conditicn (1.4.1), g.n..ally

speaking, dces not provide single-valued determination the pa.tial

quotient q and residue r. Therefore it =an s em that t3 c!re anJ t .
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sam -. o z can correspond several re mainders/residuas r,

such, that IIr, i<jlpI. r211<Ilplj. But in that casi, obviously,

r, - r2 z0 (mod p).

A.tually/raall y,

z = q1p + r,,

z = q2P + r2,

where :, ji < P1 I r2  < 1iP I.

Harce ri-r 2 =(q 2 -ql)F, i.e., rl-r 2 =O (mod p).

Example. p-3+4i. IpI-26.
5 - 6i-143 - 4i) +(2 + M qj -1, r, -2+ 2i, ;j I-8,

-.5 +-61 -2(3$+ )-(-1 -20. qs 2. r - -21 a I l- 5,

but hcwev-r, in this case (2-+ 2)- (-I_2i) 3+4i iO od

Page 19.

§2. Basic properties of ccmpariscas of ts.k.2h.

Property 1. If z-w, w'.u(modp), To z u(modp).

Proof. Since z-w-M.p, w-u=m 2p. the w=u+M2 , therefore,

z-u=( 1 -m) p.
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Property 2. If
z, r, (mod p),

z- r2 (mod p),

then
z, ± z2 r, - r2 (M odp),

Z," z2- ri• r2 (mod p).

It is pocssible, in particular, tc ccunt !riIj<!!p,', r, ;< pl.

Prcof. Sinze zt=qjp+r1 , z 2 =q 2 p+r 2 , then

zj-z = (q ± q)'p (r,1 ± r2),

zl'z2= (qlq 2P - q r2 - q2rj) p rlr 2.

The corollaries of this Frcperty are the follcwing:

a) if z+w--u(modp), z -- -u-w (mod p);

b) if z-w(modp), ten ioz a." ts.V.Ch.

z + u - w + u (mod p);

C) if z-w(modp) and n - ts.v.ch. (positive), th-n z"-wn(modp):'

d) if Z=w(modp) and ver then vzmu-Vw(modp):

I .Q

e) if Ah m Bb (mod p) and z=w(modp), then VAzinSB1w(modp).

Prcperty 3. If zqaswq(modp), moreover (q, p)=l, then

Proof. According to the condition we hive
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(z-w)q =mp,

since q/mp and (q, p)=1, then q/t, therefcre,
z- w E 0 (mod p).

Property 4. 1f z=-w(modpi) l<i-<n, moreover Pi, P2 ... P,

pair-wise mutually simnle and P=P!P2 ... p,, th=n z w(modP).

Page 20.

Proof. According to thecrem 1.4.8, P/z-wi.

Property 5. If z W o(modp) and P=qd, 1!qll ti, thn Z---w(nodq).

Proof. Since z-w=mp and p=qd, then z-w =dl, i.. z-w- O(modq).

53. Concept about the full/total/complstq systen of deducticns.

On the given one modp (pcr) the set of all ts.k.ch. is

divided/marked off into the set of the nonintersecting sets each of

which joins in itself all ts.k.ch. ccngruent totwepn thzmse2vis in

mod p.

A ind B - two such sets. Let us shw that they do rot itrs-z.

For this purposa lt us takp artitrary -rlemsnts/cplls ZGA P-i weB.



DOC = 81024002 PAGE3

It is clear that w-z(modp), since if would Erove to br, that

w-z(modp), then in viaw cf property 1 ef comparisons arbitrary

ts. k.ch. from A would prove tc be ccmparable with arbitrary ts. k.ch.

from B and theraby regarding both set A and B they would prove to 1E

coincil ent.

This siparation of set F into the subsets is called searatic.

into the classes of equivalences (in this case two ts.k.ch. ar?

considered equivalent, if they are congruent between themselv-s in

mod p)

Eich element/=ell of the class of aquivalency is callEd by th

represe.ntative of class. It is cbvicus, any representative of class

uniquely determines entire class.

Thp set of all classes of equivalency is called a factcr-set cf

ring r on elemant p and is designated by symbol l/(p). Using

arithmetic properties of cospariscns (property 2), it is not

difficult to show that r/(pj is ring. With this if z and w are ths

representatives of classes A, and A.. i.-., z-*.A, and w-4A,, then

z + w A, + A,-=-As .,
z.w A,"A, == A,.,. (3.1)

The classes of equivalency cn mod p are called also rssidu?

classes on mcd p.
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If we from e .h residue clasE select somehow cr one and only fc:

one representative (deduction), tien we will Cbtain the

full/total/complete system of the deduct ions (abbrFviatpd as .. v.

which is characterized by the fact that

a) all numbers cf this system are not congruent bptwar

themselves in mod p,

b) any ts.k.ch. of r is ccngruent with cre cf the numtnhrs of

this system.

Page 21.

In accordance with the determination of" p.s.v. is vali.d th-

following theorem.

Theorem 3.1. Set * of ts.k.cb. forms p.s.v. cn modulus/modul= p

when and only when any ts.k.cb. zer is unambiguously representia in

the form

where Z=qp-Ir, (3.3)
r e. (3.4)
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Proof. Let with the preset set of numbors a any ts. k.ch. in e

single manner is represented in tte form

z 2 qp

where rC;.

Lgt us shcw that in that case the set a foris P.s. v. or nc

Actually/really, r l , rC- and r 1 =r_ Let us show that r!<-r(modp).

Lat us assume that r, = r 2 (modp), then rl=r2 +m-p (m-O) and,

therefore, ts.k.ch. r, in the fcri
ri=r,1 -Op, r, E:,

r = mp, r2 8,

which representad contradicts the uniqueness cf the disint-gratior c:

any ts.k. ch. into form cf forr (3.3, 3.4).

Thus, from condition rl, r~e- and r,==r, it follows tnat rJtr2 ( m c

p). it remains to be convinced cf the completeness of sqt a.

Completeness a follows from the fact that any ts.k.ch. is reFresent!i

in the form (3.3, 3.4). Reverse assertion is the immediate

consequence of the determination cf p.s.v.

Theoram 3.2. If &I and a2 - two different p.s.v. in on and -h-

same composite modulus/module p, then sets a, and oz are isomcrrnai:

in other words, between thi sets a, and a2 there is one-to-one
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conformity such, which frcm the ccndition

follows 22 112v

21.2 + 4--

Page 22.

Proof. According to theorem 3.1 ary element/cell 26: is

unambiguously r.presented in the fcrm

2 = 23 -+ kp,w here
e 32,

morsov-.r to two different elements/cell, 21, 227 1 in this way i:-

compared two different elments/cells Pi, 28e:2:

S= I P,

22 = 2 +k 2 p

A:tually/re3ally, from the assumption 0,=tz it would follcw th-a

21 22 (mOd p). The latter is impcssible, since 2, and 21, 22 ej. 7he

isoorphism of ronformity follows from the fact that

1 2= + 2) +(k, k2) P,

21 .2 -1 (11 k2 + 2 + k k k2 P) PI.

That presented above can be summarizel as follows: the opi_-aticn

of comparison of ts.k.ch. cn the Fresset modulus/mcdulq p r:pliz-s L.

single-valued (but not cre-to-cne) reprasentation of ring r cnt

L
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quotient ring r(p). in this case circular operations (adii~icn,

multiplication) on the elements/cells on factcr-ring rl/) are

equivalent circular by the cperaticns of ring r on mod p abovs th%

representatives of each class cf equivalency. In cther words, the

study of the properties cf ccmpariscns is equivalent to the sti> l -

tho properties cf the o~eraticns cf quctient ring rP).

Lit us illustrate this pcsition on some important properties of

the theory of comparisons.

Theorem 3.3. If ts.k.ch. w satisfips condition (w, p)=1 and 4f z

passes p.s.v. on mod p. then ts.k.ch. wz+9, where - any ts.k.ch.,

also it passes p.s.v. on fcd F.

Proof. Let us designate thrcugh n(p) a number of elemerts/ca!ls

of p.s.v. on mod p. It will be shcwn below that for any ts.k.ch.

p n(p)= IlpII.

Since z accapts n(p) of different values, then the linear f:or

wz+g also assume n(p) values. Let us show that if Z.Zz 2 (mod), p). n

WZ1 + Wza+ C(mod~p

Let us assume that

then wz, 4- C = wz, + r (mod p),

&081 - wh (mo1 p),
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since (wtp)-r, then hence it follcws that

Z zz(rmod p),

which contradicts initial ccnditicn.

Let us pause at scme corcllaties of this.

Below we will assume that p.s.v. on mod p includ-s numbers 0 a-I

1 belong to the different classes cf equivalency. Let us furthzr not:?

that p.s.v. which is formed by the values ot th2 linear form of wz+

can be compared with p.s.v. whose value accepts the

variable/alternating z. Then thearem 3.3 can be paraphrased as

follows.

Theorsm 3.4. If (wjp)=1, then the comparison

wz + :U (mo p), (3.5)

where and u - any ts.k.ch., has single solution, belonging to

p.s.v.

Observation. Let zo - soluticn of comparison (3.5) in th- -snrs:

indicated, then, obviously, any ts.k.ch. from tha class cf

equivalency, representative of which is z o it is solution (3.5).
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Theorem 3.5. If (w, F)=l, then the comparison
wz - 1 (mod p) (3.6)

has singularly solution of w-1, belonging to p.s.v.

Example. To find the soluticr cf the comiarison

Here (1 2 ) z -1(mod 4 + i.(1 +2 2. 4+i)-1,

therefor, comparison has the unique solution, which belongs tc

p.S.V., i.q.,
ZI _ -1+ (od(4-i)).

1+i

Th-corem 3.5 is corollary 3.3. In this case the residue of

ts.k.ch. w-' on mod p is called reverse to deduction ts.k.ch. w.

Corollary. If p - p.ch. r., ther conditior (w, i) =1 is satinSff -

for any wer. Consequently, if p - p.ch.r.. then any element/cell fr

p.s.v. has reverse, i.e., p.s.v. cn the simple modulus/module is

formed field.

In the language of quotient ring r/(p)the propertiGs inlicated

can be formulated as follcws.

Page 24.
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1. Elment/callA, e/(p), whose all r-apr3sentativ3s mutually ---inpl-

with p, it is divider/dencminatcr cf unit r/(P); as unit of quotiant

ring r'(p) it is accepted class of equivalencies which contains in

itself 1.

2. Quction: ring /(p) is field, if p-p. . .;

3. If A, - divider/dencminatcr of unity of quotient ring 6(p) en

A. passes all alements/cells F/(p), then linear form

A.-. -;- AC.

takes ll valuas from r/(p);in other words, if A,- divider/dencm natcr

of unity from IV(p),then equaticn

A,.A. + A- - A.

has unique sclution with any A., A.

Thus, smba1 of cemparisor (-)in the language of quotient ring

r'(p)or, which the same, cf cell of elements/cells, p.s.v, acquires

the sense of the symbol of equality (=).

Since arithmetic ts.k.ch. in different numeration systems deals

concerning the 3lements/cells of p.s.v., th-in it is expedient from

the symbol of compariscn to pass to the symbol of e4uality. For this

purpose the chosen set of p.s.v. cn mod p w. will d-asignate by the

symbol
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The operation of extracticn frcm number z on th- basis of modes ? of

residue r, belonging to that chcsen p.s.v. <. I, , W3 will designatF

by the symbol

<z,

In cther words, if z=qp+r 3nd re<. , then r= <z

In the language of these symbols the mentioned agreements and

operations will take the follcwinc form: 1)0,1e<" for any p,

Rip11 1; 2) <z,- ts.v.ch. 3) <4z,1,,=<z ,; 4)

<Z+Wi,=<Zj,+<wI,; ) < z+WP,=<,,. 4-a, ,
<,z,=<< u I-< w! 6) < zw ,<, ,.<w , -7) (,.P)= 1,

then there exists the single remander < P I ,,ch that Kz l<z-1 I, ,=1.
Ob srvations. 1. In ring ,' symbol <z P is analog af sy lano l

lxi, in :ing of ts.v.ch. C 11], i.e., deduction of integer cn rial

modulus/module p.

2. Since for complex numbers the concepts "more,, and "less" are

deprived of sense, the participaticn of triangular parenthesis in

reccrding zJ, cannot introduce ambiguity.

For the image of elements/cells of p.s.v. henceforth ws will uS ,-

mainly Greek letters a, Of ....
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4. For image of p.s.v. on real modulus/mcdule we will usl symrn

§4. Primitive roots and indices.

Theorem 4.1. If ts. k.ch. w satisfias conditicn p xw ar ,!:plI=N.

then
w-v- 1 =- 1 (mod A).

Proof. Let a indicate set of full/total/complete systm of

deductions -" I ,- {- , I,,e .... , from which is excluded the deduction,

which separatas into p.

We for, the se: of ,the products

w; = Z'(mol p), wi - '(mod p),
(4.1)

since according to thgorem condition n'n of

the numbers of sets a* is divided into p. The set of numbers

I', ', ',... let us designate thrcugh 7,,. We now form the products c

single numbers of sets a, @', a", taking into account that a ,uantity

of numbers in each set is equal N-i:
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M w
N -1 &... WN-l M,

M " = ' 1,' £+ '....

Then by fcrce (4.1)

M" M' (mod p).

or
M" wN - M (mod p), (4.2)

but

M" = M,

since numbers c', i'. s',... Cf set v" compulsorily coincidp wth nub=--

of sot a in view of ccnditicn :"e<.

Page 26.

Therefore from (4.2) we have

(wN-1 - 1) M - 0 (mod p),

p I (w - 1- 1)M,

whence, on the strength of the fact that P/M, ws have PI(W-1- 1 ),

which is equivalent to

wN - m 1 (mod p).

Theorem 4.2. If pXwv while t is the smallest index for whizh

wm=l (modp), then t is the divider/denominator ef any other 4rdx k,
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for which

wh ma 1 (mod p). (4.3)

Preof. Let txk, then is found such ts.v.ch. n tor which

differnce nt-K<t. In view of thb Froperty cf comparisons frc-

thqcrrm ccnrition we have

" -= I (mod p). (4.4)

Further from (4. 3) and (4.4) wc get

w"' W-k - wh (wt -1) U (mod p).

whence, since w- havep/wk,

,- 1 (mod p).

Consequently, tnere is a degree of rumbar w with thz index l~ss thtr.

t, for which is satisfied the ccrdition Wt -=(modp), and this

contradicts theorsm ccrditicn.

Corollary tIN-I (N= p I) or t=N-1, since acccrdilg tc thEor-:

4.1 WA-
' _ 1 (mod p).

If t=N-1, then w is called primitive roots on mod p. The

following theorem shows that this primitive rcots exists.

Theorem 4.3. Let N-i have the disintegration into the sim!po

multipliers

N - primeC,..., (N ndp let (4.5)
where a, b, c, ..- pr-ime numbers, and I et it bs further A, 3, 3,



- ts.k. ch. not divisitle i4rtc [ numners w 1c r.ct sa-' s :".

respect to the comparisons
M-!

x b I(mod p),

1 (mod p).
N-I

x: 1 (rod P),

then, if ts.K.c , w sat4-sfis t e c:.-1: ion
N -1 %" -l N . -"

A B C . w(modp),

w is primary root on mcJ E.

Page 27.

Proof. Let us assume that w is nct Frimitiva roots. This meins -a-_

index t - smaiist congruent with unity degr- a . of nimbr-4r s

divider/1anominrtor N-1 (see theorem 4.2). Conszu~ntli, Xv1
r

integer, grrater than unity. It is cbvious, the simols mulir::S Df

a number are contained amcng nurber a, b, c,

Let a be the divider/dencminatcr of this nmbr, i.e., '- -

a, but by hypothesis w'--(moip), therifcrI w .l(mo p),
a (mo IP), 0 r

.V-1 .- I V - V-I NV-I V-

A a a B ' C . -- l(mop) (4.6)

From (4.5) it is evident *hat -- is ts. v. ch. and tr.srtcr- --in
ab'
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of theorem 4.1 it follows that

N-I N-I M-I

B- - (B 1)ab -1 (mod p)

and ir -xactiy the same marnrer s- t is ts.v.ch." th refre

N-I N'-

C C __(modp).

Consequently, fcca (4.6) w- consist that

N-, N-,

A 1 (moi p). (4.7)

Further we select ts. w.ch. X>J such, thlt ; bet ... =1(moia). T)Is is

possible. because (bYct...a)--.

Page 21.

Lit us assamq now kber +.... &, t, .n, otviously, from (14. 7) w-

have
N-! N-I

A I (mo p)

that .M -1 .

A A 1(rood p)

or
M-1

A '  - A I (modp),

but aczcrir.g to tr.eorem 4.1 A,"v-' .. (modp), hez fcr. ptzubly
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A 1 (mod p),

but this contradicts theorem condition.

Theorem 4.'4. If w is primitivq rccts on mci of p, then th crls

of th- ssries/row

, w, w2 , W3,.... WN- 2  (4.8)

comprise -he total system of deductions on mod D, with excertio cl

zero deduction.

Proof. L ,t us suppose series/row (4.8) dces nct cc.pris . p,

then among the members of this series/row are located such members,

as satisfy the condition

W1 - wk (mod p),

where for 'he clarity lt us assur0,<k<A<N-1 or

w - - 1 (mod p),

but this contralicts the determination of priwi-ive roots.

And here, as in the case of real numbers, it is possible to

introduce the concept of index.

If A--w (modP) (but this always cccurs according to thFr-m

4.4), where A - ts.&.ch., then p is called index A on mod p wit

basis/basp p with basp w and is designated by the symbol
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l= ind, A.

It is obvious, has the place

ind ABC ... KL ind A _ ind B ind C

ind K - ind L.

Paie 29.

Actually/r:4ally, w. have

A Wind .A (no p),

B wind a (mod p),

L wind L (mod p)

and after multiplication we will cbtain

AB ... L -- w ind A-ind B- .. ind L (mod p),

whence the sum

indA 4indB . indL,

being one of tha indices cf prcduct AoBoC... oL, is equal tc

indA.B.C... L=--indA -indB-indC -... indL.

Example. Let us lock the table of indices for ;nod4+i. e-rs

p- 4i, N=14-a-u17. and as the primitive roots can be take n w=-1-4_,

since

(--ef-fi(rood4-.
Therefore 'we find



W i i. -- -- W - ;.

(-1 - ) --= / (-- -i?' 2 ---- :W 1 2 (- 1 - i)1 I - 2i,
( z--- 4  i,.- _ )v" : _ .

2 - i- 8 1 - 1 4

I-1 9 I W 2 - 22

(()-Ax Bhe HRex abne 111e Kc Bt,19PT

0 1 -2 12--
1 - -- -- - 13 -- 1 -
2 2i 8 -I14 2i

4 -0 2:
5 2-i 11 -(2)i
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Pige 33.

Chap"er 3.

MCST I2?OFTANT IETIIODS OF THE ASSIGNMENT OF THE COCLET: SY':T::5 O

RESIDUES. ANALYSIS OF TAELES CF %ICEI]LAR ARITHMETIC.

I. M thod cf ta assignment c f the fu1l/total/compIete sys e:f

deduct ions.

Lat p=c +di - mcdulus/Mcdul and z=a+bi - a=bitrary ts.k.c ch.

have
a+bi (a -- bi) (c-di) ac- bd . bc-ad

p-- - P

Let us assign cartain of F.s. v. I" I , n rcal modulus/icda'il = 
1P

Then the following expansions are determinad by the singlp fc:n:

ac+bd=ml lp'l+ ac- bd ,
(1.2)

bc - ad = m 2 i p I bc -adI p.

Hare, is it was stipulated earlier, by symbol jxjlj, is ies1:'-t !

deduction of ts.v.ch. X on real mcdulus/module ilPH.

In accordance with equalities (1.1) and (1.2) we will ontiin
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r+ iI bc-adl P (1.3)dPI*

S i n c a b, 2 1 2j, 31+m c +~ d- t s .kcbh th -n, val ir3

(ac-bd tIbc -ad P (1.4)
is ts ,: ,

Page 31.

Sinca =_xpaasions (.)and (1. ) ar !:te::n , r a s :

man r, -in ans,;.o ( 1. 3) J_ S 1 Sc ~eI rmi Z a sI- j a I..:

for ary ts. ,.ch. a+ bi fcr a'ila ( 1. '4) _41n si 7,;le marn-z I~-tri~tc

cemaiader/=asid~je from the djivisicr, o--, numb : a*,-- into c+-'.. -

conssquently, -i view of theoreir 2. 3. 1, valid -:a-2 for~vla

K a-bti f ( ac -j-bdj f q-i bc-adj :) ., (1.5)
.1

from whica.c it follows that the metbnc --f assign1Int ozr p.S. v. 4-:-

respect to the composite :rodulus/ffcdul,? p~c~rii dFends cr: thl nt

of assignmert of p.s.v. with respect to reaI ic~ulus/motulilpu.

Formuula (1. 5) wi will call tb- basic fcrmiula of doucti-ns ::7

the ccn~osite modulus/mcdule p=cidi.4

From basic fc:'ula (15) .4cilcus the -. 'A-tit y f-or the
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elements/cells of p.s.v. if 2--L36<. I p, then

,(I :c , d 7d P (1.6)

Actually/really, on one hand, on the strength of the fa:t -ia

a- i3e I,, we hayvI <22- i - '-i. On :he cther hand, by fcrc-

(1.5) , we have

< -dL j, i +t i ' -d

Consequrntly, relationshiF/ratic (1.6) is ccrrect for arny tz...

H3nce, in particular, we will obtain that if =- Ei<6. , -.-- r

(1i7)I 2c- I = ac -3d

Let us consider a questicn atcLt quantity n(p) o- -

of p.s.v. concerning the ccmpcsite modulus/module p.

Correctly fcllowing assertcn.

Theorem 1.1. A number of elements/cells cf p.s.v. cr. tY-

composite modulus/module is ecual tc the norm of modulus/modul - p,

i.e.

n (p) p :1.

Proof. In &ccordance with fcrmnlas (1.7) thA s-t a- Is. k.cz-. :.

form x,+ix z is formed p.s.v. cn mcd p when and only wher. x1 anr xz

are the integral soluticne of the systems of thA form

ex, - dX2 = Y,
(-.8)

- dX1 + CX2 = Liz,



DOC = 8102400O3 PAGE 5

wherg y, and Y2 pass the values of ccrtain p.s.v. n real mod jpI.

Page 32.

Consequently, a guestion atcut a numba= cf l~mknts/cz21S Cz

p.s.v. concerning the ccmFosite mcdulus/mcdule o is reduc i to

auestion about a number of pairs (Y,, Y_) , for ihich systems (1.3)

have the integral scluticDs.

Since from (1.8) it follcws that

c y -dyt, = P .1 "

X2 cyj-+dyL.

then the stated requirement sat.sfy only thcse paizs (y,, Y72), fsr

which it is carried out

c yt-dy 2 =---cyj-dY2 O (mod p! ) (1.10)cyg yI'dy,-O

SubsRquently it suffices tc consider thrca cases.

Casq 1. c0O, A=0, (IHC 2) Systam (1. 10) takes the form

C __ 0 (mod c
2).
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Each cf thsse Comparisons has s of diffr,nt (inccmparaorl c.- .

solutions and, therefcre, in all ditfer!nt pairs (yl, y2),

satisfy system (1.10), there will te cz , i.e., 1iPI1.

Case of 2. c, d#O, mcrecver (c, J)=1. In tnis cas= ap') -, -. -

possibility cf resolving cre cf ccmvarisons (1.10) relative tc a ny

variible/alternating, since (c, IpU)=1 ani (d, lpi)=l.

Solving, for axample, the first comparison is rclativo V,, d-

will obtain y= c--'dY2 I IP,*-

Giving to value Y2 values frcm p.s.v. modllpIl. w w6ll ct-ain

ilpi liffarent pairs of numbers (yl, y_), which satisfy tihe first

comparison of syste2 (1.10). Let us shcw that tnase pairs s.i:±.sf, the

second compariscn.

Actually/rsally, wq have
Icy2 +d 1jj I,,1cYg+dc-dyI qp I p,=

= I C( + d 2)Y I 3p, =0.

Page 33.

Thus, a number of different Fairs (yt, y 2 }, which satisfy s-lF:-Y

(1.10), is equal to 11pII.
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Case of 3. p=pp where p,=c, d1 i, moreover (cd, d,)=I a'. p -

ts.v.ch. Systems (1.8) take the fcrum

p (c, x, - d, x 2) = Y,,

I p(-d,x, +c 1x)= y2.

From this it follows that for t1.e integralit 7 of ths solutions c :

system (1.f) in tha class of Fairs (y,, y2 ) it is nicessarv tc

examin4 those 13ductions Yi and y 2 cr. modlipi, which sitisfy -e

requirements p/yl P/Y 2 -

L-t yt=pr,, y 2 =pr 2 . In acccrdance with this systsm (1. 111) 4i

take the form

p2(cr _d, r 2) 0I 2(cr 2 +dlr)_0 (modp "2 p1  ). (1.11)

The sclutions of system (1.10) can be cntained as follows. 1iucini

system (1.11) on pZ, we will cbtain

c, r, -d, r2 0

C1 r2 + d, r -0 (mod '; p.).

The general soluticn of this system is wrirten/recorde in thI

form

Ir~o, + k, P,

r= r1o' + k II p 1

where r2me 1" I, and r 1 c djjd 1ilps.

In accordance with this the set of the sclations of systimn
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(1.10) will taka the form

pr'1 + ph, I P, i

Y2  pr'0"4-Pk 2 9 1

Hence i quantity of different pairs (yi, y,) , where y. y WI';nI. "a,

satisfy cond.ition. (1. 10), will te equally to !Ipfl. sincE i u.untivy cf

pairs is equal tc IIP,iI' and valu s K, ani k_ can tar.-

independently only p differant valuos (iAductions on -no(! p)

Page 34.

observations. 1. As can be seen from procf, in thq cas= of 2

requirament (c, d)=1 rrduces dimersion of system (1. 10). I! wi24 I

evident bplow that this requireiert makas it Fossible to intzo,-icz

one-dimensional p.s.v. on the ccmrcsite moduli/modules, i.s., t:

examine p.s.v., on the composite roduii/modules those wholly

consisting, for example, cf the real deluctions.

2. Given proof of theorem 1. 1 contains algorithm of corstruct-c'i

of p.s.v. on composite modulus/mcdule p. Since this algorithm -as

independent interest, then it is expedient to formulate it

independently.

Na9thod of :onstructicn of p.s.v. on the composite moluIls/modul-

p-c+di.
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Case 1. (d=O, cOO).

P.s. v. is described by set ts. k.ch. x, Jx2, whi_-e xI an1 x

indeprr.dntly pass values cf p.s.v. " K. on ha h- real nc( c?.

Case 2. (dro, c#O, (c, d)=1).

P.s.v. is described by set t .k.ch. , i x.:

x,= 1 7(c']I c-ldr, ) ()
3 p~ dcldlu ) (1.12)

X 2 P '

where r passes value of p.s.v. 1'1,pu on real

Casa 3. (c, d) =p, (cclp, d=dlp, p=p 1 p)

P.s.v. is described ly set ts.k.ch. x 1 4ix2 :

1

x2= - ; (c, r + d, I c-drI ,.)+(c, +d, k),

where r passes value of p.s.v. 'hi on real md l{pi{{, and k, arI k2

accept independently p the values, incomparable on modilpI.
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§2. most custcmiry p.s.v. on the composite moduli/modul-s.

G- nerally speaking, the selection of one or, ths cther ,st ,

deductions can be dictated by different considerations.

Page 35.

As one of such zonsiderations can serve, for exampi, t.-.fr:.i-'

of tight packing, i.e., the requizement of that, so that s..

that are the deductions cn mcd F, would tigatly cover/coa cd:t- i.

geometric form.

Lat us explain the character of th - location of th. ir.Etj--

points of composite plane, which represent ts.k.ch. divisibl-m- zto

modulus/mcdule p.

Let p=c~di - preset modulus/module (c, d 0).

We have

h-- , -- tk2 k, .(2.1)

Key: (1). and. (2). ts.ch.

Hence
cx dy = k, p1, (2.2)

-dx I cy=h2 p ,• (2.3)
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The joint solutions of these equations with the arbitrary wlo1 s 't

and k2 d-scribe the set of all ts.k.ch. separatad into p. Stra4.A

lines (2.2) and (2.3) fcrr crthcgcnal family. After leading th

equations cf thase straight lincs tc the normal mode
C ___ J x +

signk V +62

d

-k, I Va+b2

-d

ugns pT'P+

we ccnsist that the parallel lines this family ire ar:ang-d a--b2

equivalent at a distance from eac cther (Fig. 1).

The vector sense of the pcints, which reprasent ts.k.c . *[ -

separate into p, is such. Let us Fresent (2. 1) in thq form

x + iy = k(c + id) - (- d -- ci).

Hence it follows that the unknown pcints arA th- apaxas/v*rtxis cf

the integral linear combiraticn of the orthogcnal vectors c+i and

-d~ci.
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Fig. 1. Gecmetric reprrsentation c' o.s.v. acco:_-inj t: mc,' c*,,_ (-

- strai4ht lines (2.2) anr (2.3); (*) - congrupncy points.

Page 36.

In other words, if we initial integral grid ccnsi41r as -the int-:-L

coordinat, systim with the oasc vectors (I, Ji}, thnn the zcints,

which represent ts.k.ch. that separate into p=c+id, reprcs~rt t

integral coordiaate system with the orthogonal oase {c+i4, -1+ci},

obtained by the rotation cf base (1, i) to the angle, -Tual tc az;

c~id) (see Fig. 1). All integer pcirts, which do not coincide .ith

the apexes/vertexes of the squares examined, r;present complex

integers, which do not separate entirely into p-=c+id.

Lat us explain the new gecmetric location of all poirts, whica

represent congruent between themselves in mod p ts.k.ch., i.e., h
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set of all points, which arp deterTin±nj tho? class of -. uiva-c'y.

We have

x ty -(k +ik 2)p4-' -- 13.

Hence we cDtain

c (x - ) d (y -- ' :p

-d(x--)4-c(y--,3) k p.

oeinq congruent/equatinq the obtained system cf -Auations 't h 37S-.f-

(2.2), (2.3), wi consist that the urknown points are the

apexes/vertexes of the squares cf grid with the bas- (c id, -P+i},

in parallel tc that moved the vector a+io. Such ocints de wil call

congruent (see Fig. 1).

In conclusion let us refine: in what cases and in what 'ia-titv

on the sides of the congruent squares of grid with the oase

{c+id, -deci) can be placed the integer points?

Theorem 2.1. Let p=c+di - ts.k.ch.

If (c, d)=1, then on the sides of zongruent squares a:r abs-arl

the integer points, different frog apexes of squares; if (c, !) =p

(p1), then a quantity of integer Fcints on the sides of the

congru3nt squares, different frcm the apexes/ve-tax-s, is 4::ua! p-1.
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Proof.

Case (c, d)=I. (X0 , Y)), (x, Y) - two arbitrary int icr

points, which lii on th. straight line (2.2). Let us show th.at -n

distance between them is not less V a2-b2.

Page 37.

Since

cxO +- dyo =  p, 1, p

1x, + dy = At IP p

c (xj - x) = d (y, - yo). (2.4)

Since (c, d)=1, then

Yi - Yo - Ac ( ,: - ra. q).
x, - x0  Ld

Taking into account latter/last equalities, fcrmula (2.4) let is

rewrite in the form cdp=cdx or X=p. Thus,

S(xj--x,) 2 -(y 1-y 0 )2 = I " cz-d 2 > C -p-d2 .

Case (c, d) =p (p1). Let c cIp, d = d,. p ' 2 p1  , thb

equations (2.2) and (2.3) take the form

C~x-dyk 1 ? c, ,d1 ) =1.
cx d, y k, 2 p 1pd Ix '-c,y k.,,) . p, c ,

After leading these rquaticrs to tr.e nozial mode, wa ar.

convinced, that the corresponding integral grid aas a st%/pitz:



DOC : 81024003 PAGE

1 c1
2-. d,. But c attings off with a l!rjth of lc1 '-d 1

2 is ,lacc< x~c' v

p once in segment V 2 -- d 2.

Example 1. Figure 2 shows congruent squares the mcJulus/mo.1-i

2+3i. On the siles of square= 5 arrangd/!ccat-I not ore w l-.

points, since (2.3)=1.

Example 2. For p= 3 6i in figure 3 arr corstructad congr'1:n'

squares. On each side of square ttey ar _ arrzrg-.d/2ocat- on 2

integer points, since (-.6)=p=3.

Observation. That presented makes it possiole to give th-

following geometric interrretat-'cr cf further

components/terms/add .nds cf formulas (1. 13). For this purpcse w-

convert formulas (1.13) tc the form

xI + ix2  xI + 1x0' +/ k (c1 ± d1 I) k.(-d -c 1 0, (1.13)'

w hers

x1  -- (cI 1 c d , - d, r)
re

Henca it follows that the daductic~s on the ccmpositr3/ccmpcu-i

morulus/module mod p(c,+dli) are cttained by addition to o.ac.-

deduction on m.i (c,*dli) ccmposite of the deducticns cr mo] p,

represented to scale of the integril coordinate systam wit-,h th .

orthcgonal base (c 1 . dji, -dl'cli).
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Page 39.

Fig. 2. Congruent squares or ffcd (2+3i).
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Fig. 3. Congruent squares on mod (3+6i).

Page 39.

Lit us now move on tc the examination of scme

concrete/specific/actual types of F.s.v. on the composite

moduli/modules. Let us preliminarily note that the

full/total/completz systems of the smallest ncn-ncgativ- ones -a.d

full/tctal/comp.9ta systems of the least positivs _,sidu-s cn --

real modulus/module we will designate rspectively by the symbols:

CI)I q~IX C.H. H. B.9
I j -. C. a. H. B.

Key: (1). p.s.n.n.v. (2). p.s.a.n.v.

P.s.v. or the composite modulus/module p=cedi, determine, oy the

formula

<a +b I + ac+bd I t I bc-ad ) j-.

is called the full/total/complete system cf the smallest deductions

on the comoosite modulus/module p (abbreviated as p.s.n.v.)

P.s.v. on th. composite modulus/module p=cdi, detsrmin- by ti-.-

formula

<a+b I, ( I ac+bd I ,,, + I bc-ad i-,,) P

is called the full/total/complete system of the least positiv
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residuqs on th3 composite modulus/modulb p (atbreviatad as

p.s.a.n.v.).

Let us givs examplis. For the calculation of u.s.n.v. and

p.s.a.n.v. we will use the algcrithir, d, scribed in -he previcus

paragraph (theorem 1.1).

Example 1. mod 3 (case 1).

(I) ML V . . C3.. IL .a.0 I 211-S I - i
i 1+i 2+1 -1 0 1
21 j+ 2+21 -+9l i 1+

Key: (1). p.s.n.v. (2). p.s.a.n.v.

Page 40.

Example 2. mod 3+2i (case of 2)

(3. 2)- L 1r-2 11 |-1&.

a) P.s. n.. ,<.+ 2 -,+L,, where

(S. 19 2r I -2r)
13 i

04r <12
- (BSr -4- 2. I 9-2r I ')

13 1
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0 0 0 0 O+Oi
1 5 1 1 1+i
2 10 2 2 2+21
3 2 0 1 i
4 7 1 2 1+2i
5 12 2 3 2+3i
6 4 0 2 2i
7 9 1 3 1-s+3i
8 1 1 -1 2 -1 -2i
9 6 0 3 3i

10 11 1 4 1+4i
II 3 -1 3 -1-3
12 8 0 4 4i

b) P s .a n v. <'3,2t X1- X2 where

1(3 I - 4.2r - 2r),
13

-6 ,-' r ,C6(
1r

- 1O(3r+2 I -42, ),
13

r -cdr~Ia - 1  Xg <3+21

-6 -4 0 -2 -21
-5 1 1 -1 1-i
-- 4 6 2 0 2
-3 -2 0 -1 -i
-2 3 1 0 1
-1 -5 -1 -1

0 0 0 0 01 5 1 1 I+i

2 -3 -1 0 -1
3 2 0 1 +i
4 -6 -2 0 -2
5 -1 -I 1 -I +t
6 4 0 2 21

Example 3. mod 2+4_4, (case of 3).

(2, 4),ae,2; cj"1. di=2, Hpil5.

Page 41.
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Let us cal'ulate p.s.n.v. <'-2-4j in acccrdarcA with (1. 13):

X, + ix: - 12Zr I 2r) - - (r+2- 12r I +) +

+ ki (1 " 2) - k2 (-2 + .

r-0. 1, 2, 3, 4; h,4 2- 0. 1,

Table :f values x,. X4

" 12,1 - °I (0) - X 2 <_21

0 0 0 0 0+01
1 2 0 1
2 4 0 2 21
3 1 -1 1 -1-i
4 3 -1 2 -l-r2

Possible values for furtber ccmpcnpnts/terms/addnds

0 0 O-Oi
0 1 -2-i
1 0 1-2i
1 1 -1+31

Consequently,

<+41 (0+0t. -2+i. 1+21, -1+3i;

t, -2+2i, 1+31, -1+4i;

21, -2-r31, 1-41, -1-+5i;

-1+4 -3+21, N. -2 + 41;

-1+21. -3+31. 41. -2+ik.

Examole 4. mood J+i, (case of 3).

(3. a)-a, e,-1, d,-2, 1p,11-5.

Let us calculate p.s.a.n.v. from mod (3+6i). According to (1. 13), we

have:
X, +IXS-IrI -- 2r) .. L(r+2. i2r I)+

6 5

+k (1 + 2t) + ,. (- 2 + i),
r---2, -1. 0. 1, -"; hj , k - -1. 0, 1.
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Table of values 4I. X2

r Ir X(O) 1 O( I 0) ~ 2

-2 1 1 0 1
-1 -2 0-i
o 0
1 2 0 1
2 -1 -I 0 -1

Possible values for further comF nerts/terms/addends

k I kt Ik(c,+xdji)+k2(-ds+ci )

-1 -1 1-31
-1 0 -1-21
-1 1 -3-i
0 -1 2-i
0 0 0+05
0 1 -2+i
1 -1 3+j
1 0 1+21
I 1 -1+31

Page 42.

Consequently,

<" I T+L. - 2-31, 1-41. 1-31. 1-2, -31;

-21. -1-31. -1-2f, -1-i. -2-2;

-2-. -3-21, -3-1. -3. -4;

3-I, 2-2t. 2-i. 2. 1-i;

1. -, O, i. -1;

-1+1. -2. -2+1. -2+21, -- +1

4+1, 3. 3+i, 3+25. 2+1;

2+2. 2+. 1+2f. 1+8, 2f;

-I+, -1+84, -1+41. -2+5 1.
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P.s.n.v. and p.s.a.n.v. have simple geometric irt?:Dratati-n.

In view of formulas (1.7) deductions x+iy of p.s.n.v. mol (c4li)

represent the iateger pcints ci the composite plane whose coordinates

satisfy the system of the inequalities

0<cx+dy< II PU,

o cy- dx < IIPHI.

In other words, p.s.n.v. or mod(c+di) with (c, 1)=1 it is

represented as the integer pcints, arranged/lccated within -he s1Jua_:--

whose sides are assigned ty the equations

cx--dy=O, cx-dy=IJpR,

cy-dx=O, cy-dx=HpR,

including the apex/vertex of square witn coordinates (0, 0).

Page 43. From theorem 2.1 it fcllcws that with (c, d) =p (pt 1) to

them it is supplemented cr p-1 the integer pcin:s, arrargad/Icca-:.d

on two adjacent sides of the squari

cx 4- dy =0,

cu - dx = 0.

Lqt us note that the apexes/vertexes of square of p.s.n.v. or

mod(c+di) have coordinates

A,(0, 0), A 2 (c, d), A(c-d, c -d), A 4 (-d, ).

By force (1.7) for the elemirts/cells of p.s.n.v. acccrding to

mod (c i) is valid the following evaluation:
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in figures 4-7 ire given the images of p.s.a.v. cn the M.Cdu1i/-.,oduIes

of the given illustrative examples.



DOC 81024003 PAG 

Fiq. 4. fig. 5.

Fig. 4. P.s.n.v. on mod 3.

Fig. 5. P.s.r.v. on mod (3+2i).

a,,

B.,, a 1..

Fig. 6. Fig. 7.

Fig. 6. P.s.n.v. on mcd (2+4i).

Fig. 7. P.s.r.v. po mod (3+61).

Page 44.
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Analogously deducticrs x~iy F.s...v. cn mod(c+d) rGprsn

the integer points of the coaFcsite plane whose coordinates sa,-.sfv

the system of the inequalities

I p'l -cxdy< 'p.2 2

- , -- dx < I P
22 "

In cther words, p.s.a.n.v. cn mcd (c di) is r-F -ser tcd ,y th .:.te~e:

points, arrangai/located withir the square 4h.cs si,.3s ar'- .ssJ -ne

by the equations

cx 'dy= - j, cx-7-dy - '

cy- ---- = - , cy - dx P2 '

and it is also possibly, by the integer points, arringe/locat. or.

two adjacent sides

cx -dy p 12

cy - dx LEI '
2

A question about the possible presence of integer points --

these sides requires special examination.

Let us preliminarily ncte only that the apaxes/vertexrs cf

square of p.s.a.n.v. cn mcd(c~di) have coor~lina Rs
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As~~c -d+c) A, 4 (d,- -A

and let us depict p.s.a.n.v. cn the moduli/modules of the civ.rm atvz

exa Dvles (F'ig. 8-10).
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it

Fig. B. Fig. 9.

Fig. S. P.s. a.n. v. on mod 3.

Fig. 9. P.s.a.n. v. on mcd J3*2i).

Page 45.

L-t us considir, in what cases on the sides of squar- c"

p.s.a.n.v. are integer Fcints. Fcr ts.k.ch. just as for ts. v.ch., can

be introduced the concert of Farity and oddness of numb=rs.

Let be is preset ts.k.ch. c~di. It is obvious that lpIl- (mci

2) when and only when c~d (mod 2), and that ilpI-O(mod2) wh n and

only when c=d (mod 2). At the same time in the second case it is

possibls to distinguish twc subcases:

c¢dO0(mod2) c-d-1(mod 2).

Ts.k.ch. p=c+di odd, if .oiK I(mod2). half-sven, if iIIPIIO(mod2)
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and c-d-1 (mod 2), even, if flpI --O(mod2) and c-=O (mod 2).

It is possible to give the fcllowing two equivalent

determinations.

1. Ts.k.ch. p=c+di odd, if jpi -1, 3(rod4), half-even, 4f

jIpil= 2(mod4). even, if Pil -  (mod4).

K.ch. D=c+di cdd, if p=l (mod 1-i) , half-ev=n, i ' ) (--

1-i' !n _- I (mod 2) , even, if F_0 (mod 1-i) and cd-0 (mood 2)

Joining these prcperties, it is possible to conclude that if

ncrm of ts.k.ch. c~di is represented i. thi fcrm dph=2.r, wh-r -- l

(mod 2), then number c+di odd with X=0, half-evfn with x=I, v with

x>12.

Hence, in particular, it fellows that the product of twc o,:!

numbers is odd, the prcduc+ ot odd rumber by half-even is half- v=-,

prodict of half-even numbers is even, the product even numbar tz In/

ts.k.ch. is even.

Let us note that relative to addition are valid the fclltwini

rules:
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Re~oe + eTHoeg r~eoJ4 c oe
yF...6T~oe~j nojo feToe

He'I'tjoe+neoil 0 4 CD eepe

He'qe~uo+Heqer~o

Key: (1) .even. (2) . hialf-e-ven. (3). od-I.
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Fig. 10. P.s.n.v. on mod (3+6i).

Page 46.

Theorem 2.2. If ts.k.ch. p=c+di - odd, then ths sid-Cs of t--

square of p.s.a.n.v. contain not cne integer Foint.

Proof. It suffices tc examine cne of the sides of th,, s-lua_-9 c:

p.s.a.n.v. It is not difficult tc see that the straight linc, passir.i

thrcugh the appxes/vertexes cf square.

(c.dc-d), %c-d cd
2 2 2 2

has the equation

Since cZdz-1 (mod 2), then not cn _ point with the wnols cocrdinat-

can satisfy this equation.

Theorem 2.3. If p=c+di - half-even and (c, d)=1, then on the

sides of square of p.s.a.n.v. there does not exist integer points,
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with exception of the apexes/vertexes of squar.

Proof. According to condition c2 +d2 /2=k - ts.ch.

Let us consider equation cf cfl- of thi sidis of th squa:-a -f

P.s.a.n. V.

cx- ±dy -k.

Since (c, d)=1, th_ equation cx+dy=1 is solved in the integers. L-t

(xo, yo) - certain integral sclution of this equation, then (kxo,

kya) be the solution of initial equation. In view of mutual

simplicity of numbers c and d the general solution in the intejers of

homogeneous equation cxedy=0 will take the form

X= d m , y*- cm,

where m - arbitrary ts.ch.

Therefore the general soluticn of initial 4quation can b-2

represented in the fcrz

x. = kxo + din,

YU. ky= -cm.

Let us determine the distance between any two solutions

1(X,,-X,) 2 
(Y,)2 = I r-ri J'c2 ±d 2 .

Hence it follows that the minimum distance between two diff=rqnt

solutions of initial equaticn is equal to 1c2-d2.
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Page 47.

Sinca integer points with the coordinates

H- c 4-d) (Y -d d

(apex/vertex of square of p.s.a.n.v.) satisfy the ?quation in

question and the distance between them is equal to Vc2-d2, 1ha-n

between these two points cn the straight line cx+dy=cz+i 7 /2 *h-azi

does not exist integer points, which proves theorem.

Theorem 2.4. If ts.k.ch. c+di is such, that c+di-=O (mod 1-i) an,

(c, I) =p(p 1), then on each side cf squara of p.s.a.n.v. on

mod(cdi) is p-1, different from the apexes/ver:axs, inteq=r points.

Proof. Ts.K.ch. c+di, that satisfies condition c+di= (mod 1-i),

relates to the class of half-even cr even numters and therefcri it is

represented in the form

c + di = 21 p'(c 1 - d, ),

where (c 1 , d 1 )=1, p,=l (mcd 2). In ...is case A, if ct-d 1 i - oda

,)D, if c,+dli - half-even. With X>1 the assertion of theorem is

corollary 2.1. With X=O for elements/cells x~iy of p.s.a.n.v. on mo

pt( c,.dji) in accordance with foripulas (1. 13) we have

X1 + 1X2 = X(±' + A1k (c, d, i) + k. (- d +
where
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) = r---c i c I -d

(CI([ I 11 ,dr
p C12 4- --d= jdr d12),

X ',I (c, r+ d, I c

i.e. deductions on the comrposite/ccmpound modulus/module pI (c, + 1  )

are obtained by additicn to each deduction on mod (c 1.,i) o: tn:

composite deductions of P.s.a.n.v. cn mod p', represented lo scali- of

the integral coordinate system with the orthogonal base

(c,d,i. -d,+c,i). Consequently, since p.s.a.c.v. on mood (ct 1td1 )

connected in their composition cne of the apexes/vertexes of th;.ir

square (in view of half-evenness Cf numcr c+di) , thn in sluar = 
-

=

p.s.a.n.v. on mod p" ( c,+d1 i) is Flaced (p) 2 sluares of o.s.a.n.v.

on mod (c 1 *dli).

Page 48.

Therefore on the sides cf square cf p.s.a.n.v. on mod p, ( cld 1 i)

besides apexes/vertexes it will be placd p'-I integer points.

As an example on Figures 11 and 12 are depicted the squares )f

p.Soa.n.v. on aod (9+3i) and mcd (18+6i).

Finishing analysis of p.s.a.1.v., let us note, in the first

place, that the elements/cells a fi p.s.a.n.v, on mod p satisfy
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evaluation 11,+_[ I1 1L (corollary of formulas (1.7), and, in t =
2

second place, p.s.a.n.v. in the best way satisfy the prirciple cf

tight packing of deductions ir the sense that partial quoti-r-.s

ma+mzi, obtained as a result of dividing arbitrary ts.k.ch. a+b4. jrlc

modulus/modula ='di, satisfy in this case the evaluation

a~bL( ± m2 1c- - (M + iM2) 4

Finally, l3t us point cut to the possibility of usa cf ts.v.ch.

as the elements/cells of F.s.v. or the composits modulus/mcduli.

Thoorgm 2.5 (theorem of Gauss). If p=c~di(c, d*O), morcver (C,

d)=1, then <-I, -1 ir cther %ords, p.s.v, on the comuosit

modulus/module p=c+di can be defined as p.s.v. according to rzal

modulus/module flog. in this case has place isomorphism of tne odular

operations above the deducticns or cd p and mod IIpil. if

< I I z

then

<wj,= JW, l,i,

<z+w= zW I w1;,

<z.wJ,=Jz.wJ I,.
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Fig. 11. Image :)f integer points cn the sides of square of p~.inv

on mod (9 +3i).

Page 49.

Proof. Sinze (c, d)=l, there oxist, such ts.v.ch. X, p that

Xc~pd1l.

Therefore i=U(%c+ud)=(Xd-icV)-(c~id)(hL±i4.) Co nsaquently, any ~.. h

z=a+bi is unambiguously represerted in the form

z-ra+bQ.d--L.c)+p(bp.-ibk). Let us designate ts.v.ch. >Xd-pc throuah P. Lat

it be further
a +bp= Ia+bp I , +k(a, b);I'i

Since 11piI=- t hsn

Since any ts.k.--h. z in a singlep manner is reFrasented by th:,

disirtegration of this fcrm, th~n

Lp~~i p''
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moreover

< a -- iba -t pb

Let us notp. that if b=0, then

Let us switch over to the procf ef isomu.Drphii.

Fig. 12. Image :f integer points cii the sidIes of square of p~--nv

on mod (18+6i).
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Page 50.

We have

<(a,+ ib,) + (a+ ib2) < < a,+ 1b, [ ,+ < az+b I ,p

=< Ia,+pb, 1 1 1I+ 1 a2+pb2 I 2P I,= la,+pbI , +-

- I a2+Pb2 Iii I l = (a,+pbl)+(a-pb2) 1 ,,.

It is analogous

< (a, + ibl) (a3 + tb),<< a, + 1,<+1b, , I =

-< Ia,+pb, i, Ia2+pPb21 p I,= la 1+
+pbi I ra I a f+pb2  ( -= (a,+

+pbl).(a2+pb,) 11,1.

Value p, obviously, is the function of mcdulus/module j=c4* .-.

thAreforq we will writp: p=p(p).

Arq valid the fcllcing Frcpe-rties. Property 1. p(p)p(i'p),

i.e. value p is invariant to all wcul/modules, associated with th-

data by modulus/module.

Prcperty 2. p (p) -p (p , i.e., value of p on ths

conjugatsd/combined mcdulus/mcdule is squal to the valua of th-.3

modulus/module, undertaken with the opposits Ei4n.
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Proof. p(p) Xad-piac, where (Xc2I po) -the solution ofthe

Diafaintov eqjuation xc4~pd1l. Let us consider modulus/rmodule ip=-i+ci.

Corresponding Diafantov equation accepts the form -xd~pc=l, which has

thq sclution

Consequently,

p (tp) c +p 1 d = - Oc + Xd p (p).

The Diafantov eluation for the ccr2~ugated/combined modulus/mo,11ilz

o=c-'ii has a fcrm xc-p.d=l and a sciution X=) 0=-,u, Consequently,

p (p) =-Xd -~c - 1O d + 'O c=p (p).

Property 3. p(p) - is the soluti;cn of comparison of cidx*

Proof. The validity cf this Ercperty is establishal by simpl?

testing. In fact, let x=p~p)=Xd-jjc, then

c +dd 4- c)-=c I-Xd2 _-Cdp= C+ Xd2- c

+cOx-I W+ d2) =O (Modl 11)
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Page 51.

Table of modular adIiticns cn mcd (4 i).

+ 0 1 2 -- 1-4 -i 1-1 ,2-1 -1-21 -21 21 1-721 -2+1 -I+ 1 1+1 -2 -1

0 0 1 2 -- 1- -i 1-1 2-i -1-21 -21 2i 1-!-2i -2-.-1 -1-i+ i 1+1 -2 -1

1 1 2 --- - 1-i 2-1 -1-21 --21 2 1+2i -2---i -1+i 1+i -2 -1 0
2 2 -1- -j t- 2-i -1-21 -21 21 1+2i -2+1 -1+i 1 1+1 -2 -1 0 1

1- -- 1 - 1- Z- -1-21 -21 21 1+21 -2+i -- i + i 11i -2 -1 0 1 2
- - 1- 2-1 -1-21 -2f 21 1+21 -2+ -1+i I 1-4-i -2 -1 0 1 2 -1-i

1--i 1-1 2-1 -1-2 -21 21 1+21 -2+i -I+i i I -2 -1 0 1 2 --- -i
2-4 2-- -1-21 -21 21 1+21 -2+1 -1+1 1 1-4-i -2 -1 0 1 2 -1-1 - 1-

-1-21 -1-21 -21 21 +2t -2-1 -1+1 1 1+i -2 -1 0 1 2 -1-1 -1 1-i 2--4
-29 -21 21 1+21 - 2+i -1--i 1 1+1 -2 -1 0 1 2 -1-j - 1-i 2-1 -1-21

29 21 1+21 -21- 1+1 1 1+i -2 -1 0 1 2 -- I - 1-1 2-1 -1-21 -21
1+2 1+21 -2-+I -1+1 1 1+1 -2 -1 0 1 2 -1-- -i 1- 2- -1-21 -21 2

-249 -2+1 -1+1 1 +1 -2 -1 0 1 2 -1-i -i 1-i 2-1 -1-2f -21 2 1+2 1

-1+1 -1+1 1 1+1 -2 -1 0 1 2 --- -i 1-i 2-i -1-21 -2t 2f 1+21 -2--I
I 1 14-1 -2 -1 0 1 2 -1-i -i 1-i 2-i -1-29I -2 21 1+21 -2+i -1--1

1+ 1+t -2 -1 0 1 2 -1-1 -L I-i 2-1 -1-2i -2 2i 1+2i -2+1 -1-i+i
-2 -2 -1 0 1 2 -1-1 -1 1-1 2-1 -1-21 -2i 2i 1+21 -2+i -I+ i 1+-i

-1 -1 0 1 2 -- 1 - 1-1 2-i -1-2i -2 21 1+2i -24-i --- i 1 1+i -2

Page 52.

Thq practical value cf thecrem 2.5 lias in the fact that ;t with

sufficiently wiJe limitaticns on ths moduli/mcdules

establishes/installs th3 structural adequacy of the tabl-s cf mcduia:

operations on the composite and real moduli/mcdules, thanks to whic.

appears the possibility, in the first place, circuit realization of
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one and the sam.e table to use both with th wcrk with thz r-al an ,-

composite moduli/modules, seccndly the prcperti4s of symmetry,

inherent in p.s.v. or the composite moduli/modules, to extend or

p.s.v. on the real moduli/mcdules.

Lqt us give an illustrative example. Let p=4+i, ;;4+0-I=17. . ri c=i,

d=1. The solution of the .quaticn

4), - =i

can be selected thus:

=1, $u= -3.

In that case

P =' d 1.1 3).4 = 13.

As p.s.v. or mod(4+i) let us select p.s.a.n.v., while as D.s.v. cr

mod 17 - p.s.n.v. Then the correctly isomcrphic relation

< I -. 6 , -- 135

which is dascribed by the follcwirg table;

I*1Z 012 3 14 5 617 819 10 11 12 13 14 15 16

<.I- 1  011l21-1-.i.. i 1- - i 2 1 1+2f-2 fi- 4 i1 l f

Isomorphism is clearly illustrated by the -.ables of mclula-

additions.

Table of modular additicns on mcd17.
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0 1 2 3 4 5 6 7 8 9 10 11 12 18 14 16 16

0 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 0

2 3 4 5 A 7 8 9 10 11 12 13 14 15 16 0 1
3 3 4 5 6 7 8 9 10 11 12 13 14 15 16 0 1 2
4 4 5 6 7 8 9 10 11 12 13 14 15 16 0 1 2 3
5 ' 6 7 9 9 10 11 12 13 14 15 16 0 1 2 3 4
6 6 7 8 9 10 11 12 13 14 15 16 0 1 2 3 4 5
7 7 8 9 10 11 12 13 !1 !5 16 0 1 2 3 4 .5 6
8 8 9 10 11 12 13 14 15 16 0 1 2 3 4 5 6 7
9 9 10 11 12 13 14 15 16 0 1 2 3 4 5 6 7 8

10 10 11 12 13 14 15 16 0 1 2 3 4 5 6 7 8 9
11 11 12 13 14 15 16 0 1 2 3 4 5 6 7 8 9 10
12 12 13 14 15 16 0 1 2 3 4 5 6 7 8 9 10 11
13 13 14 15 16 0 1 2 3 4 5 6 7 8 9 10 11 12
14 14 15 16 0 1 2 3 4 5 6 7 8 9 10 11 12 13
15 15 16 0 1 2 3 4 5 6 7 8 9 0 11 12 13 14
16 16 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Page 53.

In conclusion let us note that in contrast to real nusb~rs fc:

complex numbers there are p.s.v. ccnsisting of an equal quantity cf

noniscmorphic betweer. theaselves deductions.
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Fig. 13. Squares of p.s.a.n.v.: (-) - on mod 5; (---) - on mod 3+-1i

(- -) - on mod 3-4j.

Page 54.

Example. Let us consider p.s.v. on the mcdlli/modules 341i,

3-4ji, 5. A quantity of elements/cells of p.s.v. on zacn of thes

moduli/modules is equal tc 25 (Fig. 13).
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-81 -3 -2-2i
-1-21-1-1 -1-2i-21 -2i -21
1+21 1+21 1-21
-2-1 -2-1 2-21
-1-i --l -2-i
-i -- -1-i

2- 2- 1-i
- --3 2-i
-2 -2 -2
-1 -1 -I0 0 0

1 1 1
2 2 2
a 3 -2--i

2+i -2 -,
+i -1+i+i

I+1 1+i 2+i
2+i 2+i -2+21

-1+21 -1 +2i -1+2t21 2 2i
1+21 1+21 1+21

31 31 2+2(

-2+2e<.l;. 2-1 <.I;

and therefore

-2+21*2- i(mod 5).

But

-2+2t--(2-- --. +stmx1S+4N,,

therefore

-2 +2-2-i (mod a+41)

and, conversely,

3'e<. 21+, -a6< I+4g,

31, 2 (rood 3+ 40),

but

Si-I (od 5).
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Thus, there are deductions of p.s.v. on mod (3+4i), congrui.t

between themselves in mcd5, and in rod5, congruent between themselvas

on mod(3+4i). On the other hand, p.s.a.n.v. in mod(3+4i) and

mod(3-4i) simply coincide, and, at the same time, between thesi

p.s.v. there does not e st isomczFhism.

Actually/r eall y,

< (-2-t) +(1-t) I 2f- ,

on the other hand,

< (-2-1) +(-1 -t) I 8-4 - 1 +.

§3. Other methods of the assignient of the full/total/complteg

systems of deductions.

The development of the machine algorithms of complex numbqrs

requires the refinements cf the ccncept about the range.

The method of coding ts.k.ch. and the algorithm of the

arithmetic operations on ts.k.ch. depicted as the preset cod,, is

called numeration system.

Range - this the final (but therefore discrete/digital) sit cf

complex numbers, with which uses the computor.
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In view of discreteness any range can be dapicted as the sot of

ts.k.ch. The method of the assigniert of range depends substantially

on the method of the coding of ts.k.ch. . . . It is more exact, thze

form cf coding of ts.k.ch. accepted det3rmines that set of 6h?

numbers, with which in the final analysis uses the computer.

Of the method of coding is required

. a) one-to-one image of integral quantities by the presat

code;

b) the realizability of all arithmetic oFerations in th.

language cf this code;

c) the presence of the sigr/criterion by which it would be

possible to judge about the output/yield for the range of the result

of arithmetic operation.

From the pcint of view of simplicity the greatest interest is

represented by the methcds of the assignment cf range of p.s.v. with

respect to the composite/compcund modulus/module.
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In connection with this let us not3 three most important methcds

of assignment of p.s.v. with respect to composite/compound

modulus/module.

Theorem 3.1. The set of ts.k.ch. of the torm

to +_ , p + E2 P2 +.. + t,,-,, (3.1)

where (0 k (n-1) pass values of p.s.v. <. 1,, it forms p.s.v.

Proof. In view of theorem 2.3.1 it suffices to show that ary

ts.k.ch. z in a single manner is represented in the form

where - ts.k.ch. form (3.1).

For this purpose we will use the following algorithm.

Let us present number z in the form zto +q p, where Ea <. r

Here e and q, are determined unambiguously, since <-v - p.s.v. on

mod p.

Q1 we relatively act analogously. we have j1= 1+q2 p, whern el,

q2 is newly determined urambigucusly, since £:6 .,.

Page 56.
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As a result we will have a chain/network of the equalities

91-4+fiP, ti<
......o. e < .. ,.

• • • . • • •. . ,

q- 4+ q P -, e < - I .

vhence arbitrary ts.k.ch. in a single manner is represented in th2

form
Z = to + 'I P + 2, P2 +.. + 4-1 P4-1 + q" Pn.

Theorem 3.2. The set of ts.k.ch. of the form

El + t2 P P P2 P P Ps... E E P1 P2... P-i,

where Eh,(l<k-<n) respectively passes p.s.v. <", it forms p.s.v. on

modulus/module P(P=pip2 ... P.).

Proof is analogous. In this case we vill have a chain/netvork of

the equalities

. . . . . . . . . . . .

qn-i = -, q p.,, , . ( ,,

whe nce

Z - tl + :p '2 .P1 + +tP1 P2..PM-1 qx P P2 ... Px.

Theorem 3.3. Let P, P2 ... , Ps - ts.k.ch. pair-wise mutually

simple, then the set of tsokoch, of the fore
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U 2, mh Ph, (3.3)

where 2,(Ik~n) pass values of p-s.v. <- K ,i respectively;

Ph=pp 2 ... ,-Ipk+,...p, and <Pk'Iph=mh - deductions on mcdulus/rnodul'

Ph such, which

nk. mh< Pk Phk I '

forms of p.s.v. on compcsite/compound modulus/modula P=PiP2 ... P,.

Proof will consist of twc stages: first, which any ts.k.ch. is

congruent in mod by P with one cf the numbers of form (3. 3), in thc

seccnd place, that numbers of form (3.3) are incomparable betwr2n

themselves on mod P.

Let z - arbitrary ts.k.ch. ard

z -- 2k (mOd Ph), 2et . Ie 1 <k <4 n. (3.4)

Page 57.

We form the number

21 '~2< Pitb MI,'I Pk*-h
h-i

Since ts.k.ch. mAPk are sucb, that

0, e(.1 k
< ecMA P M k, (3.5)

Key: (1) . if.
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then

By forze 03.4)
2(modp) l<k.

But, according to property (2.1.4), it follows that

z (moi P).

Let us further consider t o arbitrary different combinations of th -

deductions

(1, 22,.... 2,) 2he <.

1 -- k <

moreover, at least, at one value k: 2 1,k . Corrssponding to them

ts.k.ch. of form (3.3) are such:

:= P, P,,

l, < P- P.

'2 < Ph I' k

Let us show that QIJC (mod P). Let us assume reverse that , (mod

P), then according to prcperty (2.1.5)

hence by force (3.5) we have

2k m h(mod Pk), I <

however, since 2  h. < I ' that

k (1 < k < n),

which contradicts assumtion.
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Page 58.

The theorems of the theory of numbers indicated include thre

most important methods of the coding of ts.k.ch. The first theorem

leads to the positional numeration system with the composite

basis/base, the second - to the pcsitional numeration system with the

mixed radices (to the so-called, pclyadic code), to the nonpositicnal

numeration systam in the residual classes. All these numeraticn

systems will be traced telow. Let us note only some special

features/peculiarities in the gecuetric image of p.s.v. determined by

these theorems. These sFecial features/peculiarities are connected

with the fact that the nuueraticr systems of complex numbers carry

planar character.

Lat p=c~di - ts.k.ch. It is Fossible to give the following

geometric interpretation cf the product of twc ts.k.ch.

Ts correct the idertity

(a+bl) +c+d1)=a(c+dL)+b(.d+d).

Hence it follows that product of two ts.k.ch. (a~bi) and (csdi) is

represented as integer pcint %ith the coordinates (a, b) to scale of

the integral system of cocrdinates cf orthogonal base (c~di, -1+ci}.
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Let us introduce designaticn P'=ip=-d+ci. Then positional

recording of ts.k.ch. z

where I--xh gyhe<. p can te represerted in the form

2 =-! XO + 'Yo + (Xi P + V, R') + (X2 P + Y2= O ') +

+". + (X.-I PM-1 + u.-i (P- 1').

where each component/term/addend

t e X# ph + V (P)'

as representative point with cocrdinates (xh, y) to scale of int-gral

system of coordinates of crthcgcnal base (ph, (ph)'.

Page 59.

Thus, the vector sense of digit ,=(Xh, VA) of the k digit of posit .cral

recording of ts.k.ch. lies in the fact that numbers zt, yk are th

coordinates of vector in base (p, (p)'), and number itself z

z = (Xo, VO; X1, VI; X2 Y2; ... ; Xa-i, V-t)

is the sum of the vectors of the given ones by its coordinatas

(XO, YO), (xI, VI), (x2, Y2), ... , (x,-i Va-i) resFectivsly in the systems of

coordinates

(1, ap, (A P) . , Lt u c i o . (,bas-/ a-),).
Example 1. L et us consider mcdulus/module (basis/base of the=
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positional recording of a number) p=1+2i. As the digits of th .

positional code let us select p.s.a.n.v. on mcd(1+2i)

The image cf the nuster

1 + (-0 (1 + 2) + (-1) (1 + 2).2 1 + (o.p + (-1) P') + ((-1) p +

+ o.(0,)') -

is shown in figure l14.

The diversity of the configurations of ranges, generated by tte

positional ccda of complex numbers, is illustrated by the foilowing

examples.

Example 2. Figure 15 and 16 depicts p.s.v. on mod (1+23.)2 and

mod (1+2i)3, rapresented ty the respectively positional cod.e

fe + .', (1 + 2).

r + ei (I -- 2) + (I + W),
whore tik <. '+ (,%-o, 1. 2).
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tP

I, -~ p

Fig. 14 Fi. 5

Fig. 15. Pig 15.. nmd + j

Page 60.

Example 3. on figures 17 and 18 are depictad p.s.v. cr,

mod{1+2i)z and mod(1+21)3, representpd by the positional of the3 ccdcS

where :he<*Ii2

Example 4. On figures 19 and 20 are depicted p.sev, on

mod (1 +2J) 2 anrd -ord 1(2., '3 -e ented h? thP ~ r~d
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Fig. 16. Fig. 17.

Fig. 16. P.s.v. on mod (1+2i) 3 .

Fig. 17. P.s. v. on mod (1+2i)z.

Fig. 18. P.s.v. on *od(1+2i)3.
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ppl

pp

/P/

Fig. 19. Fig. 20.

Fig. 19. P.s.v. on mod(1+2)2.

Fig. 20. P.s.v. on mod(1+2i)3.

Page 62.

Ralative to the mixed codes cf p.s.v. on the composit?/ccmpound
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modulus/module let us note that the described principle of imaq of

p.s.v. completely is retained (Fig. 21).

The special feature/peculiarity of the mix~d codes in contrast

to the appropriate codes for real numbers is th, fact that hari,

generally speaking it is broken the requir3ment of invariance. The

essence of this requirement ccnsists of the fcllowing.

If fcr real numbers is satisfied the condition: p.s.v. cn

modP(P-pjp 2,... P.),

determined by the mixed pcsiticnal of the codes

X, +Xp + 3+P, P2 +... + Z0 p1... P,-,

where X. passes p.s.n.n.v, or p.s.a.n.v., it remains invariant

relative to sequence cf vcduli/mcdules PiP2, ... , p,, the for complex

numbers this requirement in general proves to be incomplete. This

fact is illustrated by figures 21 and 22, where they are depict-,1

p.s.v. on composite/compcund uodulus/module (1+2i) (1+3i) . In this

case figure 21 depicts p.s.v. determined by the code E, +E( 1+3i),

where
e.e <. - +.%E<s. I j:.-

and figure 22 dspizts p.s.v. determined by the code ej+ a( 1+23.),

where

tie <. I- ,
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Fig. 21. Fig. 22.

Page 63.

The absenca of invariance subs+tantiaUy complicates rounding in

the nonpositional arithmetic cf cciplex numbers.

In chapter 5 will be examined cne version of the invariant mixed

positional code for a complex number. In connection with tho

construction cf such codes it is expedient to consid-,r, in what

relationship/ratio is located the full/total/complete syste q of

absolutely smallest composite deductions through IIpij and p.s.v.

determined by mixed positienal ccde i+ qp, wher Ee <. ie <.I=.

Theorem 3.4. Let PmC+ai (c. d=-O) (I1pI>2). Any ts.k.ch. ze<. 17, is

decomposed/expanded on bases/tases p, into the mixed positional

code of the form
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where

Proof. Let us compare p.s.v. determined by the code

1+71P (e<./,.qe<.t)

with posoaon~v. <II" Fcr this Furposs lat us show that the s luar:

of p.s.a.n.v. in mod p, examined/ccnsidered tc scale of the int-gral

system of coordinates of base (p, p'}, coincides with the squars- cf

p.s.a.n.v. <",|". The apexes/vertexes of the square in qupstir. in

the system (p, p') have the following coordinates:

22

Page 64.

In the recalculation upon the integral grid of base (1, i} thqsa

points take the form

e+d - -+c;d,-- I(1+,)

2 'P 1-2P -'2Fc-d 
*+d P

-- P- -'- (-+).

2 P + SY 2P
S + d . 0 -4 .

'-"P-,2- PO, P

2

But latter/last points are the aFexes/vertexes of squars of
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p.s.a.n.v. <'.j,1. Further by the cut square <.I1,, by the gril ef

the squares, congruent tc sqiare <.;, let us show that tho

apexes/vertexes of square <. IT, belong to this network.

Actually/really, the family of the crthogonal straight linas of

network is determined by the equaticns

cx + dy = -1 p ij

--d+c =-j ]p.

Latter/last system with

X=c+d, :i=c-d, )d-c, :-c+d;

X=--c-d, p=d-c, 4-c-d, I=---d,

has respectively solutions

However, sat of ts.k.ch. covered/coated with the squar.s fh,

network in question whose centers are elements/cells of p.s.a..V. Or

mod 7, preset in scale cf the integral system of coordinates of base

(p, p'), is formed p.s.v, descrited by the code

Since in tiis case the apexes/vertexes of square <'I-,I belonq to

network, then output/yield for square <'I7,! of numbers of form +np

is feasible only in the directic- cf the axes of the coordinatis of

base (p, pJ}. The distance of these points frcm the sides of square



DOC =81024004 PAGE

zannot *xceel value - p.

Page 65.

Since inqquality L-p lip 1<21!p i is fulfilled for all ts.k.ch.

that satisfy condition Ijpgj>2. then the difference betwoen numbe:s

1?. left beyond the limits cf scuare <'I, and their ccmposit-

least positive residues z in mod;:pU it is Jeterminei by equality

z-(.+,jp)=F11pjj, where , 11=I.

For all numbers of means t+qp, of those not emerging bcycnd

limits <' 17,., is obvious e=O. Thecrem is illustrated by examclbs.

Example. p=1.2i.

< -(0. 1. 2. -1. -2. 1. 2*. -i. -1. 1 -i. 2 -
-i. I- 2. 2 2. - ;- i, -2 + i. -I-2i. -2 - .-1-.

-1-2-,-1, 2-, -2-2i.1-i. 2--i. 1-2, 2-V 4

a) ts.k.ch. - -2+21e <-.1.,1  and its disintegration into 'ne

mixel positional code take the form
%J)

--2 ,-,( - )-O.S, . ,, 1 0;

Key: (1). i.e.

b) ts.k.ch. 1-2i<17i,-2wa. its disintagration is such:

Key: (1). and.
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c) ts.k.ch. -2-i e<. I its disintegration takes the form

-2-i=I~ (-i) (1421) + (-1) (5); therefore * i -I.

§4. Some special features/peculiarities of the full/total/complat-

system of deductions.

nodular numbers. During the goneralizaticn of nueraticn systzm

to the composite bases/kases apFears ons special feature/peculiarity,

which depending on selection of p.s.v. :an have an essential effect

on the crganization of the prccesses of transfer with the execution

of the arithmetic operaticns abcve numbers, givan by the positional

code.

Lat us consider the elucidating example. L-at it be preset

basis/base p=2*i and as p.s.v. chcson p.son.v.

It is not lifficult to check the validity of the representaticrs

-- -(-0-i) (2 + .) -21. (2e <. I;).

Page 66.

Hence it follows that numbers -1 and (-1-i) can be depicted as th-
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positional code of how ccrveniently la--ge lngth n, since, with

arbitrary n, since with arbitrary n are valid the equalities

-I-(1+ 0 +(1 +Op+ (1+ )p +... +(lI+ )p" (--1)pn
4 1.

-1-i-1+2/p +21p2 +.... .2ipm + (-1-Oip""I.

Further, since a prcduct cf two dtducticns -ii--l, and runber -1

is represented as the positional cede of tha arbitrary length n with

basis/base p=2+i, then this complicates the process of transfe: with

the execution of multiplicaticn. As can easily be seen from th: givar.

tables, the prozess of additicn in the case in question does not

suffer the dificisncy/lack indicated.

Table of summation on mod(2+i).

01 1 j14+, i21 11+21

0 0 i 1+i 21 11+2ii i 1-  11+21 1+i
I-f +i Ili121 1 0 21
2i 1W1 1-+i 0 1+21i

1 -! 1 1 --21 0 V i £ 1+i-

Table of transfers with the sumeation over mod(2+i).

1 01 i I I+i1 21 i1+2i

0 0 0 0 0 0
i 0 0 0 1 1-1

1+i 0 ~0 1 1+1 t
21 0 i1 1+1 1 1-L

1-21- 0 11-t- I 1 +i 1+&

observation. Since 1:(-),then analogous situaticn a;op)2d=3

in the binary arithmetic of real numbars, if we the sign cf a numbq :
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do not select by the independent sign multipli-r.

in connection with those presented it is of interest to consider

the questior: in what cases there are numbers x+iy, which satisfy 'hq

condition

x+iy=(z-i IM)p-Ira 4-1?,whmeta +ie<- 1.,p. (4.1)

This number, if they exJ "t, we will call by modular on mci p.

Equality (4.1) is equival~nt tc system of equations
x -xt - dy ± 2,

Y - cy + dx-
Sclving this system, we find

x- (- 2 (c- 1)- 3d),

S (C-1) d),

where

- (c --1)' + V. (4.2)
Page 67.

On the other hand, we note that

--__--__ - ( -1)-- d --____--__-_- _

(€-i) -d it

Hence wv consist.

Theorem 4.1. nodular numbers cn mod p axist when and on1y wh

p.s.v. (mod p) are included deducticns a Oi such, that

2- 0t O (modp-1).
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Thus, the presence of modular numters depends substantially cn thF

selection of p.s.v. on mcd p. Trace in this plan/layout the

full/total/complete systems of the smallest and least positive

residues.

For simplicity of reasonings we will be converted to the

geometric illustrations (Fig. 2 2-6).

Case 1. Foc p.s.n.v. on mod(c+di), where c>O, there is at least

one modular number. This follcws frcm the fact that with c>O always

(c-1) +di e <- -+ e+d i
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Fig. 23. Fig. 24.

Fig. 23. c)2, d>O.

Fig. 24. c)2, d=O.

I - --

Fig. 25. Fig. 26.

Fig. 25. c+di.

Fig. 26. c=I, 00.

Page 68.

Let us notr that for p.s.n.v. <. J{, 1,1+-i are twc modular

numbers: by -1 and -i, since
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-1=(-1)2+1, (1<.1 )

and for p.s.v. (0, 1) on mod(1-i) is one modular number: -i, sincs

-i= (-i) (1-i) +1 (1e<. I

Case 2. For p.s.n.v. on mod(c+di), where c<0, modular rumoars

there does not exist.

Actually/really, let (+Oi--I((-cl-1) d!), whar3 a +i3 C<. ard
Ip

c=-c' (c'>0) , then

z1 P + I > !I(-c' -) +dt =(c' +1) 2 +Vd > ',p ,

which leads to the contradiction.

For p.s.v. (0, 1) cn mod (-1+i) modular numbers.

Case of 3. For p.s.n.v. cn mcd (c'di) modular numbers ther- dols

not exist. Actually/really, let a+0i--q((c-1) +di) , where m+0i e<. I

then
2i + Pi 1 > (c- 1)2+ ' a d[ 2c +

Consequently, fir all those cases when
-- - - 2c +1 > 0, (4.3)

initial assumption proves to be iraccurate, since otherwise we cone

to the inaccurate conclusion
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The moduli/modules, not included by inequality (4.3), are such: 2+-i,

3, 3+-i. By dir3ct testing we are convinced, that for p.s.a.n.v. or.

these moduli/modules there does nct exist modular numbers.

Properties of the symmftry cf p.s.a.n.v. One of advantages of

p.s.a.n.v. on any modulus/module is the absence of modular numbers.

Furthermore, p.s.a.n.v. pcssess tbe series/row of other advantag~s

before cther types of p.s.v. in view of their properties sy ':ris.

These properties are expressed by fcrmulas.

Page 69.

Theorem 4.2. If ts.k.ch. p=c+di odd, then

1. <i(a +bi) j =i.<a+bi J -
2. <a+bij-=<a-bij-,

3. <a-4bi1-=<a+bijz.

Here a+bi and a indicate

a+bi=a-bi; a+bl.=-a4-bi.

Proof. In visw of th. basic formula of deductions (3.1.5) we

have

I<a+bi P,
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and
an(a + bi) -- + d pt +  I ac4-b I -) p

but when jjpLI 1(mod 2 )

I - +bc -ad , , bc-ad

therefore < i(a+bi) I -=i <a.bi

Further, since
( I ac--bd , b-c-ad I,,) (c-di)

<± bII ,

and

(Iac-bd I i I -- be- ad I -7p,,_) (c-d

that

< a-b i -- <a+bil;.

Finally, since Z=--z, then

< a+b < a=-<+bi a =-a-b p

S-(a <a+b0 bI
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Observation 1. For ts.k.ch., the generatrices p.s.a.n.v. o the

real modulus/solule p, the enumerated properties take the form

< Ka~b + T a
a+biI <-a--L7 ba P.

Observation 2. In viev of theorem 2.2.2, property in their

arithmetic sense they can be spread to arbitrary p.s.v. over mod p,

(!Ipl 1(mod 2))..

Example (Fig. 27 and 28). nod(316i) . Let us vrite out the group

of deductions p.sa.n.v. cn mod (3+6i), arranged/located in the first

quadrant,

By the force of the first property all remining nonzero deductions

can be obtained by the additional multiplication of this group of

deductions to the consecutive degrees of the imaginary unit

, 2. 3. -14-i. -1+-2. -1+31. -1+4i. -2+i, -2+21. -2+31. -4+i;

-1, -2, -, -1-i. ---- -- i. -4-, -1-2, -2_. -3-2
-1I-4i;
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f
The second and third properties ace illustrated by the following

exasples:

-+-46i -1 +4ie<. .
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i Nd.

F'ig. 27. mod (3,16i) . Fig. 28.

Page 71.

For ts..k.ch. p=c'di such, that '!p~jh-(mod2) (i.e. for the

sesieven and th3 the even ts.k.ch.) the property of the symmetry of

deductions p.s.x.n.v. is broken in connection with the presence on

the silo~s of the squares p.s.a.n.v. of the integer points, from which

in p.s.a.n.v. see Included only the points, arranged/located on any

two adjacent sides of square.

S . Analysis of the tables of modular operations.

The tables of nodular operations compose the basis of any

numeration system. Under the table of modular operation is understood

the two-input table, salient on two input operands (deductions) the

result of nodular operation (addition, multiplication on the pr~eset
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modulus/module).

As an example are given the tables of modular addition and

multiplication Da aod ( 3+21) where the operands (deductions) are

preset in the class of p.s.no v.

The analysis 3f this type of tables implies:

1) the determination of the character of overflow with the

execution of modular operation;

21 the devalopeent/detection of the properties of the symmetry

of the tables of modular operations. There is greatest interest for

the ma:hine arithmetic in the determination of the character of

overflow with the addition.

Overflow with the additicn of the elements/cells of p.s.n.v. Ws

will use the identity, valid on, many elaments/calls of p~sov. If

2+*.g<- I,, (P=c+di), then

,+2 i then

, = ((2 c + }, d) + (a2 c + 2 d) +L ((I c - , d) -

+ (;2 12. d)) 1 c-dL

Since for p.s.n.v. it is carried out

0-1 1 c,43 1 d< !p,'. 0<22 C--3 2d< p'.

O-- c-2d< Ip.,, O -. c -d- d p
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the n

(21 c -- , d) - (22C --- ;2 d) = (x-- 22 )c (1 - ) d =

- (21  -I'-)c_ (I-' 2)d I +  -f, p

where

(symbol fx]1 13signated whole syllable x, equal to the greatest

integer, which loss not exceed x).
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Page 72.

Table of modular summation over mod(3+2i).

+ 0 1 +-31 31 1+3i1 2+31 i I 14i 4 1+4i -1+21 1 1 +21 2 -r2i

03 l--r3 2+31 i 1-1i 4i I 1-4i - 1+ 21  2 1+2i 2-2i

-1-3i -t- 3i 31 1+3i 2+31 1 1+1 41 1±41 -1+2i 2i 1--21 2-t-21 0

& 31 1+31 2+3 i 1+i 41 1+41 -l-21 2i 1+21 2-t-21 0 -1+3i

I-3i 13i 2+31 1 1+i 4 1+41 -1+21 2i 12i 2+21 0 -1+3& 3i

2 -3i 21Si i l+i 4i 1+41 -1+21 21 1-21 2+21 0 -1 +3 31 I-3i

i i 1+i 41 1 -41 -1+21 21 1+211 2+21 0 -1+8& 3i 13/ 2+3

1-1-i 1-A 41 1+41 -14-21 2 1+21 2±2i 0 -1+3i 81 1+31 2+31 1

4i 41 1+4i -1+21 21 1+21 2+21 0 -1+31 3 1+3i 2+31 i -i

1 -4 1+41 -1+21 2L 1 21 2+2 0 -1+31 3i 1--3 2+3i i 1+ 4

-1 -2i-1 -2i 21 1+21 2 21 0 -I+i 31 1-3i 2 3i i 1+i 4i 1 -4i

21 21 1-1-21 2+21 -1-+-3i 31 1+31 2--31 i 1+i 41 1+4i -1-21

1 -21 1+21 2+21 0 -1 7- 3 1+31 2- 31 i l-i 4 1--41 -1+21 2i

2±21 2-21 0 -1+31 31 1+31 2+81 i 1+i 4i 1+41 -1- 2i 2i 1 -2i
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Page 73.

Tabls of modular multiplication on mod(3+2i).

0 -1+3+ 3 1+3 2+31 i 1+i 4i 141 -1- -2i 2i 1-.2i 2--2i

0 0 0 0 0 0 0 0 0 0 0 0 0 0

-1L3il 0 -1+31 3W 1+31 2+31 * 1+i 4 1-4i -1+2i 2i 1-:-21 2-2i

4* 0 3t 2 + I 1+1 1+41 2* 2+21 -- 1-3i 1 +3i i V -1 r 2  1 -2 2

I - 3i 0 1+1 1+ -1 +21 2 +21 t i 1+4i 1--21 -13 3 2 31 4 2i

2-3i 0 2 -3i 1-4 24-21 1+31 4i 12t 3 2 Li 2! -1 &-3 i -- 1-2i

1 0 i 2 3 4 2+21 2+3L -1+2i --- 3i 1--i 1r-2i 1 -- 3i 1-+4i

1-i 0 1+i 2 2t 1 1+21 2+3t 21 1+31 -1 -2i 3 1-,-4I 1+3 4i

41 0 41 -1+31 1+41 3* -1+21 1+3 2i 2 '-3 1 -- 21 * 2+2t 1-i

1--4i 0 1 4* 1V+W 1+21 2-L -1+ +3i -1 -2* 2 3 2--2 4i V 2 i

-1+2ij 0 -1±2i i -1+* 21 1+i 31 1 21 4i 1-4-3* 2 -2 1+4+ 2-- &

21 0 2* 4C 2+31 -14-31 1-+-2i I1+4i * 3i 2---21 -1--2i 1-1 1 ~3
1+2i 0 1-421 -1+2* 4i I 1+-3i -1 +31 2-21 2i 1 -4i 1-i 2 -t-31 3s

2-2i 0 2; 2i 1421 2* -1+2* 1+4i 4i 1±i i 2 -3 1-31 31 -1-3i

Page 74.

Is analogous (Pc-atd)e) (Pac-axd)=J(P,4Dz) c-( 1 +a,.d)

I ,i + 8 IP II vhare

Thus,
(2 1 % 0 + (72. 2 0=: + i", ) (c + di) + ( (21 2) C

d 47 @1 2 C (2 c-di

d~~ii Vt
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Second term of the right side of the latter/last equality, in view of

basic formula for deducticns (3.1.5), is the modular sum of

deductions ea1 ,0i and a&. 2i. Thus, possible overflows with the

addition of two deductions of p.s.n.v. take the form

GI + '1) = + ~

where

In other words, transfer v with the addition of two composite

deductions C, aad C2 on modulus/module p=c~di is realized by one of

the numbers of the set: 0, 1, i, 1+1. Hence, in particular, it

follows that with the addition a control of departure beyond th

range, preset p.s.n.v., can be carried out by means of modulus/modale

2. since <'I,={0.,1.L}. The character of overflow is here such: it

is not possible to indicate such composite modulus/module p=c~di (c,

d#O), p.s.n.v. which would contain in themselves all numbers 0, 1, i,

1+i.

Consequently, with addition of two ts.k.ch., preset by the

positional code

where

+ (k =O, 1, 2,.. n),

the overflow, which appears in this digit, can affect not only the

directly next decade.

For an example let us give the table of overflows with the

addition of the smallest deductions on mod(3+2i).
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Page 75.

Table of overflows with the summation over mod(342i).

0 -+9 31 1 +31 2,431 i I-i 41 1 C -1 --2i 2i 1-21 2-2i

0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 0 i 1 0 i I- i i iI l-r-i
N/ 0 i 1-- l- 0 0 - 1 i 1- 1

1+3 0 i I - i l -i 1 0 1I Ii I I i 1- I 1

2-31 0 1-1 1 i I I I I I -i I i i 1 1 1

i 0 i 0 0 1 0 0 1 i 0 0 0 0

I-- 0 0 0 1 1 0 0 1 ri 1 0 0 0 1

1-V4 0 l I l li 1 -i I -I Ii I -i i I i I -i i

-1-21 0 i i i 1 i-i 0 0 1 0 0

W 0 i i 1+i 1 0 0 1I 5 0 0 1

1 2/ 0 i - 1 1 0 0 1- 1 0 0 1 1

2-21 0 1:i 1 1 1 0 1 1 1 0 1 1 1

Page 76.

Overflow with the addition of the olements/cells of p.s.a.n.v.

Let *a 0 li 22+P 2ie< ;-, (P=c+di), thin
(21 + %30 + (22 +?2 + ) ((,,c , 31) + (al + ?2 d) +

+ i S~ - i, d) + 0~2 C- 2 d))) j~d
Since for p.s.a.a.v. it is carried out

p-2 1 c+-1-3 1 dKL .< I P -1 P2 2' 2 2

< c2 2 < 2 C-2 2 d,22 2'
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t heft
(= c , d)+ (22c 2d) = 1(71+ 2)C +

+I . +:: p I

where

, [(21 -i) c-(31 -%d}- = 0J

(by symbol fx]- markedly integer, near to x)

Is analoqws (Pic-d)*( Pzc-uad) = I(P& ,) c- (#,-e,)with d)

JI-t , p!; where

P +1

sencs, it is similir to the prpvious case, we consist that the

possible ovsrflZws v( COCA with the addition of two deductioss t

and C2 p.s.a.n.v. take the form

where

+1
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i.e. teansfer v with the addition of two composite deductions

p.s.a.a.v. on modulus/module p=c*di is realized ny one of the numbers

of set O, 1, I+1, 1, -I+i, -I, -I-1, -1, 1-i.
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Page 77.

Tabla of modular addition p.s.a.n.v. on Mod(32 2).

+ i 0 1 2 -21 -1+i I 1-- -- I -i 1- 2i -2 - 1

0 0 1 2 -21 -1+i i 1-i -- 1-i-i 1-i 2i -2 -1

1 1 2 -21 -1+j i 1-i--i - 1-i 2i -2 -1 0

2 2 -2i -1+i 1 1+1--i-i -i 2i -2 - 0 1

-2i -2i -!i * 1 -i -1-- - -i 2i -2 -1 0 1 2

-I ' -- - t l i -- --i -i --i 2i -2 -1 0 1 2 - 2i

1i-I-i-i -i 2i -2 -1 0 1 2 -2i -1-I

-i - -- - -- --i 2i -2 -1 0 1 2 -2i --- i 1

--- -1-i -i 1-i 2i -2 -1 0 1 2 -21 -- 2i 1+1

- -i - 1-- 2i -2 -1 0 1 2 -2i -1-i --- i

1- 1- 2i -2 -1 0 1 2 -2i -I L 1-i-i-i-i

2i 2i -2 -1 0 1 2 -2i -i i 1--i-I--i 1-

-2 -2 -1 0 1 2 -2i - i t I -l-j -i 1-i 2i

-- I -1 0 1 2 -21 -11 -  i -- l - 1- 2i -2

Page 78.

:-onssqulntly, vLth the addition a contr31. of output/yield on the

range, preset p.s.a.n.v., can be realized by means of modulus/module

3, since

tn contrast to p.s.n.v. the character of overflow is such:

p.s.a.n.v. on ay modulus/module p(IIpU1>2) it contains as the
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deductions of a number of form 0, 1, IHi, 4, -I+i, -1, -1-L, -i, I-i.

As an example are given the tables of modular addition and

overflows p.s.a.n.v. on mcd(3 2i) and mod(1-21).
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Fhe table of overflows with the additioa of a.n.v, on mod(3+21).

1 2 -21 -1-;-i i I+- -1-i-i l-i 2i -2 -1

0 0 00 0 0 0 0 0 0000 0

1 00 -i 0 0 1 0 0 -i 1 0 0

2 0 1 I- -i 0 1 1 0 --. 1-i 1 0 0

-2i O- -i -1-i 0 0 0 -l-L-i -i 0-1 -

-1--i 0 0 0 0 i ; 0 0 0 0 -I1i

0 0 1 0 0 1 0 0 0 i i 0

1-; 0 1 1 0 0 1 1 0 0 0 1-,-i 0 0

-1- 0 0 0 -1-i 0 0 0 -1 -1 0 0 -1 -1

- 0 0 -, -i 0 0 -1 0 0 0 -1 0

I-L 0-i 1-i -i 0 0 0 0 0 -i 0 0 0

2i 0 1 1 0 i ti 1- - 0 0 0 1-- i f

-2 0 0 0 -1 -1--ii 0 -1 -1 0 i --- I--.

-1 00 0 -1 1 0 0-1 00 0 -1 0

Page 79.

Tibles show that the overflows with the addition a.n.v. on

mod(1-21) are again elements/cells p.s.a.n.v. on mod(1-2i).

Overtflows with the addition of real remainders on the composite

modulus/modula P=c~di ((c, d)=1).

Case of p.s.M.n. v. P
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Let 21, 7ze I •j , then

21 -- 22 I 2 p P

wher
ii = [ --__]- _ !0

L 'J '1
since ;Ip1L=p.p, tie overflow in this case accepts form 'r(c-di).

L~t it be g>0, then ts.k.ch. it is possible to present in the

form P=2c-p.

In this case 2cEl.!- since 2c<cZ+dz, since c~d on the strength

of the fact that (c, d) =1. Ccnsequently, the character of overflov

with the addition of two real deductions is such:

71 + .2 = 21 + 2
2 + '

where

t 2c - p
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'The table of molular addition p.s.a.n.v. on mod (1-2i).

1 -i -1 0 i

i - -i 0

-1 0 -i i 1

-i I i 0 1 -1

Table of ovefilJinq on mod(1-2i).

1 i -1 -i

1 L 0 1

i i - --1 0

-1 0 -1 -i -i

-i 1 0 -i 1

Page 80.

Number -1 in this :ase is a modular number, since

- = ( ! Ip - 1) + ( Ii p i - 2c) p + (1 -),

but

1-p= Ij - (2c-1) +(1- p) p.

&ll this substaatially complicates the processes of transfer.

Case of p.s.a.n.v. .
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Let 2,1 2 2 e " I ' then

21 + 22- 21+22 i P 11

where /-1
0-1( + 12) ---

'21+P2)11

4t, for axample, c< then ts. k.ch. p be is represented in

the form *5=2c-p.

Since 2ce ' ,-e that the value of overflow in this

case is described by the "two-place" positional code.

Overflows with the multiplication of the elements/cells of

p.s.v. let us cansider the case of p.s.a.n.v. Let Cj=at+Ai,

12=22 -132ie< ",(P=C-d, then

-C - 22 d)) 71Cd i ( '!.c- - d)-31 (1c- d)]- +
~Pl 11 P 11 4-

+ t 7, ,(13 C-It d)-'1, (32 C -1-3, d, -
,+ p (c+dt) + I '(02c + , 2 d)-

-- ( 2c - 12 d),i I (2 c -2 d)+

41 (22 C ' 1 2 d) j +dL

Si nce

21 (22 C 2.- ,2 d) - 1 ("2C - 22d) = (21 22- P1 ,2) c

(7 - X2; ,
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that tite value of overflow w( C:'z) with the multiplizition a.n.v.

C and Cz is calculated according to the formula

GI, "12) = ['I]- + 1[2-

where

-d)- (9 c--2 d) ; c- , d)+5 1 (22 c+?, d)
H P II PiI
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Page 81.

Table of modulir multiplication p.s.a.n.v. on mod(2+3i).

0 1 2 -1 -2 -i 2i -2i I !-i 1-i -1- i -I-1

0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 2 -1 -29 i -i 2! -2i 1 -i -I i -1-

2 0 2 --- -2 I- i 2i -2i -- i-i -1 1 £

-1 0 -1 -2 1 2 -i £ -2i -- 21 -1--- --- i 1i 1-i

-2 0 -2 1+ 2 -1-i -2i 2i -1 -i 1-i i 1 -1 -i

i 0 21 -1 -2i -1 1 -2 2 -1 -i ---i -i

-i 1 0 - -21 +i 2i 1 -1 2 -2 1-1---i l+i -1 -i

2i 0 2i 1-i -21 -1- -; -2 2 1--i -- i 1 -i i -1

-2i 0 -2i -1 +i 21 1-i 2 -2 -- i -i- i -i 1

1: fl li-i -1--i i -1 -i 1 -1 2i 2 -2 -i

-; 0 -i -1 - .i 1 l -- i - 2 -2i 2i -2

---- 0 -t--t i - -i -1 i - -2i -2 2 2i

Page 82.

Certain representation about the value of overflow give the

evaluat ions

al - I , + .L +x] . "1 1 ,
< 2 ' - 2

or

where mj+i~ t - smaller in the absolute value cofactor.
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The table of overflows with the modular multiplication on mod (2*31).

z. 0 1 2 -1 -2 i-1 21 -21 1±+i 1-*-1----

0 O0 0 0 0 00 0 0 0 0 0 0

1 0 0 0 0 00 0 0 0 0 0 0

2 0 0 1-i 0 -1+1 0 0 1L- -- 1-i I -L i -L

-1 0 0 0 0 0 0 0 0 0 0 0 0

-2 0 0-1+t 0 1+i 0 0 -1-i-1+1 -1 i - 1

0 0 0 0 0 00 0 0 0 0 0 0

- 000 0 0 00 0 0 0 0 0 0

2i 00 +i 0 -1-i 0 0 -1-t 1-1 1 1 -1 -i

-2i 0 0-1-i 0 1+i 0 0 1-1-±i - -1 1 i

1-i 0 0 1 0 -1 0 0 i -i 0 0 0 0

1- 00-i 0 L 0 0 1 -1 0 0 0 0

-1-i 0 0 i 0 -i 0 0 -1 1 0 0 0 0

-1-i 0 0-i 0 1 0 0 - i 0 0 0 0

Page 83.

The evaluations indicated are the immediate consequence of the

inequalities
-L 13 d I < -"- P -?2c d

Multiplication table on mod(1-21) is convenient fact that the

overflovs with the multiplication of any two deductions on the

modulus/module indicated are equal to 0.

Lat us switch over to a question about the methods of the
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reduction of molular tables. With an increase in the norm of

modulus/module thm tables of modular operations become bulky, which,

naturally, leads to an increase in the equipment and it affects

triggering time of the device/equipment, which realizes modular

operation. In connection with this there is the great practical

interest .in the question about the abridgement of table of modular

operations, which in turn, is connected with questions of the special

coding of deductions.

The in practice satisfactory solution of this question can be

obtained, using planar symmetry of p.s.%.n.vo

Let us con3ider at first odd moduli/modules (1pil=1 (mod 2)). In

this case the sit of all deductions on mod p can be decomposed on

IpiI-1
4 .- the groups of the associated daducticns.

Choosing on one representative of each group of the associated

deductions and labeling them in the desired exponent 1, 2. 3,

4 we will obtain the sequence which let us name the sequence

of the deductions of rank 0. The sequence of deductions, obtained by

additional multiplication on il each element/iell of the sequence of

the deductions of rank 0 and that arranged/located in the appropriate

order, we will call consequence of the deductions of rank X. The

number of deduction in this case we will call the mantissa of



DOC 81024005 PAGE

deduction.

Thus, planir symmetry p.s.a.n.v makes it possible to introduce

the general-purpose coding of deductions for all p.s.v. on the 3dd

mod uli/modules.

Any deduction 2+te<. 1 ( p --- (mo2)) is unambiguously

represented in the form m+oi:. n, wheri X - rank, vhile n - mantissa

of deduction (point it is used as separating symbol).
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The table of th3 modular multiplication of deductions p.s.a.n.v. on

mod(1-2i).

I, 1 i -1 -i
1 I i -1 -i
i Ii -1I -i 1

-1 -i --i 1 & -

Page 84.

Rank X can take values of 0. 1. 2, 3, i.e., value from p.s.n.v.

on mod 4, and aintissa is coded by numbers 1, 2, 3p ... , -- 14

modular operations respectively taki. the form

< 0, 1 )' , n, n) I -1 .I +  X2 X

, K (0. n1) X (0. n2) 1 !1 (5.1)

< .,. "i - ' 2 I ,4()2n. 1). 0. ra. +

-I n2 ' - (5.2)

Hare it is thought that deduction 1 answers the mantissa, equal

to 1. Thus, with the multiplicaticn of deductions the ranks of

deductions store/add up on mod 4, mantissas are multiplied in

accordance with the abbreviated/reduced modular table, and durig the

addition is present the operation of the standardization of first

term (analog of the operation of the matching of exponents of the

positional codiag of dp.ductions).
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Because of this method of organiziag the modular operations of

multiplication table are reduced 16 times (in this case still remains

the possibility to shorten multiplication tables due to the

cosmutaLtion of the operation of multiplication) , and the tables of

addition - 4 times.

Example. P.sea.n.v. cn mod(3+2i) lt us code in accordance with

the table

<13-2110 1 21ie 2* -I+i-1 -2 -1-i- -21-
Ko0APj 0.0 0.1 0.2 0.3 1.1 1.2 1.3 2.1 2.2 2.3 3.1 . 2 3.3

Key: (1). -ode.

Than the abbreviated/reduced tables of modular multiplication

and addition take the following fcro.

The table of moular multiplication on mod(3+2i) '.

00 01 02 03

0 0 0 0 0

I 0 0n 02 03
r) 0 02 :3 21

i3 01 21 12

?OOTNOE 1. Hers and below in the tables for the convenience are

omitted separating points. ENDFOOTMOTE.
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Paqe 85.

It is not lifficult to see that to thS tables of overflow ils3

extends principle axalined above of abridgiment of table.

A=tually/rially, fres formulas (5.1) and (5.2) it follows that

it suffices to issign the table of overflows v

7:( -1(0. (0H. )

-( (0.n:)- ', 9

in ordar to know overflows in any other cases. The ovecflows, which

appear in the rejected/thrown part of the tables, will differ from

those 3verflows which are considered in thq abbreviated/reiuced table

by the dividers/denominatcrs of unity:

.- (, . O ' ,.n2)) -- ( . - . ) -((0. rl).tO, n-"))

n-(".h ) - ('2. n2}) =( 1).7-. ((0. n , 2 - 1 , ,.n')
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fhe table of molular addition on bod (3*2 i)

co 0O11 (2 0 3 11 12 13 21 22 23 31 32 .3.

00 00 01 02 03 11 12 13 21 22 23 31 32 33

01 01 02 32 23 03 2: 11 00 21 .31 33 13 12

02 02 32 13 31 23 21 03 01 00 33 12 11 2

03 03 23 31 21 22 32 12 !1 I ,3 00 ini 3.3 02

nabbraviated v~rsIo1 of the tablies of )vecflow on mod(3+21).

- 01 0)2 03 11 12 13 21 22 23 31 32 33

01 0 0 0 0 0 0 0 0 0 0 0 0

02 0 33 01 0 o3 11 0 13 21 0 23 31

03 0 01 0 0 11 0 0 21 0 0 31 0

11 0 0 0 0 0 0 0 0 0 0 0 0

12 0 08 11 0 13 21 0 23 31 0 3.3 02

13 0 11 0 0 21 0 0 31 0 0 01 3

2.1 0 0 0 0 0 0 0 0 0 0 0 0

=2 0 13 21 0 23 31 0 33 01 0 03 11

23 0 21 0 0 31 0 0 01 0 0 11 0

31 0 0 0 0 0 0 0 0 0 u 0 0

.32 0 23 31 0 33 01 0 03 11 0 13 21

33 0 31 0 0 01 0 0 11 0 0 21 0

Page 86.

Abbreviatel/cedtuced version of the tables of overflow on

mod (3+21)

01 02 03

oil 0 0 0

02 0 33 01

O8 0 010
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Examples. 1) to find product '(2.3) X(3.2)I. According to formula

(5. 1), we have

< (2. 3).(3. 2) 1 ( 2 + 3 1 1).< (0. 3)'(0. 2)1 =

= (1. 1). < (0. 3) x (0. 2) 1

From the abbreviited/reduced table of modular multiplication we find

that < (0. 3) X (0. 2) 1 = 2.1, therefore

< (2. 3) <(3.2) 1 -(1. 1) <(2. 1) 3 1.

b) find sum <(3. 1) (3. 3l. According to formula (5.2) we

will obtain

<(3.1)+(2.3)I; -(3.).<(0.1)+ 2-3j8.I ;-

- (3. 1) < (0. 1) + (3. 3)1-.

From the abbreviated/reduced table of modular addition we have

0o. 1 3. 3 ' - 1. 2.

conse quently,

< (3. 1) - (2- 3) i; = (3. 1).(1. 2) - 0.2.
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Page 87.

Chapter 4.

POSITI3NhL NUMERATION SYSTEMS WITH THE COMPOSITE BASES.

§1. General/comion/total formulation of the problem.

Let be is preset sts.k.ch. z. Let us =onsider the set of all

ts.k.ch. of the form

where sach variibla/alternating - passes value by certain p.s.v. on

mod p.

Generally speaking mentioned p.s.v. can be distinguished between

themselves, i.e., depend cn index k(O%<k.<n-1). We will indicate that

the set ts.k.ch. (1.1) forms range D( ) ts.k.ch. on mod p",

represented by positional code (1.1).

It is clear that the geometric configuration of range depends
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both on the selection of basis/base p and on selection p.s.v. on 23d

p on each k-th ligit.

The study :f the positional numeration systems of a similar f3rm

understands tha study first of all of the following

general/common/total problems:

a) the ranjes of the representation of numbers;

b) the detrimination of overflows with the addition;

c) the operation of addition and multiplication;

d) the operation of translation/conversin.

Specifically, from the point of view of these questions will be

examined below some positional numeration systems.

§2. -omposite vqrsion of binary number system.

?on the fact that 11:_1_til1=2, follows: the full/total/complete

system of deductions on any of the bases/bases .- I+-i

double-discrete. In other words, any of the sets

{ o , 1), {o , 0 , (0 , - 1}, to, - - ! (2.1)
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can be chosen as p.s.v. on any of the moduli/modules +-1.-i.

Page 88.

Because of louble-discreteness p.s.v. on moduli/modules p=+-1+-i

appears the possibility of the introduction of a certain analog of

binary positional arithmetic in the ring of ts.k.ch.

Since numb3rs +-1,-i are asscciatel, from the point of view of

division theory construction of the positional numeration system with

the bases/bases -I -i is represented by adequate procedure. However,

the algorithms of arithmetic operations can be changed in the

dependence on that, which of sets (2.1) will be chosen as the basis

for the image bit digits with one of the bases/bases of form

p=-1+-i. The latter is connected with the fact that the character of

additive and multiplicative overflows can depend on the selection of

P.S.V.

Thus, from the positions of the analysis of multiplicative

overflow is profitable to select as p.s.v. set ( 0, 1 ), since in the

class of these deductions are absent multiplicative overflows. in

connection with this it is expedient to consider all possible

versions of the binary coding of ts.k.ch.
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Algorithms of thi3 formation of the deductions of arbitrary ts.k.ch.

on modulus/module p ((-)'- (-l)

Cise a. Let as p.s.v. on mcd ((-1)k .t-I)mt) be are chosen one of

the sets ( 0.1 ), ( 0, -1 ). It is necessary for the the arbitrary

ts.k.c. a~bi t- construct u, v p such, that

a ' bt=(u-iv)p-i-p, (2.2)

where P {0. 1) (pe(O, -1)).

From (2.2) it follows

( -- 1) -( -- 1 )" v = b.

Hence

V a 1)r (2.3)

2 2

Since numbers a, b and u, C - wholes, then from relationships/trtios

(2.3) it follows
f 0, e' NH a = b (mod 2),

e I i, ecX a z b (mod 2). (2.4)

Key: (1). if.

Page 89.

Relationships/ritios (2.4) and (2.3) uniquely determine expansion
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(2.2).

Case b. As p.s.v. on mod ((-l)--1 is selected one of the

sets ( 0, i ), ( 0, -1 }.

Then it is analogous with previous, arbitrary ts.k.ch.

unambiguously is expanded according to the formula

a --bi---(u-- v)p -i, (2.5)

where pe{0, 1) (e 0, -1.), moreover

f = (- I)k a (- 1) -b W 2

1 a ( ) b ) ~(2.6)
2 2

and

0, ecjH a b (mod 2). (2.7)
Ii 1, ec a-b(mod2).

Key: (1). if.

Let us intcoduce the designations

u.M =- " (- !)" a .-(--I)m b 1L ih2m=L

2
Vk -=[ k.) b-(1) (2.8)

then (2.3) and (2.6) it is possible to rewrite respectively in the

following form:
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U = U. + 1(1 - (- 1 )k sign p),
((2.3')

V = V,. -- (1 )m sign ),

U t k. P (I -, sign

t2.6
2 = . 2 Q 1)h sign p).

Lat us reduce to the table of the rule of formation u ,, p

expansions of type (2.2) and (2.5) depending on the selaction of

basis/base p=(-1)k7(-1)'t and set of p.s.v.

Page 90.

p is I v ps.V.

+1+i UOO v00+P (0,11
Uoo+9 VOO {0.-11

uoo Voo {0,i1

uoo+P v00+9 (0,--i

-+i uo+? U10+9 {0.11
U1o 010 10,-l

U1o 1o (0,-i

ulo+9 U1o 1O,-I

u11+? pUl 10,I)
all U11+9O A0-11

Ull+? Vll? AO1il

Ull vil (O,-I

U01~ olp 10,-11

Uo1+9 ol {0. i}

U01 vol+p 1O,-ij
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Positional coding ts.k.ch. with basis/base p=(-)h (--.)rn.

Algorithms (2.2) and (2.5) the disintegration of arbitrary ts.k.ch.

make it possible to determine the positional binary of odes on any of

the bases/bases p=(-1)iJ(-l)i.

The algorithm of the consecutive determination of digits FO. E19 E2,

binary representation ts.k.ch. &+bi

a---bL = o-a p+--2p 2 -- p--... - ph+-.. (2.9)

is assignal by the following flow chart of the calculation (based on

the example when as p.s.v. it is select-d set ( 0, 1 ) or 0, 0 1).

a0 -a bb( =b IE o=a+bI2
(- )ao+(- )mb, b (- I )*bo--4- - a_, .

2 - 2

22-1
(-l)kaj+(-1)mb, -lJb -(-~ a

a2 - 2 2 

a--2 (- 2

2 ,- =-Ia,-l+b,-lI2

2 2 2

Page 91.
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In this ditgrim of digit F0, 1 F2.. is determined positional code

(2.9) ts.k.ch. a+bi, beginning from the lay-order digit.

Observation. Here and subsequently it is assumed that the

numbering of th bits of the binary code is led from the low-order

digits to senior. Expression represnts absolute part of

deduction %.

Let us refine, at what step/pitch one should complete the

described process of binary coding.

Lat us introduce the designation: q,=a, bj

By construction

qs-i=q~p ".-z (.s-- 1).

If ,-z=o, then

I qI =I'21 q,I

and, therefore,

I q. I < I q-i. (2.1o)

But if t._I=1, ,hen we will distinguish two cases depending on

that, which of the following pairs of p.s.v. is accepted as the image

of the digits of the binary coding:

1. ( Or, 1 I, of -I !
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2. ( 0, 1 0, O - I .

In the case of 1 we will have:

(a, i - ,-l)--b,-1 q8 p,

whence

(a - -- b - 2 (a, - b,2).

Let us present the left side of the latter/last equality in the form

-- (a.i , )0 -b:_ -2).

Page 92.

since a.-,. b3_ 1 - integers and 1 2- 1, which follows from

the fact that -._, I1, the ainimum value which can take the form

(a,-L - )2 
- b2_ (2.11)

equally to 0. T-is value it reaches at the single points

The following in the value value which can take this form, is

equal to 2. This value it reaches at points a,- =0, b,-- -_ 1.

Thus, for all points, different from those mentioned above,

which let us name critical, the form

(a,-1 + g,,_)2 + b,_1 > 2
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and therefore for these values a,-, b._-

I q, I I I.

In the cas3 of 2 we will have:

a, -4- (b,-. - -.,-) = q, p,

hence

a,- (b,_. - -, _)2 2 (a. 2 -- b,)

or

a2+b2~a2  _ a2
a,2 +b, = a,_ Iz  + b,_s-- a- b+- -2

Is analogous vith that presented the minimum value, equal to 0,

the form
S-1 + (bs-.. + ,_1)2

acquires at unique critical point a.-,= 0, b,----,_1, also value equal

to 1, it takes it points a,-=-1, b.--1 =-O.

Consequently, for all points, different from the critical ones,

it is correct
I q, I < I q,-I (2.12)

Let us pause at the analysis of critical points.

Page 93.

Them answer critical numbers -I, 1, -i in the case of I and -1, +1,

-1 in the case of 2. Let us note that
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Binary co3 of number a~bi with basis/base p whose digits are

represented as values 0.1;

the binary code of a number - a-bi with basis/base p whose

digits are repr3santed as values 0, -1:

the binary code of a number -beai with basis/base p whose digits

are represented as values 0, i;

the binary code of number b-ai by basis/base p whose digits are

repras3nted as values 0, -i, they coincide.

In connection with this for each of the bases/bases

p=(-J-l (-)m it suffices to coDsider the system of deductions ( 0,

L3t us introduce the following designation for the bases/bases

in question:

p.=t(l+t) (x=0, 1 2" 3).

Minimum value quadratic form (2.11) accepts at points

a-i=-, b._--0. Therefore let us consider the

translation/con version of number -1 into the binary cola.

Is obvious, -l=-p.-p.+1, but -p,=(-l)ip,.
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Consequentl y,

1 - i2+1 p2 1. (2.13)

By the followLng step/pitch in the dependence on the parity or

the oddness a it is necessary to decompose into the binary code of a

number *i and -i.

Lat a - even (i=0.2). Then with a=O we have

S= tPo +1,

i.e. number i on mod (1+i) is mcdular. In other words, it can be

represented by the positional code on basis po=1 i of the arbitrary

length:
n+1

S 1.po + 1-Po2  1. po ... + 1. Po'- P

With a=2 we have

-) P2 + - P

or

-P2 lp2+ 1.P2 1.

Hence, by force (2.13), we consist that on basis/base p2=-1-i

number -1 is represented by the binary code of the finite length:

-1 = 1P2+1. P 2 S + 1.P 2 + -1. p2°.

Page 94.

Let a - od1 (i=1, 3). Then with a=1 we have:

-t=t-p1 l, t ---1.p -1
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or
- p 2  - .

Hence, by force (2. 13), wo consist that on basis/base p1 =-1 i

number -1 is also represented by the binary ccde of the finite

length:
-1 = 1.p - 1.+ 3 -- 1 l 1.

With a=3 w3 have
- (-z) p, 1,

i.e. a number -li on mod (1-i) is modular. Thus,

for bases/bases p1 =-1.i and p2 =-1-i critical numbers have a

disintegration into the binary codes of finite length, and therefore

on the strength of the fact that for all other numbers condition

(2.10), any ts.k.ch. are carried out decomposed/expanded by unique

form into the bLnary code of finite length on bases/bases pl=-1'i,

pz=-1-L ;

for bases/bases po= 1 +i, p3=1-i critical numbers have a

disintegration into the binary code of arbitrary length. From

evaluations (2.12) it follows that any ts.k.ch. is

decomposed/expanded by unique form into the binary code on

bases/bases poa1 i, p3=1-i9 the code having finite length, if the,
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process of consecutive indexing, described by diagram, is completed

not by a critical number. The code can have arbitrary length, if in

the process consecutively/serially of division on the Jiagram i3

encountered a critical number.

For the survey/coverage is given the table of the binary

expansions of some constants in numeration system with the

bases/bases of form p.= Li-i) and with the selection as p.s.v. of one

of sets (2. 1). Moreover in all cases of binary coding nonzero digits

are designated by ones, although by their nature they can be not

unity. Hera is used below the ordinary principle of the binary

notation: the code is read from left to right; the first, different

from zero, digit senior.

Table is given completely for all possible versions of binary

coding, thanks to which more graphically are exhibited the invariants

of the binary coding of ts.k.ch.

The analysis of table is shown:

1) the character of additive overflow does not depend on the

method of assignment p.s.v.;

21 numeration system with bases/bases po=1+i, p 3=1-i possesses
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iodular numbers, the value of additive overflow having in the binary

recording potantially infinite extent, which complicates the

operation of addition;

31 the best version of binary number system is system with

basis/base pt=-1i (or p 2 =-1-i) with tha selection of p.s.v. 0 0, 1

for the digital im ge of the bits of the binary code.
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Table of the biaary disintegration of c:onstants in termns of

bases/bases p.

-- .C. B.

10.11 (0 1) 0. 1 lj0.-tI)

14-i~~ 101+ (-i001 -- 1 0)011

______ I ______________ 2s ( 10110 ( i00110 p -2 (1)0110

-1=ii01o 1i 1 1 1101 -1- 111

11L-i10 Ii~i 110 1+ 1100=- - 17 -1-i~wi 1101 -=-10 -1-1 -110 -1-i=(1)110
-i- 1110 I-i = 110 I-i-- 10)O -I-l10
2-()10 1+i-i=1110 1-4 (110 1-i==110

______ ____________2i -(-I 100 -2- ( 1100 -2i - M1100

-1=1-1101 1-11101 -1 -111
ijO 1-1111II1 10

I-i- - =111 0 -111-0

-1-1 1110 -1-1 10 -- 1110 1 1-i 111010
1-i- 11101 1-i=110 1 1 1010i=-1 1

2 1100 1- i1110110=1 I *-i 110 1 i o
_________ _2__ 2 -1100 -2 1100 I-2i=1100

-1 1(101 - 1 1 -(I)101 -P1

~ (--011 1 (1)1 (il -1)101
-' -'11 ~~-' 101 - )0 -)1

1 111-r010 -1 ( -1010 -1 10 -1 -i ( 10

1 -i 1110 1-i (110 1-1 (11100 I1- (1)110
2= (-1100 1 L 10 1 (i=10 1 .- 1- 110

2i (1)1100 -- 2i (i1O100 - i - -)1100

-ey (1).1 p M011
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Page 96.

Fig. 29. Deductions on mod (-l+i)8.

Page 97.

§3. Positional trithmecic of numeration system with basis/base

p=- 1#i.

Above it was shown that on basis/bise p=-l 4j any ts.k.ch. in a

unique manner i3 decomposed/expanded in by binary the code of fInits
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length (Fig. 291. The translatien algorithm of arbitrary ts.k.ch.

a'bi the binary code is described by the follcwing diagram

consecutively/serially of divisior:

ao-a b b 1o ;CO--6o 2

a,- bo-°'v b,_-b°-a°- ! = Ia1 +bjj2
2 2

a3 bt- a --- b2 -.- bl '-a l- e. - I a . b: ,

2 2

. . . . . . ..o • . o. . . . . . . . . . . . . . .

4k bb-t-aj-L = -1 b* bb-1 "!ak----k-t k Ia .

2 2

.... . . . .. -. . . .. . . . . . . . It p . . . . . . .

Example. T3 represent ts.k.ch. 341. in the binary code on

basis/base p=-l:
ao-3 b-4 I

4-3-1 4+3-1

: 2 2-2 b=-- , 1 ,=

1 -(-02)-I 1_____)-

2 2 bg 2 - -3 1

1-2+1 = 1+2-1-
4,4' "--'-'-=o b 4 =-------- -- i -- 1, 1

-1--1 0 -1-0..-1
a5 - 2 -0 2 - =1 C5=1

10--1 1--1as 2 N=-- 2  0 61

b,- 0+1-i
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Th us,

3 -- 41 - r'. 4i '4 [3 1111101.llO

For the restoration/reduction ts.k.ch. on the basis of its

binary code, it is desirable to have a table cf degrees of basis/base

p=-1+i. Tn that case the unjnown value can be obtained and the sun of

those degrees p, for which discharging digit is different from 3.

Since (-1+i)2=-2i; (-1+i)3=2(1+i); (-1+i)4=-22, then

i.e.

In40

(__i+i),l=(_22)T -1 In IJ =

2(1+), n 4=3

Example. ? restore/reduce ts.k.ch. on the basis of its binary

code 1 1 1 1 1 0 1.



f
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cTeneab 0: 1 - 1

1: 0-0

I 2: 1 -- 21
* 3: 1- 2+2

* 4: 1 - 22

* 5: 1 - 22 -2 2i

* 6: 1- 23i

3+41

Key: (1). We have a degree.

Operations of addition, subtractioa, multiplication. The

operations of addition and multiplication of the numbers, preset by

the binary code, are formed/shaped in accordance vith the operation

of addition and multiplication of deductions.

Page 99.

It is clear that the operation of the addition of the complex

numbers, represented by the binary code, will possess distinctive

specific charaLter against the ordinary binary arithmetic of real

numbers, since complex numbers, being by their nature two-dimensional

vector quantiti3s, are represented by the one-dimensional code.

So the correctly follovinq sentence: the operation of the

addition of the complex numbers, preset by the binary code, generally
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speaking, it cannot be made via formal step-by-step addition takin;

into account transfers from the icy-order digits into the senior.

Lit us confirm the sentence indicated. Let us find the sum of

numbers ip=110, i=11.1 (Fig. 30). After the first stroke/cycle of

addition low-order digit takirg into account transfers we will hav:
110*i1 1 0 =ip

I 1=-i

0

As a result of the first stroke/cycle of addition initial situation -

the requirement to sun up the numbers

110
11

1
was not changed. It will not be changed also after the second

stroke/cycle of addition.
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the table of the addition of deductions.

+1 0 1

0 0 1

1 1 1100

,ultiplication table of deductions.

xl 0 1

0 0 0

1 0 1

i__p

Key: (1). Fig. 30. ip+i41=0.

Page 100.

Consequently, the formalism of the operation of the transfer in

this case will lead to the unlivited continuation of the process of

addition.
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Thus, for 3za:uting the operation 3f addition of ts.k.ch. preset

by the binary code, besides the strckes/cycles of addition taking

into account transfers from the lcw-order digits into the senior, is

necessary certain pattern logic on the recognition of the cycle of

couponants/terms/addends whose sum is equal tc zero.

The elementary zero cycle of this kind (i.q. by the cycle, which

contains the sh3rtest binary words) is the cycle
-i-i111

.4- i- 11

0 000

rts varieties they are

110 101 100 100 i11
11 10 11 11 10

1 11 11 10 1

000 000 000 1 000

000

The correctly following rule: let it be it sumarized . ts.k.ch.

represented by the binary code; any k of the pairs of unity s-th and

(s.1)-th of bits and k units, (s+2)-th bit of

compon3ants/terms/addends (if such combinations of unity there exist)

is formed zero cycle.

Example I. Minimum zero cycles are outlined.
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'I 1 1o 0 0 0 (-1) (-1 +w)"
L-J110 1 0 00 (-1) (-1 +i)'
I I ~1 01 0 0 (-1) (-1 +i~s

Ii10 1 (-1)

0001

Kay: (1). the sacond transfer. (2). first transfer.

Page 101.

The same -aample, but in other version of the formation of thu

zero cycles:

example 2.

10000

1 000

4all _ _4 4-i

01 1 1 00 1 0 0 - 4-2i

The operation of subtraction can be carried out by means of the

addition in accordance with the table

- 1 0 1

0 0 1
1 io

In contrast to the transfer 1 1 0 0, formulated in the case of
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adition, in tha case of subtraction is formed/shaped the transfer,

equal to 1 1 1 0. Here T=-1=1 1 1 0 1.

Example 1. example 2.

I 1 0 0 1 0 0 -f,-4.+ Z L

11 I101!!! -4-

1 106100 -4+-i ii 0i 00-ji

1 10 11 -1 1 Jiio 0
~ooiooit L.AoI

11101

I11 01 1 1 -4 I 1 101 1 ,

Example 3. To construct the number, contrasted to a number 3t=1

1 1 0 1 1 1.

We have Si I -I

1 1 0 1ii-

Page 10 2.

The operation of multiplication, the force of the absence of

multiplicative 3verflow with the multiplication of different from
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zero ones deduztions 1.1=1 can reduced to the addition, similar this

occurs in the cise of the binary arithmetic of real numbers.

Example 1. To multiply numbers i 0 1 1 0 1 1 1 and 1 0 1 1.

10110111

1011

1011011 1

10110111
10110111

11111000101001

The operatLon of multiplication by i; initial binary number is

multiplied I t.

Example 2. 1 0 0 1 1 0 Toi=1 I 1 0 1 1 0 1 1 1

11-1
11--

1001101

1001101

1110110111

The operation of multiplication on -i; initial binary number is

multiplied by 1 1 1.

Example 3. 1 0 0 1 1 0 ls(-i)=1 1 1 1 1 0 0 1 1

100101

i o1 011o1
1 11110011
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§4. Binary coding 3f ts.k.ch. on the basis/base 1-i.

It is of iatarest, what effect on the binary number syste2 of

complex numbers proves to be the presence of modular numbers. Let us

consider basis/base p=1-i. For basis/base p=1-i in the remainder

class ( 0, 1 ) a modular number is value (-i)

-i =(-i) (1-i) + 1.

Page 103.

rhe translation circuit of ts.k.ch. a~bi into the binary code of

basis/base p=1-i (diagram of consecutive indexing into p) is assigned

as follows:
ao = a bo=b o= Iao+bo) 12

. . . . .. . . . . . ... . . I. (4,1)

a= [a--"~ 1] b, = [a&-b& 1  k a,- b,

H~ence

a -- bi = 1o -- 61P + g2 P 2 + ... -r _ ph-I * ..
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inasmuch as critically numbers -1, 1, -i are reduced to modular

number (-i) during their disintegration into the binary of codes

-1=(-i)O 1, i=(-i)O 1 1, -i=(-i)1, then for the the arbitrary

ts.k. ch. the process of consecutive indexing is completed in the n

stage when partial quotient aN---bvi proves to be equal either to +1

or -i.

Examples. r find binary nctation with basis/base p=1-i of

numbers 7+5i, 1-4i

a b a b

7 5 0 1 -4 1
1 6 1 2 -2 0

-4 a 0 2 0 0
-4 0 1 1 1 0
-2 -2 0 0 1 1

0 -2 0 -1 0 1
1 -1 0 -1 -1 0

1 0 1 0 -1 (--)
T+Si=10O01010 1-.-=(-i) 0110001

A number 1-4i, being given to the binary of odes on basis/base

p=l-i, in the high-order digit has digit (-i) - a modular number.

Thus, relative to the algorithm of division (4.1) the set of all

ts.k.ch. is divilad/marked off into two classes. First class includes

all those numbers, for which consecutive indexing

(translation/conversion into the binary code) on diagram (4.1) is

=ompleted by ta- partial quotient, equal to +1: the second class
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includes all those numbers, for which consecutive indexing on diagram

(4. 1) is completed by the partial quotient, equal to (-i) . Numbers of

first :lass we will call positive, and the second class - negative.

Page 104.

The intersaztion of t'ie set of positive and negative numbers is

empty, since in view of the uniqueness of the binary notation

ts.k. letermined by diagram (4.1), any ts.k.ch. (different from 0)

can )r positive or negative. It should be noted that entire

the partial quotients of consecutive indexing on diagram (4.1), used

to a positive number, are positive numbers, and the partial quotients

of negative numbers are negative numbers.

Actually/raally, Let ts.k.ch. a+bi - negative, then

N--ia -bi= Z £k(l-L)k +(-t) (I--..)N

and at m step/pitch (u<N) of consecutive indexing on diagram (tt. 1)

the partial quotient be to take the form

M-1
"I (I - W) + (- )-- 0 - -

i.e. it will be a number negative.

As is known, the set ts.k.ch. of the form
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where each e. can accept one of the valtes - 0 or 1, forms p.s.v. 3n

mod (i-)" (Fig. 31). With any n this p.s.7. will consist only from the

positive numbers u, therefore, not with what n this system will

contain, for example, such nnmbers as -1, i, -i. P.s.v. on mod

(1-i)- ,containilg both positive and negative numbers, are formed

ts.k.ch. the form

a-i

S(I - ) + ( -- (4.2)

where each accepts one of the values - 0 or 1, and H - valug of 0

or (-i.
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Fig'. 31. P.s.v. on mod (1'-i)O.
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P.s.v. on 30d (-i) " ' form (.2) we will call standardized and

designate by symbol U,+, (Fig. 32).

zeUA+1  and

a-I

Let us designate through z* inverted number, i.e., ts.k.ch. of form

M-1
z* I k S p k + O* pa,

wher,

I, ecA = 0
k* 0, ecai e = 1

10, ecita O =

-i, ecjm
Key:(1) if.

Is obvious, z*eU.+,, moreover z* - is negative, if z - is positive,

and vice versa.
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Let us fini the sum of numbers z and z*:
a-I

z± = ' P +P(-p = +(-L) p = (p,-1) ±

+ (- '=-1.

rhus,

z Z"=- (4.3)

From relationship/ratio (4.3) it follows that z#i/2=-( z.*i/2).

i.e., the integar points, which represent on tha composite plane

negative numbers, are symmetrical relative to the center of symmetry

(0,-i/2) to the points, which represent positive numbers.
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Fig. 32. Standardized p.s.v. cn mcd (1-i) 1(1 -positive numbers;

(-) - negative numbers.

Page 107.

From (4.3), it also follovs that if is preset number z by its

binary code, than in order to obtain tho code of a number - z, it is

necessary
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a) to invert code z, i.e., to obtain z*; b) to the code of

number z* to adjoin the code of number i.

Latter/last property is analogous with the property of the tvo's

complement of negative numbers of the binary arithmetic of real

numbers.

Thus, is observed the analcgy of the properties of the binary

coding of negative ones and pcsitive ts. k.ch. and the properties of

the binary coding of negative and positive ts.v.ch.

However, the arithmetic properties of positive and negative

numbers do not apply to the class cf positive and negative numbers.

Based on simple examples it is possible to ascertain that the

sum (it is correct for the sum cf positive numbers).

Example 1.

+ -1 ... 1101) (MeraTUNhoe R CJIo)i= (-1 111. .. 1011 LI)(meerTua e ,Iwc.,o)

-1+ - (- l) 111 . . . 1010 (uera immoe qxc.,o)

Key: (1) a negative number.

Example 2.
1+i (--) 1 :"10110 ('2 (:er:T Moe %UcJIO)+ -i (-)11 111(veranazot ,xcao)

1= 0 00... 1 (, ) (noaiwuuuoe INCao)
Kay: (1) a negative number. (2) a positive number.
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The operation of addition in the binary number system with

basis/base p=1-i is complicated by the fact that the value of

transfer represents the negative number:

1=000... 01 (noawnhoWe Aucao)+ (0
1=000... 01 (nosauymoe Rmc-1)2=(-01 ... 1110M100 (xerawJmoe Imc-Ro) >-J

n

Key: (1) a positive number. (2) a negative number.

Similar to binary arithmetic with basis/base p=-1+i in the case

in question for executing the operation of addition besides the
formal addition of deductions taking into account transfers from the
low-order digits into the senior are also necessary further
procedures on the levelopment/detection of zero cycles.

Page 108.

Simplest of the zero cycles they are

-- = -011... 1101 1-(-i) 11... 1011+ +

.1 0 W0...0001 -1-(-) 11... 1111

0- 0 00...0000 0-0 00...0000

--1-i -() 11 .. .1110+
i-(-i) 11 ... 101

1- 0 0 .. 0001

0- 0 00... 0000



DOC 81024007 PAGE

The complizated character of the formation of transfers

significantly dastroys the possibility 3f the circuit realization of

the algorithms of binary arithmetic with basis/base p=i-i.

§ 5. Positional numeration system with basis/base p=1#2i.

Modulus/module p=1+2i (Fig. 33) is remarkable fact that the

different from zero elements/cells p.s.a.n.v. on mod (1+21) are the

dividers/denominators of unity in ring ts.k.ch.:

< -I -+U- (o, 1, 1, -it,--'I

and, therefore, multiplicative cverflow on modulus/module p=1+21 is

always equal to zero, i.e., w( Cle C2)=0 for any deductions C1,

.2e<. I 1-,L-

&ementary operaticns on mod (1+21) are implemented in

accordance with the tables of modular addition, additive overflow and

modular multiplication.

(/Ta6xwuxa sene~aoro czoinmms (V 7aga.m &A~uwno .. puoamx
+ 1 0 1 -1 -- i "(.+.3)1 0 1 i -1 -(

0 0 1 i -1 -i 0 0 0 0 0 0
1 1 i - 0-1 1 0-il 0 -

i--i 1 0 0 11 0

-1 -1 0 1 -i i -1 0 0 i i -1

-i -i -1 0 i 1 -i 0 - 0 -1 -1

Key: (1). Table of modular addition. (2). Table of additive overflow.
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Fig. 33. P.s.aa.v. on mod(1+2i).

Page 109.

Modulus/m~lule p=1+2i is the minimum odd modulus/module, which

satisfies the criteria of the theorem of Gauss (3.2.5) about the

isomorphism of composite deductions to real deductions. Diafant3v

equation, utilized for the search for the real deduction, to which is

mapped the imaginary unit with the mentioned above isomorphis, takes

the form

I+21L= .

Its particular 3slution is pair X=-I, ;j=l. Therefore the unknown

value p is equal to

p= i-t i =2

Hence the isomorphism between the comp3sits deductions and the real

deductions is assigned by the table

a+a1 0 1 1 -i -1

Ia+pI 0 1 2 a
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Tatmus UoAy.16muoro ymuo-euSki)

-" 1 0 1 L -1 -i

0 0 0 0 0 0

1 0 1 i -1 -i

i 0 i -1 -i 1

-1 0 -1 -i 1 i

-i 0 -i 1 1 -1

Key: (1). Tabla of modular multiplication.

Respectively the tables of addition and multiplication take the

form:

Taam= =oyma,=o comsmw (r,,Ta6mma moAym=b.ro ymowemU

+10 1 2 3 4 x 0 1 2 3 4

o 00 010 2 03 04 0 0 0 0 0 0

1 01 32 13 31 00 1 0 1 2 3 4

2 02 13 14 00 21 2 0 2 4 1 3

3 03 34 W 41 42 3 0 3 1 4 2

4 04 00 21 42 23 4 0 4 3 2 1

Key: (1). Table of modular addition. (2). Table of modular

multi plication.

Observatioa. The first digit of the element/cell of the table of

addition indicates the value of overflow.
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For the reprasentaticn of ts.k.ch. a+bi into the positional cois

with basis/base p=1=2i we will use, as usual, the algorithm of the

consecutive division. For facilitating the calculation it is

convenient to use the mentioned above isomorphism. Respectively

algorithm accepts the fcrt:

11 we determine the deduction of number a~bi on mod (1+2i). For

this purpose we compute value

r=I ao+bop 5 (ao=a, b.=b)

and in value ro from the table we respectively restore composite

deduction ;;

2) we form the difference

(ao + bo0 i) - = ao' + b0' i

and we compute partial quotient a,.bji from division of as4bei Into

a, + -b, . ao'-b' _i . ao'-2be' bo- 2ao'
Sp 5 5

Remainier/residue ;a determines the low-order digit of the positional

code with basis/bass p=1+2i of number a~bi. For obtaif.ing the

following digit the described above computational process is repeated

relative to number aj4bti and sc forth.
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Example. Translate ts.k.ch. 6-16 i into the positional code with

basis/base (1+2i). p=2.

ak+bhi !a*+pbkjI -,k a'k b't a'k+2b'k b'k-
2

a'k

'--16 i 16-2.16Is-4 -1 7 -16 -25 -30

-6- 61 ;--5-2. 615=3 -i -5 - 5 -15 5

-3+ i 1 -3+2- 15-4 -1 -2 1 0 5

i 10+2- 11,=2 i 0 0 0 0

Thus

6- 16i = ip 3  (-1) p2 +(-i) p (-1)

or

6-16i =2p3 - 4
P
2 3p + 4.

For the purpose of the opposite translation/conversion in

certain cases it is convenient to use the diagram of Horner for

calculating the value of polynomial at the preset point.

Let be preset ts.k.ch. by the positional code

P + P- .. -P

We construct the sequence of the numbers

. P + .- q.-2

.1 P + = o= a + bt.

The orier of calculations along the diagram of Homner is usually

placed as follows:

p= 12 -',p q- I I pqI ps pq2  pq ,

-q.- 2 qq, -a b
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Example. T: restore/reduce ts.k.ch. on its positional code

i 1 -' I -1
1+2i l-2+i --- 5i 7-16i

-3+i - 56 6-16i- a+bi

The operations of addition and multiplication are implemented by

traditional positional methods.

Example 1. To fulfill the operation of the service:

-9-19i . 1 0 1 1 3
16-11i= + 2 1 4 1 4

31 022
/ 3 " 0 2 / (I)

1 0 0 3 4 nepeHocz oT nopa3pAZNoro cymposajxa
131312 / 1 ,-)

0 0 0 2 nepeRocwz
1 3 1 0 1 2 -= -7-30i

Key: (1) transfers from step-by-step addition (2) transfers.

Example 2.

00242

3 3 nepenoci-
022
4 Tepxeoc,,
4 2 2=1-21

Key: (1) transfers.

SLnce on basis/base p=142i in the :lass a.n.v. are absent the

multiplicative 3verflows, the operation of multiplication is reduced
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to the stroke/cycle of step-by-step multiplication, the appropriate

shift/shear of the obtained products with the subsequent addition.

Page 112.

Example. T computle product t..v.ch. - 1+4i and -4-i:

-1-t-4i -1 3 2
-4- i2 1 4

4 23 nopaapaH.,oe '-HOX4eH-Re Ra 4 /
+ 1 3 2 rropa.3pRHoe ymHO,0eHte Ha I co aaffHroi

1243

4 1 nepeHocw
0343

= 1 nepexocbz
_1343

2 1 4 nopa3pAH oe yMHO>eHHe ia 2 co C, arom
-22243
3 4 nepeocbr7 ,)
0124

2 mepegocu}
2 1 2 4 3=8-15i

Key: (1) step-by-step multiplication by 4. (2) step-by-step

multiplication by I with the shift/sheac. (3) transfers.

Observation. Since the real and alleged parts of basis/base

p=1+2i are mutually simple, has the capability to shorten the

multiplication tables and addition and thereby it is essential to

facilitate the circuit realization of executinq the operations. In

this casn, sinze different from zero deductions in mod(1+2i) are

exact four, the special coding (introduced in chapter 3, § 5) of

deductions by means of the rank and the mantissas in this case leads

to the fact that all deductions will have one and the same mantissa,

i.e., for the code of deduction it is possible to take its rank. Then
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multiplication table is reduced to summation over the modulus/module

of four ranks of cofactors, and the addition of deductions with the

overflows - to the table of the reccdings of deductions.

ActuaLly/really, let us code deductions as follows:

0 i 1-i

Box 0 1 2 8'

Key: (1). Code.

Lat us compare to each deduction its rank.

Then the operation of the multiplication of deductions will be

implemented in accordance with the rules:

1 Oa-e-- for any deduction a; 2) if a,, e24', then=l.=i l+ .

The operation of addition can be reduced to the operation of

multiplication and the recoding

i)2 2 + 2.4O' Ia2 -t1 14).

Page 113.

Here operation E answers modular summation over mod(1+2i).

function Oe+p-<O+P-[I+.p is realizel by recoding, according to
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the table of its values

e 0 0 1 12 8

0 0 3i 08 6 32

In the table the first (emphasized) digit of a two-plact number

indicates the vilue of overflow.

§ 6. Positional numeration systems of complex numbers with

bases/bases P=+ 2 and p=-2.

Numeration system with basis/base p-2. Since for any ts.k.ah.

a~bi is correct

a + t:=T-L]+ i[-LI2 + a +fI b(6.1)

then p.s.v. on mod 2. it is formed by the set of the numbers

<- 12-(, 111 +0). (6.2)

It is obvious, the translationl/conversion of number a~bi into the

positional code on mod 2 Is equivalent to the independent

trans lation/convers ion into the binary code at the real and alleged

parts:

a+btS- e2+t~o (6.3)

or

a+bt- '(h a)h

Thane positional coding ts~k~ch. on basis/base 2

a + t ' ' .1 2",(6.4)
dow
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where

.he - 1 2

it is equivalent to the representation of real and alleged parts

ts.k.ch. by the binary code.

Page 114.

In both cases the range of the numbers, represented by code

(6.3) and code (6.4), is determined by the inequality

0<6<r

From the positions of machine arithmetic (6.3) and (6,4) cannot be

identified. Nevertheless, is used below positional representation of

ts. k.ch. in the form (6.4), where the composite digits are coded as

follows:
a+501 I15(6.5)

@0 01 10 11

This approach sakes It possible, at least, to obtain the new

algorithm of multiplication ts.k.ch. against the traditional

multiplication of real and alleged parts with their subsequent

addition and subtraction.

Sign form of the representation of ts.k.ch. In the principle are

possible two versions of sign representation ts.k.ch.:

1) a&bi,
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where-

(8.6)

where 2) a+btlL(a+bt),

0 <b'<2.,

Let us pause at first at the first versicn. Let us show that the

diagram of consacutive indexing into modulus/module 2 according to

formula (4. 1) of arbitrary ts. k.cb. from the square

leads to the analysis of the modified two's complement.

Page 115.

This follows of two facts:

1) a numbar -I is modular with respect to p.s.v., (6.2) on mod

2, iOe..

2) for any a~bi S<.I?-1+2 is correct

«a +bti j-n4.S x+2- <a+b~ j~++

where .+If- C+ 61 (6.7)
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The represntation of range <a+b -- 2 onto range <a+b p+2

in accordance with formula (6.7) It is lepicted on the diagram (Fig.

345, 35).

Squares 0, 5, 10, 15 in figure 34 represent p.s.a.n.v. on mod

2-,1, the others - zone of shaping of additive overflow. Figure 35

gives ths forms of the squares, to which are apped the squars

p.s.v. <a+b -n+1 in accordance with formula (6.7).

Thus, taking into account coding (6.5) deductions p.s.v. (6.2),

we consist that the algorithm of consecutive indexing into 2 mutually

unambiguously compares arbitrary ts.k.ch. a~bi from the square

- 2 + 14 a < r, - 20+1< b < 20-+ 1

the binary coda with a length of 22(n+s), which represents certain point

of square <a+bt ]-+2.

1 JL
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1 0 

5 -

3'I'
2 3S6?

Fig. 34. Range <&+ i-2..

Fig. 35. Range <a+biVl,+2-.

Page 116.

Let us agree the numbering of the digits to produce toward the

increase of the weights of digits; entire the binary vord to

divi.e/mark off *n (n+1) the pairs of the bits, in each of which to

distinguish digits with the even and odd number (low-order digit has

a number 0). Than two pairs of the high-order digits are sign, that

remained - digits of valency.

Let us give the table of sign situations. Let us preliminarily

note that symbols sign (Be) and sign (1a) designate the sign of the

real and alleged parts of the coeFlex number, and #(Re) and #(Is) -

overflov attributes on the real and alleged syllables, moreove if
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#=*1, then overflow to the positive side, and if #=-I, then overfl~v

to the negative side.

Ve see that the modified twol's complement for ts.k.ch. can be

obtained by the translaticn/conversion of real and alleged syllables

independently into the modified two's binary complement, the modified

code of alleged syllable cccupyina, digits with the odd numbers of the

binary code of a complex number, and modified - digits with the even

ones.

As is known, for the operation of addition in the binary

arithmetic most convenient is the modified two's complement. lovever,

it is inconvenient for executing the operation of the multiplicatitn

where the large convenience possesses the true representation.

Analogous circumstance occurs alse in the comosite case.
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Table of sign situations.

Sign(RO) Sign(JM) 406) (!M) I Sign(&.) Sign(Im) y(R.) 9,(1.)

0000 + + 0 0 0110 - + -1 +1

0101 + - 0 0 0111 - + 0 41

1010 - + 0 0 1000 + - 0 -1

1111 - - 0 0 1001 + - +1 -1

0001 + + +1 0 1011 + - +1 0

0010 + + 0 +1 1100 - - -1 -1

0011 + + +1 +1 1101 - - 0 -1

0100 - + -1 0 1110 - - -1 0

Page 117.

Lot as cossilier the second version of sign representation of the

number:

a + bi -1' (a' + bVi),

wherea =0, 1, 2, 3 and 0.a* b'<2n. In that case, by analogy with

binary arithmetic, we will indicate that the information about the

sign (i.e. value a) and tbe binary code of number aland bi form in

the set the true representation ts.k.ch. a~bi.

The conversion of the true representation into that modified is

realized on the basis of the relaticnships/ratios

(a + b) i -b ai,

(a + b) 2--a-bi,

(a+bt)is. b-ai.
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Lut number a*bi be is preset by the true representation

a+ +bi 2a*,. 92s. 92a-, 12n-2. 3, E2, a~ It 10

Thet

with 92a+I Ov 92a 0

the initial triaa represqntation coincides with that modified;

with 92n+1 - 0, au

the modified code takes the form

a +-Ibi -0, 1, IZU-2, 02R.1, v 12M-4, g~-3 v as asL , g ot £19

where the code

obtained by the ordinary modification of the binary code (real

number),

1L ou-.19 ago~. 1, 1;

with 92+ 1, £330

the modified cola taken tbe form

a ~ '; +1-2 i 1.1 g.... %, ;v ' 92 , go,
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where

the coles, obtained by the ordinary modification of the binary codes

19 '.-I, 2x ...3..., 81,

Itp '2-2t 82f-4t ... , tto;

with a 2.+l a:=I

the modified coa takes the form

a + bt = 1, 09 62., 8" 92n-29 $n-s... 8W alp

where

1, 8219, S'h t,..4 , ' o

the cole, obtaiied by the ordinary modification of the binary cods

Page 118.

On the connection of the modified code with the reverse we here stop

will not be.

Passing to the operation of addition, let as note that the

coding of ts.k.:h. in the form (6.4) introduces nothing new in the

operation addition against the fact that we have with the coding of
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ts.k.ch. in the form (6.3).

Operations of multiplication. It is assumed that for the

multiplication is used the true representation of ts.k.ch.

Multiplication table taking into account overflow takes the form

x 0 1 1+

0 0 0 0 0
1 0 1 1+i
i 0 -1 (-1)2+(1+i)

1+1i 0 1+1 (-12+(1+1 1-+0

From the table it follows that the multiplicative possible

overflow of two types: i and of -1.

Since the binary code of number i takes form 10, overflow I

appears in the odd bit of the binary cole ts.k.ch. and the

corresponding transfer extends similarly to ordinary binary addition,

affecting odd bits. On the other band, since number -1 - real and

modular (i.e. its binary notation can be unlimitedly increased),

negative overflow can arise only in the even bit of the binary code,

and the corresponding transfer, extending, it affects only even bits,

moreover the chara.ter of the effect of negative transfer is opposite

to the character of the effect cf positive transfer. Actually/really,

let with the addition of two numbers, preset by the binary code, in

the j bit arise the positive transfer, then 1) in the j bit is

established/installed value of 0, 2) if in J+1 bit it was located 1,
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then as a result of the addition cf the trinshr is

established/installed value of 0. and the appearing transfer it

affects the uext decade accordirg to the described principle;

if in j+1 bit it was located by 0, then as a result of the

addition of the transfer is established/installed value 1 and further

transfer does not extend.

Page 119.

The effect of negative transfer is directly opposite: let in the

J bit &rise the negative transfer, then

1) in the j bit is established/installed value 1,

2) if in J+1- bit it was located 1, then as a result of the

addition of the transfer is established/installed value of 0 and

further transfer it does not extend;

but if in j+1 bit it was located by 0, then as a result of the

addition of the transfer is established/installed value 1, but

emergent negative transfer (-1) affects the next decade according to

the described principle.

.. . ... . . . . . . . . .L... . . .. ... l l I l
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Before formulating the algorithm of multiplication as a whole,

let us note the validity of the fclloving sentence:

if ts.k.ch. a+bi(a)0, b:.O), represented by the binary code, is

multiplied by deduction 2e<. 1' registered by the binary code, then

the obtained as a result binary notation of product is the modified

code of product.

The validity of assertion follows from the fact that as a result

of the multiplication of positicnal Codo (6.4) by the deduction C we

will obtain in accordance with the described above rule the

positional code of form (6.4) , in this case the emergent negative

transfer can prove to be more significant digit.

Observation. The appearing negative transfer can prove to be

only in odd sign position of a number. in even sign position will be

always located ligit 0, since positive transfer cannot change sign

situation. The latter also follows from the fact that with a, b>O:

I.((a + bt) ') > 0.

From the fact that in even sign position of product always must be

located digit 0, it follows that the length of the code of product

(a+bi) ( '<.. I") without sign positions is determined by the

sign/criterion in which the odd bit of senior pair must be equal to

1.
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Multiplication table on mod 2 with the overflows.

X 00 01 10 11

00 00 00 00 00
01 00 001 10 11
10 00 10 0(-1)01 0(-1)11
11 o0 11 0(--111 1000

Examples.

(7+5i}× i---5+7i-= (7/+50 I) 0 +1

=0(-1). 101111 -10 10 01 00
11 01 11 11 01 11

X 10 X 11
1110 11 0) 0 1100

__-___1 nepeffoc 1- nepenoc)

0(-1)10 1111 00., 10100100 4,

3- aXONUS P03PUAW a-33C03h paapR

Key: (1) transfar. (2) siqn positicnS.

On the basis of that presented it loes net comprise the work to

describe general/common/total multiplying circuit ts.k.ch., preset by

the positional :ode on mod 2.

Example. T3 find product (75-i)-(2+31)z-1+311.

110O1_11'( 11 10

0(-1) 1011 11
10 10 01000(-1) 11 11 1111

-1-- 3 -01 111111111

Positional numeration system with basis/tase p=-2. As the basis

of the translation/conversion of ts.koch. into the positional code on
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modulus/module pa-2 serves the formula

a~bj'[-l+[-ji)(-2)+(1a12 +tjbl2 ) (6.8)

and, therefore, the digits of the positional code are determined by

the elements/cells of p.e.v.

.e<. 11_= jO, 1. , 1+}.

The deductions Indicated we will code in accordance vithTable. (6.51.

Page 121.

Example. Relying on formula (6.8) and using a diagram of

consecutive indexing, tc translate ts.k.ch. 3+7i into the positional

code:

3 7 11
-1 -3 11
+1 -;-2 01

0 -1 10
o 1 10
01 0

34-7i-10 10 01 1111

The advantage of numeration system with basis/base p=-2 in the

comparison with the system with basis/base p=+2 lies in the fact that

for basis/base P=-2 number -1 is nct modular:

-1=1(-2) +1,

thanks to which, sign situations directLy "inscribe" in the digits of

the positional code of a number and do not require in connection with

this aiditional procedures.
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Deficiency/lack is the fact that range K* I -zn~l of nuambers of the

form
a+bI=V*.(-2)h .ke<.IK 2

is not symmetrical to the origin cf coordinates (Fig. 36, 37), more

exact it is detarmined by the system of the inequalities: with n the

even

S,-i M,2

- 2-(a, b <I( )1

with a odd

Wn.3 +1 nil2

22- ab< -2u

J-1 -
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8) a.b-c-4t-1-

Fig. 37. Range< 1-23-. -(2 -

rig. ~8 b7 1ag 4.Ii-.-

Page 122.

A~e given below the tables of addition and multiplication of

deductions on m~d (-2) taking intc account overflow. Deductions are

coded, according to Table (6.5):

In order not to confuse symbols 2; 3 an the code designations of

values 1. 141 with numerical values 2; 3, we will write/record the

latter in the parenthesis.

Ve have:

(2) -1.P2 +lp-1O (-I)-1.p+1-U1
(20- 2 ps + 2P -220 (2)+-1p+p+2-U12

(2) -r (21) -3. p + 3p - 330 -1+1-1-P 4-3-13.
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. d T as Je.u Tams ymmum

+ 0 1 2 8 x o 2 8

o 0 1 2 a 0 a 0 0 0
1 1 110 2 111 1 0 1 2 8
2 2 220 1 2 0 2 1 is
3 a 11 9 a 0 8 S j0

Key: (1). Table of addition. (2). ultiplication table.

observatios. The eepbaulzed digits in the tables are the values

of overflow.

in the binary notation thee overflows take the fore:

AUYuumMe ueni MyabTZun--uuMbe.
,) EOUOUnIEa J UeO.I b4U.U

11-0101 1-01
22-1010 22-1010
33-1111

Key: (1). idditive ovettlews. (2). Multiplicative ovecflow.

The chart technology part of the realization of additive

overflow in the binary version ca the even and odd bit* is uniform;

the nature of multiplicative overflow on the even and odd basm/bases

is different.
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Page 123.

The given tables make it possible by the ordinary vethoes of

positional arithmetic to construct the algorithms of addition and

multiplication.

Let us note that in the case of the quaternary coding of

deductions on mod (-2) useful are with the execution of addition the

following zero -yclas:

-1-11 -S-f -1-1-33 8 38
"L-- 1-1i- 3 2 1

06--00 0 - 00 7F

Examples. to stu the numbers:

5+101-2 2 321 6-25i -2 2 1 3012
6+2-1 1f2210 52Vi331 0 3 0 2

38 3 0 1 -II j_2 ,2 I at pe .

30 01130

Key: (1) transfer.

To multiply the numbers:
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a8ti.2 283 2 1

-11 220 s

lid I epebse

1

Key: (1) transfars.
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Page 121.

C haptec 5.

WONPOSITIONAL NUMERATION SYSTEMS vITH THE COMPOSITE BASES/BASES.

§ 1. Essence of the nonpositioni.l numeration systems.

The nonpositional numeration systems irose in connection with

the development of the methods of the deparallelization of operations

at the level of arithmetic operaticns. For such systems are

characteristic many bases/bases. Code words are divided/marked 3ff

into the independent components on all bases/kases. The process of

the transformation of informaticn is decomposed/expanded into the

stages of maximum length, for each of which processing code words is

reduces to the independent processing of all components. Each such

stage of the transformation of Information we will call modular, and

the stages of transformation of iaformation, on which appears the

need f~r analyzing one or the other set of the components of code

words, by nonmodule.
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it is logical that the tendency to reduce the number of

nonaodule/nonmonduLus stages thereby to increase the depth of

deparallelization leads tc an increase in the equipaet. The

compromise solution of these contradictory tendencies depends on many

factors, most important of which they are:

a) the field of the tasks for solving which are intended the

pro jected/designed computational means;

b) element basis;

co the technical and economic indices of computational means.

at the prs3ent time wide reputation obtained the nonpositional

numeration system in residual classes (1, 2, 11, 12, 13, 14, 15).

In this chipter is stated certain development of the theory of

the nonpositional numeration systems in thg residual classes with the

composite bases/bases, initiated in monograph (1 .

The idea of the noupositional numeration system ia the residual

classes rests on the remainder theorem (theorem 3.3.3).

Page 125.
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Let Ps 3  PP2 .. P.. where Pi. P2 ..... Pn - pair-wise mutually simple of

ts.k.ch. Let us Lntroduce the designation

P --- Pi P2... PA-1 Pk+ ... Pa.

In accordance with theorem 3.33 set ts.k.ch. of the form

kBk,

v he r

and passes values p. s.v. onmodPk (k=l, 2~--n),are formed p.v. ,,

on conposite/compound modulus/medule Pa.

The set of numbers {BI} is called the orthogonal base of the

nonpositional numeration system. Any ts.k.ch. ze6. is uniquely

determined by the set of its deductions on moduli/modules PtP2- ... *:

z G i ( : . ..... :a).

This the vsztor recording of number z determines the so-called

nonpositional code of number z. It is assumed that the sequence of

bases/bases is regulated somehow, in that case of k-th of the

component of this recording is called k-th the bit of the

nonpositicnal code.

For any ts.k.ch. zj, 3,z.S.,z*, are valid the

relationships/ratios
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zi +il X2 Pk t -(23

< l z I,,==' < + J. ,k'B,

+ (1.2)

<Z 1 Z 2  < P5  .< 'k PkB
k-I

where

k-

k-1

Page 126.

In other words, the nodular operations above the elements/cells

p.sev. @ on composite/compound scdulus/module Pa are realized by

means of the parallel and independent execution of the correspondiag

modular operations on the deductiens of operands z, and za on

bases/bases Pi, P ,.... Ps:

.... -, + . l,)

C1(1) +(:) ,1) (=

zi + Z 1 P, (< ' " ,,< 2"z l ,..

<• ..,Z P < : " 42 < ,

Lat now - any other p.s.v. on modP., Arbitrary ts.k.ch.

wev,' in a unique manner is represented in the form

W rP,, (1.3)

whers 363,.
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From the latter/last equality it f~llws that

< W l <P Z I p =-.

Taking into ac:unt equality (1.1). relationship/ratio (1.3) can be

presented in the torm

-- A6 t'B + r.P.. (1.4)

Equality (1.4) determines the nonpositional representation of

element/cell wez; ts.k.ch. pi, pb..., Pi they are called the

bases/bases of this representation.

value rw we will call the rank of element/cell wea,'. It is clear

that rank rw depends on the method of assignment of pes.v. 7.'. With

that fixed/recorded p.s.v. *' rank rw is the function of number v.

The Talus of riak it is possible tc affect by some modifications of

nonpositional representation cf numbers.

Thus, in particular, let us note that together with

representation (1.4) it is possible to use also the following

representation. Noting that
B& =m <P11a I PA P,

lot us isolate "vhle part" of the diyi3ion of the product

Pa"e < P17! .

Page 127.
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Ve will obtain

Ch -<±Xkx W (1.5)
where

pha.= <~.P C h (1.6)-M

Substituting (1. 5) and (1. 4) , we will obtain

w Ph. PkA + "W Pin, (1.7)

where

h1

Formula (1. 7), In contrast to ( 1. 4), we will call the

standardized/normalized ncnpositicnal representation ts.k.ch. C'

value Oka - by the standardiized/ncrualized deductions, and ~-by

normalized rank.

it must be noted that the tables of the modular multiplication

of the standardized/normalized deductions on mod Ph require certain

transformation.

Actually/raally, the direct modular multiplication of two

normalized deductions gives

<~~ p(1 p21I < ph I ph.

Consequently, in order that the output/yield of table would be

obtained the standardized/normaliied deduction, the modular product
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of two normalized leductions must be it must normalized, i.e., to

multiply to value <Ph. I, . Thus, the elements/cells of the table of

modular multiplication must be determined in accordance with the rule

ph. I k;h*h I Pt.

The tables of modular additicn are not subject to similar

changes, since

. . - <(' + :h < .hn ph

Page 128.

Lot us designate through i. p.s.v. on cemposite/compound

modulus/module P, that determined by numbers of form

where each passes value of p.s.v. on mod p respectively. It is

obvious that, by force (1.3), p.s.v. -. and L are the unique

reprssentatives of the sets ts.k.ch., which have unranked,

nonpositional representation of the form (1.4) and (1.7). Forynla

(1.8) expresses a change in the rank upon transfer from p.s.v. 'f

p.s.vo Is. Let us give some illustrative examples.

Lot us select as the bases/bases p.k.ch. pt=-1+i, p2 =1+2i,

p3=32i, then P3 =(-l+i) (1+2i) (3+2i)=-7-9i. As p.s.v. let us select

p.s.a.n.v;
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<I - {0, 1, 2, - -1+, , 1+, -1-,

t-,1- , 2t, -2, 1)I.

Let us deternins

<P,3 I, = <-1+ ,

< P23 1 1+i = < - + - =,

<P 38 I 3+=< I__ -__
<P 1 3  1.,5= --1+8S i l,.=l

<P; 1 I T+u.,=K < ._ -'-I 1 ,==2 1

<1 P ;" - 1
< P1 3 +2 L< ~3+2S 1

.A2 23' P23I

B3  <P , P = -< P-3o.

Further let us make table of the equivalency of deductions and

standardized/normalized deducticns cn moduli/rodules Pit Pa and P3#

for which is used formula (1.6).

Page 129.
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Cl) XzS mod(-I+,)

~< I :~+ U1(<Z. <P- 1J

I 01 1 1

A[1,a mod(1+21)

0 01 -i

+1-i -1

A-9 mrod(3+2z)

X-<'13"V Ax=<Z" < - 823- 2i

0 0
1 -L

2
-21-

1+1 1-1

1-i-1-

21 2
-2 2i
-1 1

-1-j -1+ i

Key: (1). For.

Let us make table of modular multiplication of the

standardized/normalized deductions in accordance with rule

<" PA I - .- 1131)Pk°,7'3-8 M Pt-
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Cdt) " . l- :-~, ; .. ,,,,,,:A(:+Z4, <Z'., ,-
<.P, I 1. 0 1 '*

'"L I ----
00

0-1 0 -1 -i -1

-i 0 i -1 1 -

Key: (1). For.

I •
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Page 130. CI) AA mod(+3). <P Ip.i

1 1 1 2 j~s 1 -2 1 - i+1I W

0 0 0 0 0 0 0 0 0 0 0 0 0 0

-1-1 0 -2 1-1 -1-4 5 -2 1 21 -1 1+1 -1+f 2 -1

1 0 1-1 1 25 1+1 2 -1-1 -21 -1 -- -1-l1 -2

-9 0 -- '- 1 -4 2 1-1 -2L -1+1 -2 1 -1 1+i 21

2 0 1 29 -j -1-5-1 -1+ 1 1+i -2 -2 -i 1-i

1-1 0 -21 1+1 2 -1 2 1 -2 1 -1 + --I--i 21 -4

-25 0 1 2 1- -+5 5 1- - 1- 21 -2 1 -1--i

-1+ fs0 2 -1-1 -21 1 -2 -1 2 1 1- 1+ -21 5

-2 0 -1 -25 -Zt I- 1 1-1 -1 -1+1 2 2 1 -1+1

0 1+5 -1 -2 2 -1+1 21 1-1 2 -L 1 -1-4 -21

-1 0-1+5 -4 9 -25 -1-i -2 1+1 21 1 1 1-5 2

1+50 2 -1+1-1 - 25 1 -21 1 -1-1 1-i -2 1

21 -t -2 i_ -i* -- 1 1 -+1 -2t 2

Key: (1). For.

Page 131.

uxapIe 1. Let us present tsek.ch. -1+71 and -2-51 in the

noupositional -- ds. Their a.u.v, modulo -11,. 1+21, and 3+21 will be:

<-1 +711 -1+1 -0. < -1+7i I + -- f. <-1+711 2'--i,

<-2-5i 1 1, <-2- 51 "-2j - -- i. < - 2-5i 1 -21 - -1.

t herefore
-1 +71 U 1 +2"B, +1B3 + rP 3 -0.(-1 -81)

+ (-0 (1 +5) + (-0 (-1 +31) + (-) (- 7- 9

-2-& , + )+ B - r2 PI - 1+(- I -- 8)+

+ (-1) (1+ 50 + (i) (-1 t-3i)+(-1) (-7-9).
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Example 2. For the standardized/normalized nonpositional

representation leductions V' according to the table of equivalency

we convert into standardized/no ralized deductions r.* For ts.k.ch.

-1+71:

0-0

for ts.k.ch. -2-51:
1-1

-i - I

Therefore standardized/normalized nonpositional representation takss

the form

2 - b S - P.,- + Pp + O? -P, + -s P,-. (- I + ) +

+ (- 1) (-+1) +(-) (-8-O +(-) (- 7- ;

- "-l - x + U +-- T ,. +- P: - 1"(-1 -+ 8) +

+(-1) (-S +1) + () (-3-)4.1 (-7-n).

Page 132,.

Example 3. Let us find the sum of the numbers -1.71 and -2-Si,

preset in the nonpositional code:



DOC 810241008 PAGE

-1 + 71 -(0, -i. -i)
+
-- 5-- i(1. -1. -1)

-3+ 21 (< 0+ I +0 < -i +(-T) 1,21. < - +(-1) I

or

-3 + W 1.1,-1--).

Example 1. Let us find the product of the numbers I+i and 1+41,

preset in the standardized/normalized deductions:

I +i -.-(O, -1 I.),

1 +41 --(1. 4 -1

For obtaining the product we will use the table of modular

multiplication in the standardized/normalized deductions

(1 + .(1 + 4) -4- (< 0.11 j+4 , <-1 1 2L' <(1-) (-1) 3+,,).

(1 + ) (1 +40 --- 8 +51- (0. 1. -- i).

and actually -3.51 has the nonpositional standardized/normalized

representation:

-3 51 - oP, 3 + 1.P= + (- - i) P + TP3 - .(- 1 +8i)

+t 1.(- 5 +i) +(- 1-) (-3-- 0 + O'P.

§ 2. Selection of the range of the nonpositional numeration system.

As the range of the nonpositional numeration system with

composite bases/bases Pi. P2 ..... Pn is selected certain p.s.v, on

mod P3 (P.=pjp,...p). Selection of p.s.v. -an be dictated by different

considerations. Thus, if we proceed from the requirement of unranked

noupositional rupresentation of numbers, then as p.s.v. on mod P can

be chosen set .L, determined above.

... . ... f u ,n un ... l[ .. .II .. .... - .... ' ' ' ...
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In this case overflow for the range with the addition ts.k.ch.,
belonging to range Ia, is determined by the sum of the
overflows on each bit of the noepcsitional code of operands.

This range can be interesting for solving the questions of

detection and correction of errcrs during the transmission of planar

(complex-valued) information, and also with the solution of other

special problems of the theory cf ccmpl3x numbers. However, during

the construction of the arithmetic numeration system with the range

of numbers of the mentioned type significantly is complicated the

operation of multiplication, in this case the geometric image of

range carries the specific character (strong vacuity), which creates

restriction for developing the general-purpose arithmetic numeration

system.

Page 133.

From this point of view the most acceptable selection of range is

p.s.v. according to mod P,, described by the mixed positional

representation

where variable/alternating ', pass value posov. on modp& (k=1. 2.

... , n). As already it showed, the geometric image of such p.s.v.
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depends act only on the selection of bases/bases P'P2,.... P. but also

on the method of assignment of p.s.v. with respect to sodulus/sodule

Pi. Certain print to the algorithms of 2rithnetic operations in the

nonpositional numeration systems, which arm based on similar ranges

of numbers, superimposes absence in them in general the property of

the invariance (see Chapter 3, § 3).

In connection with this the ranges, determined by the mixed

positional code, it is expedient to designate by symbol

where together with the indication of bsse(p,,p2.... ,P.)is indicated

also the order of their sequence.

Apparently, most convenient range for developing the machine

arithmetic of c~mplex numbers, which has wide applied value, is

totality of ts.k.ch., included in the square whose sides are parallel

to the axes of the rectangular coerdinate system of the composite

plane z. Similar unique representatives of p.s.v. they are p.s.v. *n

the real moduli/solules. Thus, as rice it would be possible to select

the numbers
pl- p2-3, ps-5, p,-T, Ps-1I, pS-13.

However, for ba3es/bases 7, 11, 13, ... the set of the

elesents/cells, which correspond to p.s.v., is determined by quantity

49, 121, 169, .... A rapid increase in the number of deductions

substantially impedes the tabular realization of modular operations.
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Thus, on mod 13 tables of modular cperations they will contain

169x169 elements/cellso If a similar multiplication table is

shortened 16 times due to the special coding (Chapter 3, § 4), then,

nevertheless, the abbreviated/reduced table will remain sufficiently

bulky. Departure from this positicn will give the selection of the

pair-wise conjugated/combined bases/bases.. It is known that if

ts.k.ch, a'bi satisfies condition (a, b)=1, then numbers a+bi and

a-bi are mutually simple.

Taking into account this observation it is possible to select

the pair-wise conjugated/combined bases/bases so as not to break the

basic requirement, presented to the basis of the nonpositional

numeration system in the residual classes, namely: pairwise mutual

simplicity of bases/bases.

Page 131.

this requirement, as is known, ensures the unique representation of

deduction according to the composite/compound modulus/module with the

set of remaindecs/residues (deductions) on the pair-wise mutually

simple soduli/modules whcse product is equal to the preset

composite/compound modulus/todule.

A similar type as bases/bases can serve, for example, numbers
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2+-3i, 1+-4i, 3+-4i, 2+-5i, 1+-6i, 14+-5i, ... and so forth.

§ 3. Nonpositional numpration system vith the pair-wise

con jugated/coabined bases/bases.

Let be praset the pair-wise mutually simple bases/bases

P , PI; P2, P2; p,, Pa; ... ; p., p.. (3.1)

Let us introduce designations for the norms of the bases/bases:

q, I., p h. . h,

Range as p.s.v. on mod Qn, that determinad by the mixed positional

representation, can be preset doubly.

First method. Range ,=L (P PaP2.. .PsP

i

Pa-I Pu- +qaPPL ... i..P u-

where h<I <

(hers and below symbol <. I . it means that it is intended p.s.n.v.

or p.s.a.n.v.).
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Second method. Range -.- (qq 2 ... q.).

if

Z1+. I+:s j q -q jj- . qq.. q,,-, (3.2)

wher3

*b 8 K I,(1(kn).(3.3)

Page 135.

Theorem 3.3.4 makes it possible to establish/install the

connection between these two ranges. &c-ording to the mentioned

theorem,

=', + Y"IAph + st *qk,

where Ee<*. I IL.

Consequently,

h-I h-I=, b-,

A-1 ~ h- I

i.e. z+ q,... qh.

h-i

From the same theorem it follows that range 32 is not invariant to

the transfer of bases/bases, the set of points having sufficiently

complex geometric configuration.
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Theorem 3.'1. Range 2 (qq 2 ... q) is invariant to the arbitrary

transfer of any pairs of the copcsitely conjugated/combined

bases/bases, i.e.
(q:q,...q.) = (Ci, q,,. q ).

In this case tha set of points 'v r is represented as square p.s.v.

<" 
4.

Page 136.

Proof. So that ( h=zx±+1Ve<- is necessary and it is

sufficient so that would be satisfied the condition

, Y 6  I , 1

then for any ts.k.ch. zeift:

a +4D..~ to l... qb.-- xq 1 ... q1-_ +

is carried out h-1

u. U, e. f.

Consequently, sit Z is described respectively by square p.s.a.n.v.

or p.s,n,v, on real modulus/module Q..

Invariancs 12, follows from the fact that for the arbitrary
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transfer of basas/bases q,,, C, ...... q1. are valid inequality

0 a Qn

2 2
jQnLh<L1..qf... I1< fQn

where Zih, Yxk I ±

Let us show the validity of these inequalities in the case of

p.s. ii. v.

Since
0 < xib < qh,

that 0 z ,qjI,.. .qja-l (_-1 qj,..qk-

that h-I ... k

"= q" ... q" -- qj, ... q,-, . 1

k-I 
hQi. 

I

For the case of p.s.a.n.v. the validity of inequalities is checked

analogously.

The invariance of range acquires important value for the machine

arithmetic in connection with the following property of such systems

of numbers.

Let us intcoduce the designations:
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1. I= ( it1, ... * n ) - the set of indices with the preset

sequence of basas/bases q1, q2 .. .q ,; I'= {Li, ,..., 1 } - c ertain arbitrary

transfer of elements of set r.

Page 137.

2. J= -(jliz,...., -- certain subset of set L

3. (Q)- p.s.v. on mod Qr. where , determined by set

of umer r,+ :j, q , + j qj. q j, +.. + j, q .... q1 ,r-1)

of numbers

1 I " .

Theorem 3.2. P.s.Y. (Q.), is invariant to the transfer of bases,

it possesses tha following property:

any ts.k.ch.Ze(Qi) is unambiguously cepresented in the form

:=U VQj. (3.4)
,, S (Q.4, V P (Q-,_). (J C I)

where

and, conversely, any ts.k.ch, z, represented in the form

, + QS,where 
u e (Qr). u e(Q - .
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it belongs to sot (Q).

Proof. Let J --- 1 , j 2, .... j-)I and I' {J, j2 .... , r, k1 , ,..., k _..

Since (Qz)t(Q), that for any ts.k. ch.z ze(Qz) we have

Z = J J q' +-,V qJ...j. + Q-(-k, + 'kqh,

, ia- ._. Dh, q ... qkM-,M-t)=U- VQJ,

where, according t3 the determination

j, + Cj, qj, +... + Z., ... . qj,_ e (Q.), (3.5)

of uniqueness of this representaticn follows from the uniqueness of

the mixed positional representation of numbers

conversely, z-- -u+vQ., where u6(Qj), u C (Qr-.r). In accordance with

the determinati3n p.s.v. of form (Q.;) tsok.ch. it is unambiguouly

represented by relationships/ratics of type (3.5) and (3.6).

Consequently.

Page 138.

But according to condition (Qr)-(Q), therefore

z e (QZ)-

L ___ .
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Corollary 1. let it be in the form (3.4) tsok.ch. it is fixed

and
< U mi. U A J )

v passes the value of range (Q;-). then as a result form (3.4)

describes the sat ts.k.,ch. of range (Qz). of those united under the

s ign/cr iterion:

these deductions of ts.k.ch. on each basis/base pj,(jhCJ) are

equal to each other and are determined by value a)&-

Corollary 2. If ze(Qt) and 3--zQt-r, then ze(Qj), and,

conversely, if -,0-A
Z' S (Q) a Qt.

In the connection and discussed, of two p.s.v, al. and La it is

expedient to select as the range cf set tse.k. ch. La.

Thus. subsequently under the range, designated by symbol (Q.), of

the nonpositional numeration system with pair-wise

conjugated/comblned bases/bases (3.1) will be understood the set

ts.k.ch. of form (3.2), where C are subordinated to condition

(3.3).

Observation. The structure of range (Q., it is obvious, it will

not be changed, if in the composition of bases/bases (3.1 ) will be
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represented also real bases/bases.

Let us now move on to the nonpositional representation of

numbers of range (Q,). Ve form the orthogonal base of the system of

bases (3.1).

Let us introdqce the designation

Ph.e =a & (3.7)

Since Qn- real number, then

Page 139.

Taking into account <AI 7<AI;, we note that the orthogonal base

vilI consist of pairs of complex conjugate numbers B&, Bir

B r, - m i .P h . ( 3 )

where mI.=< -

and

Rka == s ,.

Let ze(Q.) and

then S(2h B, + ph il) - z (mod Q.).

Conse que nt y,



DOC =810211008 PAGE
AmA

Z~ ' (,h, + ai3h) + Pz. (3.9)

It is clear that rank p, is equal to 0 when and only when

h-I

Relationship/ratio (3.9) determlnes the basic formula of the

nonpositional representation ts.k.ch. of range (Q.).

§ 4. Rank and its properties.

fank as ths function of number z is the most important function

of the nonpositional reprosentaticn of numbers, since he in

conjun:tion wita the remainders/residues determines the value of

number z.

In connection with this it is interesting to study the

properties of function

The symmetry of range (Q,) is refle:ted also in the properties of

the symmetry of rank. Note graphic this is exhibited in the case of

p.s.anev

Thus, using symmetry of deductions, it is not difficult to check

the validity of the properties



DOC 81024008 PAGI

L p (is) - Ip (a);
2. j (.) - p(
3. p(s)- p().

Observation 1. The first property assumes that all bases/bases

Pb- odd complax numbers; the presence of even (or semieven)

basis/base it will lead to the need for the account of the

edge/boundary deductions cn this basis/base, which wil somewhat

distort the structure of symmetry, expressed by the first property.

Page 10.

Observatioa 2. The same properties of symmetry in accordance

with the principle of isomorphiss p.s.v. on assigned modulus/module

(theorem 2.3.2) can be spread alsc to the case of p.son. v.

Subsequently let us pause at the study of the properties of the

standacdized/nocalized rank. On the basis of representation (3.9)

and noting that

' mhS bja. +s. pt, (4.1)
P.M" - TA. +,v (4.2)

where ?<Bu I Tha&-<P j"; I' we vll obtain the

standardized/normelized nonpositianal ripresentation of number

z - ' (Ok, Pk, + ,. P ,.) + V' (z) W ,, (4.3)

where
e (a) - p (z) - (i-.- xW'). (4.4)

_ _2 .... I I I II "" ' ~~h. .. . . il l I...Iln
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Since P"=pjq,2q...h h+1...qa, that is useful to introduce one

additional designation

n q .. qkr-I qbI..•.• q.. (4.5)

Then rapcesantation (4.3) is registered in the forn

I ("k. Ph + Th. Ph) QM+.(Z)Q.. (4.6)
Lot k-I

h. Ph + T. Pk ---- w& + v& qk. (4.7)

where W .e <.

Lot us note horg the connection of deductions ts.k.ch. l&k with the

deductions ts. k. ch., z:

<. I -< P,. * -

A ct ully1/r'ea1ly,

Page 141.

But ,<P -- and M- l thecefore

<wtk pt n < ZQ; 'ph-
Substituting (4.7) in (4.6), we will obtain
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z - i w Q. + " (z) Q., (4.8)

where h-i

i (Z) - t% (2) + Vh

Pormula (4.8) expresses the canonical standardized/normalized

nonpositional representation of ts.k.ch. of range (Q.). Respectively

deductions wh we will call canonical dedctions on pair-vise

conjugated/combined bases/bases ph, Pk-

In connection with expansion (4.7) it is interesting to consider

a question about tvo-modulus nonpositional represented ts.k.ch. with

bases/bases p, p

As the ran;e of such representation let us select square p.s.V.

on mod lipit, i.e . < I 1

As it follows from theorem 3.3.4, the mind positional

representation of numbers of this range does not possess the propecty

of invariance. In accordance with the mentioned theores any tst.ch.

we<-. is unambiguously represented in the form

where W-,,+1"P+&q, (q 11 P1) (4.9)
whe.ree <

and 1
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on the other hiad, the nonpositional representation of this number

takes the fore

0 -- a + Tp 4- v. (4.10)

Comparing these two expansions, we note that

Therefore

Page 142.

Substituting latter/last disintegration in (1.10), we will obtain

Let E +-Q + X) p+ V.

*+ I ' + eP9

then I + qp + (" +.)q.

being congruent/equating latter/last disintegration with (4.9), we

establish the z=anection between standardized/normalized rank " of

number v and its excess parameter ' in the mixed positional

representation

vhere 0

Hence it follows that the restoration/reduction of any of the

parameters -8 *c v on one known unavoidably requires some
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transf~raations, connected with the detarmination of value u.

Subsequently with the work with canonical deductions preference

we will give up to representation (4.9) in view of the more

complicated character of the behavior of rank v.

Since canoiical deduction v in the nonpositional numeration

systam is represented by its remainders/residues on moduli/modules p

and p respectively, then it is necessary to work out the algorithm

which would make it possible on the preset rewinders/residues to

determine the value of canonical deduction. This question will be

examined into § 7. Already based Cn the example of the simplest

tvo-modulus numeration system evidently, how complicated a character

has a rank as remainder function. Is given below one of the versions

of the description of rank as remainder functions based on the

example of the =anonical normalized nonpositional representation of

tsok.ch. Each t3.k.cho. '6(Q) is uniquely -determined by the set of

=anonical deductions on the pair-wise conjugated/combined

moduli/modules:
Z -1 ( 10 1. w 2. . . .. &C-0 (W A. e <. - t

Lot us present number wjQ. in the mixed positional code on

bases/bases qlq 2 .... q

M W " 'Ai 1 q 2 .. V m- s, (4 .1 1 )au i

where

" sV
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Let as assume that bases/bases qi, q2..... G are arranged/located in the

ascending order of their values. Let us introduce the designatioa of

deduction of ts.k.ch. z on modulus/module fm

<a- & I ,06•

It is obvious,
W, QA. I C n .

Therefore from (4.11) it follows that *bm are the functions little

more than of temainder/residue a&. Let as determine the form of these

functions.

Let us realize that numeration system consists of n+1

bases/bases qj. q2,.... q. qo+. Then fcr the same number ra(Q.) canonical

deduztion on modqb changes its value and instead of value wtQa, we

will have Wh 'Q b.., . V ts

Ve have

Wh' Qh Wk, wqa+ I Qa. < Wk'q. 2  Qk.

Since 11w. I Q.. (4.12)

and
< WS'qS+I I *'QbMC (Q.),
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that, in viev of tke invariance of the mixed Fositional

represent ation,

We further note that

< <h~ 4

Consequently, (4.12) it is possible to rewrite in the form

Wh' QJ l- hQ- .:ql
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If we now here substitute (4.11), then we will obtain expansion

ts.k.ch. lQk.+1 into the mixed positional code. Consequently, in

designations (4. 11)

From (4.12) it follows that
+ , 1+

where the brackats indicate whole syllable, which corresponds to the

smallest, either non-negative or least positive residues

(respectively). Therefore

- .a L[ 1' /: ,,. ±..

In view of randomness n in general we obtain

Is such fore ,- as remainder functions h, wich let us register in

the form .(2,).

In accordance with (4.8) we form the sum

W a QA,- 'On (.() q1 q2 ... q.._.1

4( (91) q q... qU--1- (4.13)
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V9 (21,) = + Aw q,
h-I

where i,, A, - be the remainder functions ai, a2 . , moreove

.,, < '9W ,,, ( ,) I

Page 145.

Lat us introduce itto the examination the function of overflow with

the addition of two deductions cf W

If we in (4.13) take into account all overflows which appear with the

summation over moduli/sodules q-' (%-2, 3, ... , n) the expressions

e ai tan d),

then as a result we vili obtain disintegratiou into the mixed
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positional code of number z and certain surplus, equal in magnitade

and opposite on the sign to rank (z) of numbe z.

Thus, we will have

-- , (z)=Z~( -+ - 2 ))).(4.14)

The obtained formula expresses rank as remainder function

(aI, ,. ., .), since each of entering this formula variable/alternating

is known remainler function.

From (4.14) follows that rank with an accuracy to the value of

the value of function YW is determined by the "linear part

in this case in the case of the least non-negative residue value

it can take values of 0.1, i 1i, and in the case of the least

positive residues - 0.1, i, 1i, 1, -I+i, -1, -1-i, -i, 1-i.

Another natural expression (4). as remainder functions is

obtained directly from (4.8):
V (Z); =,..0 4

However, the direct numerical analysis of this formula is extr9mely

difficult.
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From the litter/last formula it follows that the

standardized/normalized rank of cancnical representation accepts the

value from p.s.. on mod n, i.e..

' (a)6<. I

Page 146.

§5. Modular tabLes.

This desigaation/purpose paragraph auxiliary: to prepare all

necessary tables which would compose basis for the illustration of

described below algorithms.

Ia this case the task is placed somewhat wider: to describe

tables in such completeness which would reflect the real situation,

which appears with the work with virtually acceptable range (Q).

In connectL3n with this as the bases/bases were chosen the

following ts.k.ch.;

PI = - = +Nij P2==1-4I p.=s-U

q4-2.. . .. . . ' I . . ..-. ,

,p4A2+W 2~~15~1i Is=+Lp--4
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The full/total/zomplete range of the numbers, described by these

bases/bases, is determined by the set of numbers, equal to Q2,- i.e.

132s1 7e25&*292*37241v. As p.s.v. on the appropriate modtli/uodules

they are selected p.s.a.n.v., thanks to which the arithmetic ts.k.ch.

of range (Qm) reflects "in small" all basic properties of symmetry,

inherent in integral grid comFosite z of plane. It is possible to

indicate three most important types of the tables: the table of

modular addition, table of modular multiplication, table of

recodings.
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Fig. 38. Fig. 39.

Picg. 38. Squares p.s.a.n.v. on mod(2+3i), p=8; mod(2-3i), p=5.

Fig. 39. Squares p.s.a.n.v. on mod(1+4i), p=4; mod(1-4i), p= 1 3.

Page 147.

Tible of coding - single-input table, which realizes the certain

function of thq preset argument with the values, which belong p.s.v.

on this modulus/module.

In the development of the tables of modular operations essential

help proves to be theorem 2.2.5. Therefore the first group of tables

consists of the tables of the isomorphic relation of composite

deductions to the real deductions (straight/direct and reverse

tables) (Fig. 38-43) . Isomorphic relation is indicated by symbol -.

Here is indicatad coding deductions, which makes it possible to
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reduce the tables of modular operations.

Relative to coding of deductions it must be noted that during

the engineering realization the deductions should be coded in

accordance with the principle of inclusion p.s.v. on the low-order

bises/bases in p.s.v. on the senior bases/bases. Therefore can be

achieved/reached certain econcmy of equipment on the diagrams of

recoding.
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Fig. (40. Fig. 41.

Fig. 40. Squares p. s. a.a. v. on mad (3+41i) p-218, mod (3-L4j) p=7.

Fig. 41l. Squares p.s.a. n. v. on mod (2+51) *pl 7 ; mod (2-51.) p= 1 2 .

Fig. 42. Fig. '43.

Fig. 42. Squares peseaenav. on mod(1+61). p=6-. mod(14,61) p= 3 1.

Fig. 43. Squares p. So a. n. v. on mod ('1.51) .on Rod (4-51) * p.9.

Page 148.
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In the case in question into the basis of coding deductions is

undertaken the following principle: as the mantissas of deductions

are selected the deductions, located in the first quadrant of the

composite plane (real axis is switched on, alleged is excluded).

The second group of tables ccnsists of the tables of modular

addition and multiplication on the appropriate moduli/modules. Tables

are given in the abbreviated/reduced version in accordance with the

principle of the coding cf deducticns accepted.

The third group of tables - table of recoding, their finding

will be given in the application/appendix.

mama
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Tbla eo the isomorphic ccnformity of composite and real deductions

(straight lines and reverse) for the soluli/modules 2+3i, 2-3i; 1+4i,

1-41; 3+41, 3-4t; 2+51, 2-51; 1+61, 1-6i; (4+51, (4-51.

< l'=-I-+  ck)p.

0 0 0.0 0 0 0.0 0 0 0
1 1 0.1 1 1 0.0 1 1 1

2 0.2 2 2 0.2 2 2 2
9+i g 0.3 1+i 0.3 3 2j -2!i" 8 1.1 i 5 1.1 4 -- i-- -1-i

1 3 1.2 2i 10 1.2 5 -i i
i+ 7 1.3 -I1i 4 1.3 a I- 1+i

-1 12 2.1 -1 12 2.1 7 -1+! -1-i
-2 11 2.2 -2 11 2.2 8 i -L

-I i 2. -1- 7 .3 9 1+i 1-1
) 5 3.1 -i a 3.1 10 -21 1

21 10 3.2 -21 3 3.2 11 -2 -2
1-i 6 3.3 -1--i 9 3.3 12 -1 -1

0 0 0.0 0 0 0.0 0 0 0
1 1 0.1 1 1 0.1 1 1 1

2 0.2 2 2 0.2 2 2 2
1+i 5 0.3 1+i 14 0.8 3 -11,- -1-
2+i 6 0.4 1+2i 10 0.4 4 , -

i t 4 1 . 1 , i s 1 . 1 5 1 - i - 1 - i{21 8 1.2 21 9 1.2 6 24-i 2-i
-1+1 3 1.3 -1+1 12 1.3 7 -1+2i -1-2i
-1+21 7 1.4 -2+i 11 1.4 8 V- -2i

1 18 2.1 -1 16 2.1 9 - 2
15 2.2 -2 15 2.2 10 1-2i 1+2i

-1- 12 2.3 -1-i 3 2.3 11 -2--1 -2+1
-2-i 11 2.4 -1-2i 7 2.4 12 -1-i
I- 13 3.1 -i 4 3.1 13 -i I

9 3.2 -2L 8 3.2 14 1--1 J-4- i
1t 14 3.8 1-1 5 3.8 15 -2 -2
1-21 10 3.4 2-1 6 3.4 16 -1 -1
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0 0 0.0 0 0 0.0 0 0 0
1 1 0.1 1 1 0.1 1 1 1
2 2 0.2 2 2 0.2 2 2 2
3 3 0.3 3 3 0.3 3 3 3
I-- i 19 0.4 1 +i 8 0.4 4 3 -3i
2+i 20 0.5 24-i 9 0.5 5 -2-i -2+i
1+2i 12 0.6 1+2i 15 0.6 6 -1-i -I-iI F 18 1.1 1 7 1.1 7 -i21 11 1.2 21 14 1.2 8 1-, 1-,-i

31 4 1.3 3 21 1.3 9 2-i 2+1
1-4-i 17 1.4 1+i 6 1.4 10 -1+2i -1-2i

-1-4-2f 10 1.5 -1+21 13 1.5 11 2i -2i
-2i 16 1.6 -2+i 5 1.6 12 1+2i 1-2i
-2 24 2.1 -1 24 2.1 13 --- 2i -I -2i
1 23 2.2 -2 23 2.2 14 -- 2i 2i

-- 22 2.3 -3 22 2.3 15 1-2i 1--2i
-1-i 6 2.4 -1-1 17 2.4 16 -2+i -2-i

-2-1 5 2.5 -2-i 16 2.5 17 -1+i -1-i
-- 1 13 2.6 -1-21 10 2.6 18 i -i

7 3.1 -i 18 3.1 19 1+i I-

31 21 3.3 -81 4 3.3 21 -3 31
1-1 8 3.4 1-i 19 3.4 .22 -3 -3
1-2 15 3.5 1-21 12 3.5 23 -2 -2

9 3.6 2-1 20 3.6 24 -1 -1

0 0 0.0 0 0 0.0 0 0 0
1 1 0.1 1 1 0.1 1 1 1
2 2 0.2 2 2 0.2 2 2 2
1+1 18 0.3 1+1 13 0.3 3 -2+21 -2-21
2+1 19 0.4 1+1 14 0.4 4 -1+21 -1-2i
8+i 20 0.5 1+2 25 0.5 5 21 -21
1+2i 6 0.6 2+21 26 0.6 6 1+21 1-21

2+1 7 0.7 1+81 8 0.7 7 2+21 2-21
&. 17 1.1 1 12 1.1 8 1-3& 1+31

21 5 1.2 2t 24 1.2 9 -8-i -3+i
1-1+1 16 1.8 -1+t 11 1.3 10 -2-1 -2+i
,-1+21 4 1.4 -1+21 23 1.4 11 -1-i -1+
-1+ 3 21 1.5 -2+1 10 1.5 12 -
-2+i 15 1.6 -2+21 22 1.6 13 1-i 1-i
-2+21 3 1.7 -3+1 9 1.7 14 2-i 2+i
-1 28 2.1 -1 28 2.1 15 -2+1 -2-i

,-2 27 2.2 -2 27 2.2 16 -I+ -1-i
1-1-i 11 2.8 -1- 1 16 2.3 17 t -i
1-2-1 10 2.4 -2-1 15 2.4 18 1+1 1-i
~-8-1 9 2.5 - 21 4 2.5 19 2+1 2-i
-1 2. 2 2.7 20 3+i 3-1

1-2-1 2 2. -1- 21 2.7 21 -1+81 -1-31kIJ -1 12 3.1 - 17 3.1 22 -2-a --- 2J
-2f 24 3.2 -2A 5 3.2 23 -1-21 -1-2i
1-1 13 3.3 1-1 18 3.3 24 -2t 2i
1-21 25 3.4 1-21 6 3.4 25 1-21 1+2i
1-81 8 3.5 2-1 19 3.5 26 2-21 2+21
2 14 3.6 2-21 7 3.6 27 -2 -2
2-21 20 3.7 3-i 20 3,7 28 -1 -



DoC = 810214009 P AGE a

Page 150.

0 0 0.0 0 0 0.0 0 0 0
(1 1 0.1 1 1 0.1 1 1 1
2 2 0.2 2 2 0.2 2 2 2
3 3 0.3 3 3 0.3 3 3 3
1+i 7 0.4 1+1 32 0.4 4 -2+i -2-i
2+i 8 0.5 2+1 33 0.5 5 -1+i -1-i
3+ 9 0.6 1+21 26 0.6 6 1 -
1+21 13 0.7 2+21 27 0.7 7 1+i 1-i
2+21 14 0.8 1+3f 20 0.8 8 2+i 2-i
3+21 15 0.9 2+8 21 0.9 9 3+t 3-i

1 6 1.1 1 31 1.1 10 -2+21 -2-21
21 12 1.2 2, 25 1.2 11 -1+21 -1-2i
31 18 1.3 31 19 1.3 12 2t -2t

-1+i 5 1.4 -1+1 30 1.4 13 1+21 1-2i
-1+21 11 1.5 -1+21 24 1.5 14 2+21 2-2i
-1+31 17 1.6 -2+1 29 1.6 15 3+21 3-21
-2+t 4 1.7 -2+21 23 1.7 16 -2+i -2-3i
-2+21 10 1.8 -8+f 28 1.8 17 -+1 -1-31
-2+31 16 1.9 -+29 22 1.9 18 31 -3i
-1 36 2.1 -1 36 2.1 19 -1 31
-2 35 2.2 -2 35 2.2 20 1-31 1+31
-3 34 2.3 -3 34 2.3 21 2-31 2+31
-1-i 3D 2.4 -1-1 5 2.4 22 -- 21 -3+2f
-2-1 29 2.5 -2-1 4 2.5 23 -2-21 -2+21
-3--i 28 2.6 -1-21 11 2.6 I4 -1-2i -1+21
-1-21 24 2.7 -2-21 10 2.7 25 -21 21
-2-21 23 2.8 -- 1 17 2.8 26 1-21 1+21
-3-21 22 2.9 -2-81 16 2.9 27 2-21 2+2i

-- 31 3.1 -i 6 3.1 28 -3-1 -3+i
-2 25 3.2 -21 12 8.2 29 -2-i -2+i
-8i 19 3.3 -3 18 8.3 30 -1- -1-i
-- 1 32 3.4 1- 7 3.4 31 - tL 1-21 26 3.5 1-21 13 3.5 32 1-i I+1
1-31 20 3.6 2-1 8 3.6 32 2--i 2+i
7-1 38 3.7 2-21 14 3.7 34 -3 -3
272 27 3.8 3-t 9 3.8 35 -2 -2

21 3.9 3-21 15 1.9 36 -1 -1
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0 0 0.0 0.0 0 0 0
(11 0.1 01 1 1 1

2 2 0.2 2 0.2 2 2 2

3 0.233 3 3

4 0.4 4 0.4 4 4 4
l+i 33 0.5 10 0.5 5 41 -4i

12+ 34 0.6 11 0.6 6 -3--i -3-ri
3--i 86 0.7 12 0.7 7 -2- -2+a

1+21 24 0.8 19 0.8 8 -1-i -1+i2-{21 25 0.9 20 0.9 9 -i

1+31 15 0.10 28 0.10 10 1-i Ii
i 32 1.1 9 1.1 11 2-i 2.i

21 23 1.2 i8 1.2 12 3--, 3--
31 14 1.3 27 1.3 13 -1+3i -1-3i
Q1 5 1.4 36 1.4 14 3, -3,

-1+t 31 1.5 8 1.5 15 1+3i 1-3f-1421 22 1.6 17 1.6 16 -2-2i -2+2
-1+3t 18 1.7 26 1.7 17 -1-2i -1+2i
-2+1 30 1.8 7 1.8 18 -2i 2i
-2+21 21 1.9 16 1.9 19 1-2 1 -2i

-+-, 29 1.10 6 1.10 20 2-2i Z-2i
340 4 2.1 21 -2+2i -2-2i

-2 3 2.2 39 2.2 22 -1+21 -1-2i
- 3B 2.3 , 7.3 2 21 -2i- or 8 2.4 37/ 2.4 24 1+21 1-2i

-1-i 8 2.5 31 2.5 25 2+2t 2-2i

02.7 2 2.6 26 1-3i 13i
I-i- 17 2.8 22 22 1-3i 1+3i
-2-21 16 2.9 21 2.9 29 -+, -8-i-1-81 2 2.10 18 2.10 30 -2+i -2-i
-i 9 8.1 3 3.1 31 -1+i -1-i
-21 18 3.2 23 3.2 32 , -
-a 17 3.3 14 3.3 33 1+i 1-i
-- 41 36 3.4 5 3.4 84 2+i 2-i
1-1 10 2.5 33 3.5 35 S+i 3--i
1-21 19 3,6 24 3.6 36 -4 4
1--3 28 8.7 15 3.7 37 -4 -4
2-1 u 8.8 34 3.8 38 -3 -3
,-2, ,. .9 2 3.9 8s -2 -2
$-1 12 8.10 36 3.10 40 -1 -1

Key: (1). coding.
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Table of modular addIticn.

(e)no mod 2-3i

- 0 1 2 9 8 3 7 12 11 4 5 10 6

9 0.0 0.1 0.2 0.3 1.1 1.2 1.3 2.1 2.2 2.3 8.1 3.2 3.3
1 0.1 0.2 1.2 3.2 0.3 2.3 1.1 0.0 2.1 3.1 3.3 2.2 1.3
2 0.2 1.2 2.3 2.2 3.2 3.1 0.3 0.1 0.0 3.3 1.3 2.1 1.1
9 0.3 3.2 2.2 3.1 2.3 2.1 1.2 1.1 1.3 0.0 0.1 3.3 0.2

0 no mod 2-3i

- 0 1 2 6 5 10 4 12 11 7 8 3 9

0 0.0 0.1 0.2 0.3 1.1 1.2 1.3 2.1 2.2 2.3 3.1 3.2 3.3
1 0.1 0.2 3.2 2.3 0.3 2.2 1.1 0.0 2.1 3.1 3.3 1.3 1.2
2 0.2 3.2 1.8 3.1 2.3 2.1 0.3 0.1 0.0 3.3 1.2 1.1 2.2
6 0.3 2.3 3.1 2.1 2.2 3.2 1.2 1.1 1.3 0.0 0.1 3.3 0.2

0 uo mod 1-14i

4- 0 1 2 5 6 4 8 8 7 16 15 12 11 18 9 14 19

0 0.0 0.1 0.2 0.8 0.4 1.1 1.2 1.3 1.4 2.1 2.2 2.3 2.4 8.1 3.2 8.3 8.4
1 0.1 0.2 1.80.4 1.40.3 8.2 1.1 1.20.02.1 8.1 2.3 3.3 8.4 2.2 2.4
2 0.2 1.3 1.1 1.4 1.2 0.4 8.4 0.3 8.1 0.1 0.0 3.3 8.1 2.2 2.4 2.1 2.8
g 0.30.4 1.4 3.4 2.4 3.2 3.1 1.2 2.3 1.1 1.8 0.0 2.1 0.1 8.8 0.2 2.2
6 0.4 1.4 1.2 2.4 2.3 3.4 3.38 .2 8.1 0.3 1.1 0.1 0.0 0.2 2.2 1.3 2.1

. mod 1-4i

0 1 2 14 10 13 9 12 11 16 15 3 7 4 8 5 6

0 0.0 0.1 0.2 0.3 0.4 1.1 1.2 1.3 1.4 2.1 2.2 2.3 2.4 8.1 8.2 3.3 3.4
II 0.1 0.2 2.3 2.2 1.4 0.3 0.4 1.1 1.30.0 2.1 3.1 3.2 3.3 1.2 3.4 2.4
2 0.2 2.3 3.1 2.1 1.3 2.2 1.4 0.3 1.1 0.1 0.0 3.3 1.2 3.4 0.4 2.4 3.2
14j 0.3 2.2 2.1 1.4 2.4 0.4 3.4 1.28.2 1.1 1.80.0 3.1 0.1 3.8 0.2 2.8
10 0.4 1.4 1.3 2.4 2.33.4 0.2 8.3 8.1 1.2 3.2 1.1 0.00.80.1 2.2 2.1
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(%0 mod 3+41

+ o 1 2 3 19 20 12 18 11 4 17 10 16 2 28 22 2 5 13 7 14 21 8 15 9

0 o.o 0.1 0.2 0.3 0.4 0.5 0.6 1.1 1.2 1.8 1.4 1.5 1.6 2.1 2.2 2.3 2.4 2.5 2.8 3.1 3.2 0.3 3.4 3.5 3.8
1 0.1 0.2 0.3 1.3 0.5 q.3 2.6 0.4 0.6 2.5 1.1 1.2 1.4 0.0 2.1 2.2 3.1 2.4 3.2 3.4 3.5 2.3 3.6 1.6 1.5
2 10.2 0.3 1.3 2.5 3.3 2.3 3.2 0.5 2.6 2.4 0.4 0.6 1.1 0.1 0.0 2.1 3.4 3.1 3.5 3.6 1.8 2.2 1.5 1.4 1.2
3 0.3 1.3 2.5 2.4 2.3 2.2 3.5 8.3 3.2 3.1 0.5 2.6 0.4 0.2 0.1 0.0 3.6 3.4 1.6 1.5 1.4 2.1 1.2 1.1 0.6

19 I0.4 0.5 3.3 2.3 2.6 3.2 2.4 0.6 2.5 2.2 1.2 1.8 1.5 1.1 1.4 1.6 0.0 2.1 3.1 0.1 3.4 3.5 0.2 0.6 0.3
2D0 .5 3.3 2.3 2.2 3.2 3.5 3.1 2.6 2.4 2.1 0.6 2.5 1.2 0.4 1.1 1.4 0.1 0.0 3.4 0.2 8.6 1.6 0.3 1.5 1.3
12 0.6 2.6 3.2 3.5 2.4 8.1 2.1 2.5 2.2 1.6 1.3 2.3 0.3 1.2 1.5 3.6 1.1 1.4 0.0 0.4 0.1 3.4 0.5 0.2 3.3

)no mod 3-4i

+-- 13 1 2 3 8 9 15 7 14 2 1 1 4 23 22 17 16 10 18 11 4 19 12 20

0 0.0 0.1 0.2 0.3 0.4 0.5 0.6 1.1 1.2 1.8 1.4 1.5 1.6 2.1 2.2 2.3 2.4 2.5 2.6 3.1 3.2 3.3 3.4 3.5 3.6
1 0.1 0.2 0.8 3.3 0.5 2.6 2.5 0.4 0.6 2.8 1.1 1.2 1.4 0.0 2.1 2.2 3.1 2.4 3.2 3.4 3.5 1.6 3.6 1.5 1.3
2 10.2 0.3 8.3 1.6 2.6 3.2 2.4 0.5 2.,5 2.2 0.4 0.6 1.1 0.1 0.0 2.1 3.4 3.1 3.5 3.6 1.5 1.4 1.3 1.2 2.3
3 .3 3.3 1.6 1.4 3.2 3.5 3.1 2.6 2.4 2.1 0.5 2.5 0.4 0.2 0.1 0.0 3.6 3.4 1.5 1.3 1.2 1.1 2.3 0.6 2.2
8 0.4 0.5 2.6 3.2 2.5 2.4 2.7 0.6 2.3 3.3 1.2 1.3 1.5 1.1 1.4 1.6 0.0 2.1 3.1 0.1 3.4 3.5 0.2 2.2 0.3
9 0.5 2.6 3.2 3.5 2.4 3.1 2.1 2.5 2.2 1.6 0.6 2.3 1.2 0.4 1.1 1.4 0.1 0.0 3.4 0.2 3,6 1.5 0.3 1.3 3.3

15 0,6 2.5 2.4 3.1 2.2 2.1 1.8 2..3 3.3 3.2 1.3) 0.3 $.6 1.2 1.5 3.5 1.1 1.4 0.0 0.4 0.1 3.4 0.5 0.2 2.
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no mod 9+61

+ 01 218192071 ITS 14 1168227111092822 12 241825 814 26

0 0.00.10.20.30.40.60.8 0.71.1 1.21.31.41.51.61.7 2.12.2 2.3 2.42.52.6 2.7 8.13.2 3.8 3.483.5 .6 .7
1 0.10.21.70.40.5 1.50.783.50.30.61.1 1.22.7 1.31.40.02.13.12.3 2.4 3.2 2.63.8 8.48.8 8.7 2.5 1.82.2
2 0.21.T 1.40.5 1.5 2.7 3.5 2.5 0.40.70.80.62.61.11.20.10.0 8.3 3.12.33.43.2 3.63.71.6 2.22.41.8 2.1

18 0.40.40.50.7 3.6 2.33.28.40.02.01.22.72.41.41.5 1.1 1.30.02.12.23.12.3 0.13.30.23.83.7 1.7 1.8
19 0.40.51.5 3.52.5 2.4 3.4 3.7 0.7 3.20.62.6 2.31.2 2.7 0.81.10.10.02.1.3 .10.2 3.51.T1.6 2.21.4 1.3
20 0.5l1.5 2.7 2..4 2.4 2.3 3.7 2.28.5 3.4 0.7 8.2 3.10.6 2.60.40.30.20.10.03.63.3 1.7 1.6 ,141.3 2.11.21.1
6 0.s0.T .8.a23.4 8.1a.1.82.8.3 2.72.42.21.52.51.21.41.11.3 1.60.02.1.30.1.40.23.6.51.7
7 0.73.5 2.53.43.7 2.2 38.88~.28.12.6.82.12.7 2.40.61.20.81.11.8o0.10.00.40.20.5l.7 1.61.51.4

cno mod 2-5f

+I 0 1 2 18 14 25 26 8 12 24 11 23 10 22 9 28 27 18 15 4 3 21 17 5 18 6 19 7 20

0 0.00.10.20.30.40.50.00.71.11.21.31.41.5 1.61.7 2.12.22.32.42.5 2.6 2.7 3.13.2 3.38.43.5 3.63.7
1 0.10.2 2.6 0.4 2.40.62.21.70.80.561.11.21.31.41.50.02.13.12.33.22.5 1.63.3 8.48..58.88.70-72.7
2 o.22.62.5 2.42.82.22.11-60.40.60.30-51.11.21.80.10.0 .33.1 8.4 3.21.4 3.58.83.7 0.72.7 1.7 1.6

18 0,10.4 2.40.82.21.71.52.70.50.71.28.81.48.41.81.1 1.80.02.13.12.8 8.20.13.80.2 3.5 2.068.7 2.5
14 0.42.42.32.22.11.5 1.81.00.61.70.50.71.2 8.01.40.3 1.10.10.03.38.18.40.2 8.5 2.63.7 2.5 2.T 3.2

25 0.40.62.21.71.5 2.7 1.62.50.7 8.7 8.68.5 8.43.88.2 1.21.4 1.11.80.02.1 8.10.80.10.40.22.4 2.62.8
M6 0.62.2 2.1 1.61.81.61.48.2 1.72.f0.18.TI3.68.5 3.40.5 1.2 0.8 1.1 0.10.083.30.40.22.42.5 2.8 2.5 8.1
8 0.71.71.5 2.71.62.53.22.33.7 2.63.50.2 8.8 0.18.13.6 8.41.2 1.1 1.1 1.30.00-50.30.6 0.4 2.2 2.4 2.1
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Lwo mod 14-81

+1 0 1 2 8 7 8 9 18 14 15 6 12 18 6 11 17 4 10 16

0 0.0 0.1 0.2 0.8 0.4 0.5 0.6 0.7 0.8 0.9 1.1 1.2 1.8 1.4 1.6 1.6 1.7 1.8 1.9
1 0.1 0.2 0.3 1.7 0.5 0.6 1.8 0.8 0.9 1.9 0.4 0.7 3.3 1.1 1.2 1.3 1.4 1.5 1.6
2 0.2 0.8 1.7 1.4 0.6 1.8 1.5 0.9 1.9 1.6 0.5 0.8 3.6 0.4 0.7 3.3 1.1 1.2 1.3
a 0.a 1.7 1.4 1.1 1.8 1.6 1.2 0.9 1.8 1.3 0.6 0.9 3.9 0.5 0.8 3.6 0.4 0.7 3.3
7 0.4 0.5 0.6 1.8 0.8 0.9 1.9 3.6 8.9 2.9 0.7 3.3 3.2 1.2 1.8 2.7 1.5 1.6 2.8
8 0.5 0.6 1.8 1.5 0.9 1.9 1.6 3. 2.9 2.8 0.8 3.6 3.5 0.7 3.3 3.2 1.2 1.3 2.7
9 0.6 1.8 1.5 1.2 1.9 1.6 1.8 2.9 2.8 2.7 0.9 3.9 3.8 0.8 3.6 3.5 0.7 3.3 3.2
1 0.7 0.8 0.9 0.9 3.6 8.9 2.9 8.5 8.8 2.6 3.3 3.2 3.1 1.3 2.7 2.4 1.6 2.8 2.6
14 0.8 0.9 1.9 1.6 8.9 2.9 2.8 8.8 2.6 2.5 3.6 3.5 3.4 3.3 3.2 3.1 1.3 2.7 2.4

0.9 1.9 1.6 1.3 2.9 2.8 2.7 2.6 2.5 2.4 8.9 3.8 3.7 3.6 3.5 3.4 3.9 3.2 3.1

+1 N 35 34 30 29 28 24 28 22 31 25 19 32 26 20 33 27 21

0 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9
1 0.0 2.1 2.2 3.1 2.4 2.5 8.2 2.7 2.8 3.4 3.5 3.6 3.7 3.8 3.9 2.3 2.6 2.9
2 0.1 0.0 2.1 3.4 8.1 2.4 3. 8.2 2.7 3.7 3.8 3.9 2.3 2.6 2.9 2.2 2.5 2.8
8 0.2 0.1 0.0 8.7 8.4 8.1 3.8 3.5 8.2 2.3 2.6 2.9 2.2 2.5 2.8 2.1 2.4 2.7
7 1.1 1.4 1.7 0.0 2.1 2.2 3.1 2.4 2.5 0.1 3.4 3.5 0.6 3.7 3.8 0.3 2.3 2.6
8 0.4 1.1 1.4 0.1 O00 2.1 8.4 3.1 2.4 0.2 3.7 3.8 0.3 2.3 2.6 1.7 2.2 2.5
9 0.8 0.4 1.1 0.2 0.1 0.0 3.7 3.4 3.1 0.3 2.3 2.6 1.7 2.2 2.5 1.4 2.1 2.4
1 1.3 1.6 1.8 1.1 1.4 1.7 0.0 2.1 2.2 0.4 0.1 3.4 0.5 0.2 3.7 0.5 0.3 2.3
1 0.7 1.2 1.5 0.4 1.1 1.4 0.1 0.0 2.1 0.5 0.2 3.7 0.6 0.3 2.3 1.8 1.7 2.2
1 0.8 0.7 1.2 0.5 0.4 1.1 0.2 0.1 0.0 0.6 0.3 2.3 1.8 1.7 2.2 1.6 1.4 2.1
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(no mod 1-6i

0 1 2 3 32 M 26 27 20 21 31 25 19 30 24 29 23 28 22

0 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0,7 0.8 0.9 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1,9
1 0.1 0.2 0.3 2.5 0.5 2.3 0.7 1.8 0.9 1.9 0.4 0.6 0.8 1.1 1.2 1.4 1.5 1.6 1.7
2 0.2 0.3 2.5 2.4 2.3 2.2 1.8 1.6 1.9 1.7 0.5 0.7 0.9 0.4 0.6 1.1 1.2 1.4 1.5
3 0.3 2,5 2.4 3.2 2.2 2.1 1.6 1.4 1.7 1.5 2.3 1.8 1.9 0.5 0.7 0.4 0.6 1.1 1.2
32 0.4 0.5 2.3 2.2 0.7 1.8 0.9 1.9 3.9 2.9 0.6 0.8 3.7. 1.2 1.3 1.5 3.3 1.7 2.8
33 0.5 2.3 2.2 2.1 1.8 1.6 1.9 1.7 2.9 2.8 1.8 0.9 3.9 0.6 0.8 1.2 1.3 1.5 3.3
26 0.6 0.7 1.8 1.6 0.9 1.9 3.9 2.9 3.8 2.7 0.8 3.7 3.6 1.3 3.5 3.3 3.2 2,8 2.6
27 0.7 1.8 1.6 1.4 1.9 1.7 2.9 2.8 2.7 2.6 0.8 3.9 3.8 0.8 3.7 1.3 3.5 3.3 3.2
20 0.8 0.9 1.9 1.7 3.9 2.9 3,8 2.7 0.3 2.5 3.7 3.6 0.2 3.5 3.4 3.2 3.1 2.6 2.4
21 0.9 1.9 1.7 1.5 2.9 2.8 2.7 2.6 2.5 2.4 3.9 3.8 0.3 3.7 3.6 3.5 3.4 3.2 3.1

+ 1 3 5 34 5 4 11 10 17 16 6 12 18 7 13 8 14 9 15

0 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3,9
1 0.0 2.1 2.2 3.1 2.4 3.2 2.6 3.3 2.8 3.4 3.5 1.3 3.6 3.7 3.8 3.9 2.7 2.9
2 0.1 0.0 2.1 8.4 8.1 3.5 8.2 1.3 3.3 3.6 3.7 0.8 3.8 3.9 2.7 2.9 2.6 2.8
3 0.2 0.1 0,0 3.6 3.4 3.7 3.5 0.8 1.3 3.8 3.9 0.9 2.7 2.9 2.6 2.8 3.2 3.3
32 1.1 1.4 1.6 0.0 2.1 3.1 2.4 3.2 2.6 0.1 3.4 3.5 0.2 3.6 0.3 3.8 2.5 2.7
33 0.4 1.1 1.4 0.1 0.0 8.4 8.1 8.5 3.2 0.2 3.6 3.7 0.3 3.8 2.5 2.7 2.4 2.6
26 1.2 1.5 1.7 1.1 1.4 0.0 2.1 8.1 2.4 0.4 0.1 3.4 0.5 0.2 2.3 0.3 2.2 2.527 0.6 1.2 1.5 0.4 1.1 0.1 0.0 8.4 3.1 0.5 0.2 3.6 2.3 0.3 2.2 2.5 2.1 2.4
20 1.3 3.3 2.8 1.2 1.5 1.1 1.4 0.0 2.1 0.6 0.4 0.1 0.7 0.5 1.8 2.3 1.6 2.2
21 0.8 1,3 3,3 0.6 1.2 0.4 1,1 0.10 0.0 0.7 0.5 0.2 1.8 2.3 1.6 2.2 1.4 2.1

,
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c ft. mod 4+ -1

f1 0 1 2 8 4 83 34 85 24 25 15 32 23 14 5 31 22 13 30 21

0 0.0 0.1 0.2 0.8 0.4 0.5 0.6 0.7 0.8 0.9 0.10 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9
1 0.1 0.2 0.3 0.4 1.4 0.6 0.7 3.4 0.9 2.10 2.9 0.5 0.8 0.10 2.7 1.1 1.2 1.3 1.5 1.0
2 0.2 0.3 0.4 1.4 2.7 0.7 8.4 2.4 2.10 3.8 2.8 0.6 0.9 2.9 2.6 0.5 0.8 0.10 1.1 1.2
3 0.3 0.4 1.4 2.7 2.6 3.4 2.4 2.8 3.3 3.7 8.2 0.7 2.10 2.8 2.5 0.6 0.9 2.9 0.5 0.8
4 0.4 1.4 2.7 2.6 2.5 2.4 2.3 2.2 3.7 1.10 3.6 3.4 3.3 3.2 3.1 0.7 2.10 2.8 0.6 0.9
38 0.5 0.6 0.7 3.4 2.4 0.9 2.10 3.8 2.9 2.8 2.6 0.8 0.10 2.7 2.3 1.2 1.3 1.4 1.6 1.7
34 0.6 O.T 3.4 2.4 2.3 2.10 3.3 8.7 2.8 3.2 2.5 0.9 3.9 2.6 2.2 0.8 0.10 2.7 1.2 1.3
85 0.7 3.4 2.4 2.8 2.2 3.3 3.7 1.10 8.2 3.6 3.1 2.10 3.8 2.5 2.1 0.9 2.9 2.6 0.8 0.10
24 0.8 0.9 2,10 3.3 ,7 8.7 2,8 3.2 2.6 2.5 2.2 . 0.10 2.7 2.3 1.10 1.3 1.4 2.4 1.7 3.5
25 0.9 2.10 3.3 3.7 1.10 2.9 3.2 3.6 2.5 3.1 2.1 2.9 2.6 2.2 1.8 0.10 2.7 2.3 1.3 3.8
15 0.10 2.9 2.8 3.2 3.6 2.8 2.5 3.1 2.2 2.1 1.8 2.7 2.3 1.10 3.6 1.4 2.4 3.7 0.4 3.4

+1 29 40 39 38 37 8 7 6 17 16 26 9 18 27 36 10 19 28 11 20 12

0 1.10 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 2.10 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9 3.10
1 1.8 0.0 2.1 2.2 2.3 3.1 2.5 2.6 3.2 2.8 3.3 3.5 3.6 3.7 2.4 3.8 3.9 1.10 3.10 1.9 1.7
2 1.5 0.1 0.0 2.1 2.2 3.5 3.1 2.5 3.6 3.2 3.7 3.8 3.9 1.10 2.3 3.10 1.9 1.8 1.7 1.6 1.3
8 1.1 0.2 0.1 0.0 2.1 3.8 3.5 3.1 3.9 3.6 1.10 3.10 1.9 1.8 2.2 1.7 1.6 1.5 1,3 1.2 0.10
4 0.5 0.3 0.2 0.1 0.0 3.10 8.8 3.5 1.9 3.9 1.8 1.7 1.6 1.5 2.1 1.3 1.2 1.1 0,10 0.8 2.9

1.9 1.1 1.5 1.8 1.10 0.0 2.1 2.2 3.1 2.6 3.2 0.1 3.5 3.6 3.7 0.2 3.8 3.9 0.3 8.10 0.4
34 1.6 0.5 1.1 1.5 1.8 0.1 0.0 2.1 8.5 3.1 3.6 0.2 3.8 3.9 1.10 0.3 3.10 1.9 0.4 1.7 1.4
35 1.2 0.6 0.5 1.1 1.5 0.2 0.1 0.0 3.8 3.5 8.9 0.3 3.10 1.9 1.8 0.4 1.7 1.0 1.4 1.3 2.7
24 3.2 2.2 1.6 1.9 3.9 1.1 1.5 1.8 0.0 2.1 3.1 0.5 0.1 3.5 3.6 0.6 0.2 3.8 0.7 0.3 3.4
25 3.6 0.8 2.2 1.6 1.6 0.5 1.1 1.5 0.1 0.0 3.5 0.6 0.2 3.8 3.9 0.7 0.3 3.10 3.4 0.4 0.7
15 0.3 1.3 1.7 3.10 3.8 1.2 1.6 1.9 1.6 1.5 0.0 0.8 0.5 0.1 3.5 0.9 0,6 0.2 2.10 0.7 3.3
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no mod ,- -5i

+1 0 1 2 3 4 10 11 12 19 20 28 9 18 27 36 8 17 26 7 16

0 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.10 1.1 1.2 1.3 1.4 1.5 1.8 1.7 1.8 1.9
1 0.1 0.2 0.8 0.4 3.4 0.6 0.7 2.10 0.9 2.9 2.7 0.5 0.8 0.10 2.4 1.1 1.2 1.3 1.5 1.6
2 0.2 0.3 0.4 8.4 1.10 0.7 2.10 2.3 2.9 2.8 2.6 0.6 0.9 2.7 2.3 0.5 0.8 0.10 1.1 1.2
3 0.3 0.4 3.4 1.10 1.8 2.10 3.3 8.7 2.2 8.2 2.5 0.7 2.9 2.6 2.2 0.6 0.9 2.7 0.5 0.8
4 0.4 3,4 1.10 1.8 1.5 3.3 3.7 1.9 3.2 3.6 3.1 2.10 2.8 2.5 2.1 0.7 2.9 2.6 0.6 0.9
1 0.5 0.6 0.7 2.10 3.3 0.9 2.9 2.8 2.7 2.6 2.3 0.8 0.10 2.4 3.4 1.2 1.3 1.4 1.6 1.7
11 0.6 0.7 2.10 3.3 3.7 2.9 2.8 3.2 2.6 2.5 2.2 0.9 2.7 2.3 1.10 0.8 0.10 2.4 1.2 1.30
12 0.7 2.10 3.3 3.7 1.9 2.8 8.2 3.6 2.5 8.1 2.1 2.9 2.6 2.2 1.8 0.9 2.7 2.3 0.8 0.10
19 0.8 0.9 2.9 2.2 3.2 2.7 2.6 2.5 2.8 2.2 1.10 0.10 2.4 3.4 3.3 1.3 1.4 0.4 1.7 3.10
20 0.9 2.9 2.8 3.2 3.6 2.6 2.5 3.1 2.2 2.1 1.8 2.7 2.3 1.10 8.7 0.10 2.4 3.4 1.3 1.4
28 0.10 2.7 2.6 2.5 3.1 2.8 2.2 2.1 1.10 1.8 3.7 2.4 3.4 3.3 3.2 1.4 0.4 2.10 3.10 0.3

+1 6 40 39 38 3 31 30 29 22 21 13 32 23 14 5 33 24 15 34 25 36

0 1.10 2.1 2.2 2.3 2.4 2.5 2.6 2.T 2,8 2.9 2.10 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9 3.10
1 1.8 0.0 2.1 2.2 2.8 3.1 2.5 2.6 8.2 2.8 3.3 8.5 8.6 2.7 1.10 3.8 8.9 1.9 3.10 1.7 1.4
2 1.5 0.1 0.0 2.1 2.2 8.5 8.1 2.5 8.6 8.2 8.7 3.8 3.9 1.9 1.8 8.10 1.7 1.6 1.4 1.3 2.4
3 1.1 0.2 0.1 0.0 2.1 8.8 8.5 8.1 3.9 8.6 1.9 8.10 1.7 1.6 1.5 1.4 1.8 1.2 2.4 0.10 2.3
4 0.5 0.3 0.2 0.1 0.0 8.10 8.8 8.5 1.7 8.9 1.6 1.4 1.3 1.2 1.1 2.4 0.10 0.8 2.3 2.7 2.2
10 1.9 1.1 1.5 1.8 1.10 0.0 2.1 2.2 8.1 2.5 8.2 0.1 3.5 3.6 8.7 0.2 8.8 8.9 0.3 8.10 0.4
11 1.6 0.5 1.1 1.5 1.8 0.1 0.0 2.1 8.5 8.1 3.6 0.2 3.8 3.9 1.9 0.3 3.10 1.7 0.4 1.4 8.4
12 1.2 0.6 0.5 1.1 1.5 0.2 0.1 0.0 8.8 8.5 8.9 0.3 3.10 1.7 1.6 0.4 1.4 1.3 3.4 2.4 1.10

9 3.9 1.2 1.6 1.9 3.7 1.1 1.5 1.8 0.0 2.1 3.1 0.5 0.1 3.5 8.6 0.6 0.2 3.8 0.7 0.3 2.10
1.7 0.8 1.2 1.6 1.9 0.5 1.1 1.5 0.1 0.0 3.5 0.6 0.2 3.8 3.9 0.7 0.3 3.10 3.10 0.4 3.3

28 3.8 1.3 1.7 3.9 3.6 1.2 1.6 8.7 1.1 1.5 0,0 0.0 0.5 0.1 8.5 0.9 0.6 o. 2.9 0.7 2.8

Key: (1}. aI,,7VLd4 .

M S
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Table of modular multiplication.

Oomod 2+3i T)U no od 2-9i

x1 0 1 2 9 x 0 1 2 6

0 0.0 0 0.0
1 0.1 0.2 0.3 1 0.1 0.2 0.3
2 0.2 2.3 3.1 2 0.2 1.3 2.1
9 0.3 3.1 1.2 6 0.3 2.1 1.2

n-o mod 1+4i no mod 3-4i

X 0 1 2 5 6 . 0 1 2 14 10

0 0.0 01 0.0

1 0.1 0.2 0.3 0.4 1 0.1 0.2 0.3 0.4

2 0.2 1.1 8.4 2.3 21 0.2 3.1 1.4 2.3
5 0.3 3.4 1.2 3.1 14 0.3 1.4 1.2 3.1
6 0.4 2.3 3.1 0.2 0.4 2.3 3.1 2.2

lnomod3+4i Onomod 3-4i

. 2, 0 1 319.20 12 x o. 12 3 9 3 8 15

0 .0 0 0.0
1 0.1 0.2 0.3 0.4 0.5 0.6 1 0.1 0.2 0.3 0.4 0.5 0.6
2 0.2 1.3 2.4 2.6 3.5 2.1 2 0.2 3.8 1.4 2.5 3.1 1.6
a 0.3 2.4 ..6 8.1 1.5 1.2 3 0.3 1.4 0.5 2.1 0.2 3.6
19 0.4 2.6 3.1 1.2 2.5 0.3 8 0.4 2.5 2.1 1.2 2.3 3.6
20 0.5 3.5 1.5 2.1 0.0 8.5 9 0.5 3.1 0.2 2.3 1.4 2.6
12 0.6 2.1 1.2 0.8 8.5 0.4 1is 0.6 1.6 3.6 3.6 2.6 0.0

9 no mod 2+51 (Ono mod 2-5i

x012 18 1920607 7Xj0l 2 1314 2526 8

0 0.0 0 0.0
1 0.1 0.2 0.8 0.4 0.5 0.6 0.7 1 0.1 0.2 0.3 0.4 0.5 0.6 C.7
2 I0.2 1.4 0.7 2.5 2.3 8.1 3.6 2 0.2 2.5 0.6 2.1 2.7 0.3 2.3
181 0.3 0.7 1.2 2.6 8.1 1.5 2.4 13 0.3 0.6 1.2 0.7 3.4 3.5 3.1
191 0.4 2.5 2.6 8.8 1.? 8.2 8.6 14 0.4 2.1 0.7 1.6 0.2 2.3 0.5
60 0.6 .3.1 1.7 .2 1.4. 3.3 25 0.6 0.3 3.4 2.3 1.1 1.1 3.2
20 0.5 2.3.1 1.7 .2. 1.4. 3.2 25 0.5 0.7 3.5 0.2 2.3 1.1 3.2
7 0.7 3.6 2.4 3.6 8.2 3.3 0.5 8 0.7 2.3 3.1 0.5 nl.6 3.2 3.4
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0)no mod I -61 n o mod 4-6i

0 Jo 1 2 3 7 8 9 18 14 15 0 1 2 3 32 33 26 27 20 21

0 0.0 0 0.01 0.1. 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0.1 0.2 0.3 0.4 0.5 0.6 o.r 0.8 0.9

2 0.3 1.7 1.1 0.8 1.9 1.3 3.5 2.6 2.4 2 0.2 2.5 3.1 0.7 1.6 3.9 2.8 0.3 2.43 0.3 1.1 0.6 3.9 2.7 3.8 0.2 1.4 0.5 3 0.3 3.1 3.8 1.9 1.2 2.5 3.4 1.7 0.6
7 0.4 0.8 3.9 1.2 3.3 8.5 1.6 2.7 8.1 32 0.4 0.7 1.9 1.2 0.8 3.3 3.5 2.6 3.1
8 0.5 1.9 2.7 3.3 3.8 2.2 2.4 0.1 0.6 33 0.5 1.6 1.2 0.8 2.9 3.4 0.3 1.1 0.7
9 0.6 1.3 3.8 3.5 2.2 0.4 1.1 0.9 2.7 26 0.8 3.9 2.5 3.3 3.4 2.7 2.1 0.2 1.8
13 0.7 3.5 0.2 1.6 2.4 1.1 3.9 2.3 1.8 27 0.7 2.8 3.4 3.5 0.3 2.1 0.6 1.9 3.2
14 0.8 2.6 1.4 2.7 0.1 0.9 2.3 1.5 8.2 20 0.8 0.3 1.7 2.6 1.1 0.2 1.9 1.4 3.5
15 0.9 2.4 0.5 3.1 0.6 2.7 1.8 3.2 0.3 21 0.9 2.4 0.6 3.1 0.7 1.8 3.2 3.5 2.3

Sno mod 4+51 Oino mod 4-5i

0 1 2 3 4 33 34 35 24 25 15 x 0 1 2 3 4 10 11 12 19 20 28

0 0.0 0 0.0
1 0.1 0.2 0.8 0.4 0.5 0.6 0.7 0.8 0.9 0.10 1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.10
2 0.2 0.4 2.7 2.5 0.9 8.3 1.102.638.1 1.8 2 0.2 0.4 1.101.5 0.9 2.8 3.6 2.3 2.1 3.7
3 0.3 2.7 3.1 3.102.8 3.9 1.2 1.5 0.6 0.4 3 0.3 1.101.1 0.7 2.6 3.5 1.4 1.9 0.8 0.2
4 0.4 2.5 8.102.9 3.1 1.7 2.8 1.8 8.2 3.6 4 0.4 1.5 0.7 1.9 2.1 0.3 1.8 3.102.2 2.6
33 0.5 0.9 2.8 3.1 1.2 0.102.6 1.7 1.4 0.8 10 0.5 0.9 2.6 2.1 1.2 0.102.3 1.7 1.4 3.8
34 0.6 3.3 8.9 1.7 0.102.5 0.1 2.4 1.8 3.2 11 0.6 2.8 3.5 0.3 0.102.2 1.1 0.4 3.7 2.9
35 0.7 1.101.2 2.8 2.6 0.1 3.4 3.9 1.3 0.5 12 0.7 3.6 1.4 1.8, 2.3 1.1 2.9 3.2 3.101.5
24 0.8 2.6 1.5 1.3 1.7 2.4 8.9 0.2 2.101.1 19 0.8 2.3 1.9 3.101.7 0.4 3.2 3.5 0.6 2.1
25 0.9 3.1 0.6 3.2 1.4 1.8 1.3 2.108.5 1.10 20, 0.9 2.1 0.8 2.2 1.4 3.7 3.100.6 2.5 1.3
15 0.101.8 0.4 3.6 0.3 3.2 0.5 1.1 1.108.9 28 0.10 3.7 0.2 2.6 3.8 2.9 1.5 2.1 1.3 3A4

Key: (1). or.

Vi
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§6. Algorithm of conversien of decimal representation of ts.k.ch.

into tho nonpositional.

0a the givan one tsAk.ch. z=A+Bte(Q.) it is necessary to

determine remainders/residues on pair-wise conjugated/combined

bases/bases pt,ph, (1<kqn) and to present these remainiers/residues

in accordance with the code accepted.

This problqm solves the algorithm whose diagram is described

below:

Key: (1JA the code

Key:/mdue (1). ph; thceoodnetidsagsae.mlmet i

parallel, moreover by arithmetic convqrsion are subject real
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deductions on the real *oduli/mcdules.

Their practical realization is reduced to one recoding

(ps. B I - and modular addition, in this case it is important to

note that in ac:ordance with the principle of isomorphisa the

corresponding operations can be realizeJ on the equipment, intended

for the modular addition of composite diductions.

Example. Lat us determine remaindecs/residues ts.k.ch. 15+211 on
I

pair-wise conjugated/combined bases/bases pl= 2 +3 i, ,=2-3i, pa=1+4i,

P2=1-4i, p3 =3+4,, 9:=3-4i according to the algorithm outlined above:

1) < 1 +i I - 5S,

< 15+ I 1--2 +U,

< 15 + 211 -- 0-V;

2) is-p-I 5 -12-8.5 2 <> < 1 I+ .--..
I-2+hp=4l I- -2+4.41 + <---> <l-I ,,--3.3.

3 - 0- 4 I -1--,4 -> <- 1 -- 2.,

I-O-,4 I - 1-10-8.41+ <=> <1-2 --

Page 162.

Thus, in the system 15+21i-(O. 1 eeeep6, 3.2; 3.3, 2.1: 1.1, 3.5).

For convenience in the calculations are given the tables (see
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appendix 1) , which realize the translation/conversion of canonical

deductions into the deductions cn moduli/modules Pt, Pt. registered in

accordance with the code accepted for the composite deductions.

§7. Translation algorithm of ts.k.ch. preset by the noapositional

code, into the mixed positional KOD.

Let us assume at first that ts.k.ch. ze(Q.) is rapresented by

the canonical nonpositional code

z -+- (wI, w 2 ,..... w). (7.1)

It is necessary to determine components C&, of the mixed positional

representation of number z:

z= C2 ql -Bq q2--... + ,qq 2 ... qn-i, (7.2)

where

;,6< I.

rhe unknown components can be defined as the remainders/residues of

the following process of consecutive indexing (see the proof of

theorem 3.3.2): z is divided into q:; the obtained partial quotient

is iivided into q2 ; partial quotient w frca the previous division

is divided into q3 and so forth.

This process is described by the following system of equalities:

VI
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CS + . ... . . (7.)

. . . . . . . . . . . . . .

"Z ---n < l [qM"

q

In viev of the Istaruination of range (Q,), for any ts.k.ch. zE(Q.)

the process of zalculations is completel, it least, at the n

step/pitch.

Page 163.

Let us paraphrase the realization of the described algorithm

into the language of the nonpositicnal representation of numbers. For

this purpose in equalities (7.3) let us pass to the deductions on

moduli/modules qr, then we obtain n of the systems of the

corn parisons:

-2t + W
r 

q2 ,

. . ... ... (mod q,) (7.4)

(n-I)W

=- -.r + - P q , 1

WI. . . . . . . . .

Wrrwhere

w* ==< ", I

qm " < q , -.

I'I
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In azcordaace with recurrence formulae (7.4) the process of

determining the nuabers C1, 2, ... by zonsecutive indexing can be

represented in the language of remainders/residues in the form of the

following diagram:

the zero step/pitch:

the first step/pitch:

<01 q, /(W. < w, 2<rI<n.
moreover

the seconi step/pitch:

t ( 2 ) , 3 < r < _ -n ,_(r ~~ 2 l~~

moreover

the third step/pitch:

(n-I) -th step/pitch:

Wr- <) ---< - r m r <n,
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moreover

.. . .- . .. . .•

(n-1) -th step/pitch:

_- (l) -1 , (.-2) .(a-2) ±

a- A

Page 1614.

A block-circuit racording of this algorithm is shown in figure 4.

In terms of its structure this diagram is similar to the diagram

of the calculation of the divided differences in the thecry of

interpolation. In connection with this let us name its &- algorithm.

a &- algorithm realizes the translation/conversion ts.k.ch., preset

by the canonicaL nonpositional code, into the mixed positional code.

In actuality each canonical deduction w& is re-presented by the pair

of deductions 2k, on moduli/modules Pk, pk. With exception of

recoding of the type

f, ,(7.5)

all stages of calculations on a A- algorithm modular, and therefore

they can be realized in accordance with the rules of modular

arithmetic in parallel and indeperdently directly above the

nonpositional r.%presentation of canonical deductions.
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Recoding (7.5) requires the restoration/reduction of the value

of canonical deduction on moB q. in connecticn with this let us pose

the following problqm.

Lit w=x+iy - zanonical (nonstandardlized) deduction ts.k.ch.

z.A+Bte(Q,) on mod q(q=p-p), i.e.,

x-fY- =< A+Bt

It is known that

<=+zv(7.6)

It is necessary to restore/reduce value x+iy.

First method. It is assumed that modulus/module p=c~di satisfies

condition (c, d)=I.

p and - coefficients of iscmorphism r~spectively in

moduli/modules p and F.

Lit us compare to deductions a, 0 the isomorphic deductions r&

and r2 on mod q.
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P!age 165.

-
10.

Fig. 4L4. Block diagram of translaticn algor 4.thm ts. k. ch., preset by

nonpositional, co)de, in'tc mixed Fositioni 1 code. adder,

which realizes operation

W., M 5lock of recoding, which realizes the operation: *jx

-block of recoding, which realizes the operation- Kqh
1 rx~
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Then relationships/ratios (7.6) can be oreseated in the form

X r2 (mod q).

From the latter/last system we obtain:

(p -- p) y , - r2 (mod q).

Therefore, when (p-i. q)1, we have

S=< (r,--r) (P--D- I,

and
x--- r, - p< (r, - r2) (P - )-' -q l

Sacond method. According to theoram 3.3.4 for

W -X - yi. q we have

where (7.7)

! I = ( 0.

Consequently, task is reduced to the determination of values . .

Since ,<' I,+- , the equality (7.7) can be considered as

reprasantation ts.k.ch. w in the mixed positicnal code with

bases/bases p, , 1 2i. In that case for determining the parameter

e is necessary surplus information about value w. Specifically, it

is necessary to know the deduction

- W 1+21
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Actually/raally, it is obvious, that e=m. Since

that

Further, from the tact that

follows

- < p-(p- (T - ) - ) 1+21.

Page 16 7.

Both m3thods it is not. possible to consider sufficiently efficient,

since the first method requires, at least, two recodings even one

uperations of 3,odular addition, and the second - presence of surplas

basis/base on each pair of the complex conjugate bases/bases is made,

at least, for two strokes/cycles cf modular addition.

Third method (tabular version). Since the pair of

remainders/residues (a, 0) on mcduli/modulas p, 6 of canonical

deduction we<. - uniquely determines value w, then value w can

be assigned by table with two input: a, 8.
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Let us consider a question about the reduction of these tables

in light of coding of deductions accepted.

We have

wz= B+,B-' r p 6, (7.8)

where B=mp and m=<p-lj;.

Let

-(kj) nj = 7z"~

= (k2) n2 = Zn l2 ,

where ni, n2 - zantissa, k., k2 - orders of deductions. Then

relationship/ratio (7.8) can be presented in the form

w=SON(niB +i I-h n 2 B- - ri ' P ).

In the force of the property of the symmetry of deductions ts.k.ch.,

the prisoner into the parentheses, belongs p.s.v. <. (P.

Hance it f~llows that the tables in question similar to the

tables of modular addition can be abbreviated/reduced four times,

moreover work with these tables in form will be adequate to work vith

the tables of m3dular addition.

In appendix 2 are given the full/total/complete tables of

recodings uf the type

<-<w (k < m) -6
2 -m 6
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On the upper and lower sides of the intirsection a of lines with

the column of tables are contained the leductions of a number -<Wlq

on moduli /modules .. and -p, rsspectivsly. The technical

realizition of similar tables is reducel2 to that so that each table

of recodings of thi.s type would be furnished with two decoders on

moduli/modules p~and *
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Let us now give the more detailed interpretation of the block

liagram of a- algorithm in connection with the nonpositional

numeration system with the pair-wise conljugated/combined bases/bases.

For this it suffices to decipher the assembly of the form,

depicted in fi;ura 45. But since the ges'eral/comMon/total structure

of the describse earlier diagram Is retained, the mentioned assembly

takes the form, shown in figure 46.

Let us note that during the tabular realization of modular

arithmetic it is expedient the receding, connected with the modular

multiplication of the result of additiom for constant q-' (q to

provide in the table of modular addition, i.e., at the output/yiell

of module adder to put out the deduction, multiplied to the constaat.
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Fig. 45 .

Fia. 46. - odular adder onodpa. F-- modular adder on mod,

- l of type <v jC- recoding of type <

1J - eceding cf type <s(ui&)I,-P.

Page 169.

In conclusion let us present illustrative examples. Lat as

select as the basis of system pair-wise conjugated/combined ts.k.ch.
(2 +- 31) (2 - 30 =- 13, (1 +- 4i) (U--4) - 17, (3 + 4V) (8 -40) - 25.

(2 + 6) (2- 50 - 29.

Example 1. Let us find components ua of the mixed positional

represantation of ts.k.ch. A, preset by the noapositional code, in
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the =anonical laductions

A-#- (1-1, 1+81,2-1, -'+6).

Ve vw.ll use &-algorithm
1-1 1+S1 2-N -7+&

- 8 1-21 -8-41 -<x+y- (x-2,3,4)

2- 1 2-4i -14+ -<q 1 7rz ! (r=2,3,4)

1 2-Si -14+31 -<X+g q- (X-3,4)

12 6+7i 6+7i - <q .x (r=3,4)
0

Fence we find tas unknovn representatiom

A - (I- f) + 21.13 + (6 + 7 1, o17.+.13-1725.

Example 2. Ts.k.ch. A is preset in tha pair-vise

con jugated/coabiaed deductions

A (6, 9, 16. ; 23, 8; 8. 7)-.

To finJ its componsnts fl, of the mixed positional representation. ve

will use the block diagras of A-algorithm:

6,9 16,3 23.6 8.7 Mmp:XMn (6,9)-<-W I
4 8,12 17,6 16,11 I±4. 2±-,-1

Eij 2,15 15,12 24,18 ( o r9,VAS,, cyXma. Aoxoex,-,-A = NO,-
8,9 5.24 13,17 emw,- <q-1 I iT. 2s. a -(4.2,9)
1 14,11 24.5 (De=zoaxpom(8,)-<-WI +

2 ,±' 2±5

62" 19,10 8,22 Q@307A2 CYMA. OOMN@oeAM a xoz-
7,5 9,s carmm <r-l I 2su -(3,1)
4 20,26 mnpeuaxuowma (7,5)-<--W I +

F4%4

Key: (1). recoliag. (2). modular sum, multiplied to constants. (3).

modular sum.

§ 8. Operations of reduction and expanding the range.
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Let be preset two groups of the pair-wise =onjugatad/combiaed

mutually simple bases/bases. Each of these groups forms ranges

(Q.), (De), and in the set they form range (Q.D).

Page 170.

With the work with the numbers, represented by the nonpositional

code, frequently appear the following two tasks:

1) number ze(Q,) is represented by cemainders/residues on the

bases/bases, which are determining range Q,. It is necessary to

determine the remainders/residues of number z on the bases/bases of

range D.;

2) number ze(Q.D.) is represented by remainders/rasidues on the

bases/bases of range (QD.). it is necessary tc fin . the

remainiers/resilues of number w of such, in order to

z- r + wD.,

where

re(D.).

From the property of the invariance of range (QDm) it follows

that we(Q,). The process of the solution of the first problem it is

accepted to call the operation of expanding the range, and the second

- by operation of range reduction (Q.D.) to range (D).
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Since for the realization of any of these operations is required

to analyze the :,oftent bit one or the other set of bases/bases, they

must be related to the bit of nonmodule operations.

In a sense these tasks are mutually-r-verse, i.e., the algorithm

of solution of ne of them can be used for solving another.

A:tually/railly, let be kncwn the ilgarithm of the operation of

expansion, then for the realizaticn of range reduction it is possible

to act as follows.

rt is obvious, the number, represented as remainders/residues on

the bases/bases of range (D.), is equal to r. Widening the

nonpositional representation of this number to range (Q.) and

subtracting it fros the nonpositional reprasentation of number z in

the range (QgD.), we will obtain number wD.,whcs9 nonpositional

representation in the range (Q.Dm) in the bits according to the

bases/bases of range .(D.) will contain zero. Multiplying this number

on <D' I ., represented in the rewainders/residugs on the bases/bases

of range (Q.), we will obtain the unknown deductions of number w.

Conversely, let be known the algorithm of range reduction and is

ts.k.ch. we(Q.), the given one by remaiiders/residues on the
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bases/bases of range (Q,), It is necessary to determine

remainlers/resilues ts.k.ch. on the basas/bases of range (D,).

we form number w'S(Q,) such, in order to

< w' D. I Q.-w.

Page 171.

In the nonpositLonal numeration system of range (Q,) this problem is

solved by multiplication of ts. k. ch. w by constant <D-'lQ

w'=<wD, I Q.

In the range (QmDm) let us consider number w'D,. Its nonpositional

recording is such: in the bits alcng the bases/bases of range (Q.) are

placed the remainders/residues cf number w, and in the bits on the

bases/bases of range Dn - zero.

Using an algorithm of reduction, number w'D, can be presentel

in the form

w' D. - w + rQ,

where ts.k.ch. r is preset by remainders/residues on the bases/bases

of range (D.).

From the Littar/last equality it fo1llws that

eribyte probl o xpansion s{"(8.1)

Thersby the problea of expansion Is solved•. As it will be shown
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below, the described operations play ex;eptiomlly important role in

the implementation of such most important operations as the

determination of the overflow of the sum of deductions, the operation

of roundinq.

Therefore the develcpapnt of the efficient algorithms, which

realize, let us say, the operation cf eapansion, composes the central

task of the nonpositional numeration systems.

Are described below cne of the algorithms (far the not most

efficient), substantially using A- algorithm.

ALgorithm of the operation of range reduction. Let be preset

ts.k.ch. ze(Q3 D.). Et is necessary to determine remaindars/residass of

ts.k.ch. we(Q,) such, in order to

z - r+ wD.,

where

r e (D,). (8.2)

Applying A-algorithm taking into account the location of bases/bases

Alf, S2, 0..- do range (W), we will obtain first m of the digits of

the polyadic representaticn of nuwber z, i.e.

'.1+:,,2 ..+ + ' .. d .d-,.

In view of the ,inigueness of representation of ts.k.ch. z in the form

(8.2), we consist that

--(, -+-4 : d +... -,,, d, d .. , ) (8.3)W='= D,(8)
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rhus, the unknown leductions of number w can be obtained at the a

step/pitch of 4-algorithm, used tc the nonpositional code ts.k.ch. z,

preset by the remainders/residues

d, A dn, q1 q2 q-
. 1, ; 7 2, 62; .. T. , 0 21, PI; ab ,P2;;. . . : ; ,,, .

(Dm) (QM)

The block diagram of this algorithm is given in figure 47.

Algorithm of the operation of expanding the range. As it follows

from that presented, the operation of erpansion (Fig. 48) can be

realized on the basis of the algorithm of reduction. In the language

of 4-algorithm the diagram of expansion (Q.) to range (D,) simply

coincides with the diagram of range reduction (Q.D.) to range (Q.). In

this case at th3 initial moment of calculation in the bits along the

bases/bases of range (D,) are placed zero, ind the final result,

obtained as a rasult of transformations on the diagram of reduztion

to range (Q.) is recoded in accordance with formula (8.1).

Observatioa. It should be noted that the property of the

invariance of the polyadic codes relative to the ranges in question



DOC =8102L4010 PAGE

!kllows for the operation of reduction and expanding the range to

implement in the following more general/more common/mor-m total

setting:

a) to shorten range (Q1) ,to range (Qrl.

b) to widea range (Q.) to range (Qz), where J - some subset of sat

r. I multitude of indices of bases/bases, which are determining range

(QI).

Let us give illustrative examples.

Example 1. For the illustration of the operation of range

reduction we will use example 2 of § 7.

Is reducible range on the basis qi=(2+3i) (2-3i). q 2 =(1.L4j)x(

1-L41) . Then the humidly conjugated/combined code from

full/total/complete range q.-q, q2 q3 q.

(6, 9; 16, 3; 23, 6; 9. 7)

is converted:

a) (8,9; 6,2A4; 13,171
C q q2 qs G4(7,6 9.3)

Example 2. is widened the range of the representation of number

A:

q. q2  q3  q6
A -4-(6.9 16,8 23,8 ? 7)
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', -, - d. , ., '

, I

... ' ' I

I

-' d. ___ ,AI

Fig. 47. Block liagram of algorithm of range reduction (Q.D-) to

range (D.).
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'00'

I y -

(00~

Fig. 48. Block liagram of algoritba of 3xpansion of range (Q.) t*

range (D.).

Page 175.

In accordance with the block diagram (Fig. 47) we have
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q1 92 R8  V46,9 16.3 2 .6 0.0
3,12 17.6 l6.11 ,uso=,,o.,. (6.)-<-W' I R. r.. q.
2,15 15, 16,1 I ioya,, cy,,,a ,,,a z YXaOUX Z,, orn-
8,9 5,24 28,12 Uenzpm <9-1 I i'.Mis=(4,19)

14,11 24.5 VoUnpoRM (8,9)--<-W I , 4
19,10 23,1T "Xonyaibax cyIua UOe* YIOnena za Kox-
7,6 15,1 cuwaw<-q 1 .29-(3,12)

20,26 , ,, -,poa (T)-<-W I
6,21 'EOAy3161aX CYNMa DCCo yWRoMMIS X&a NoR-

13.15 ,aNThi <q-1 1 =7
NCom,,e MMeTM 8,7 resoce nepetoaapoxax u oooycSyMx (8,1) H

Key: (1). recoding. (2). modular sun after multiplication by

constants. (3). Unknown deductions. (4). after recoding in conformity

(8.1) and inversion.

§ 9. Basic ar.thmet.c operations over ts.k.ch. in the aonpositlonal

numeration systam.

Entire prseading material serves as basis for the construction

of numeration system in the r:sidual classes of complex numbers.

Lit ts.k.ch. Q, ,qq.. .. (q.=p,.h,) determine the range

(Q.)- I ..,

which ve vil Call basic (or worker).

If ts.k.ch. ze(Q), then it is unambiguously represented by the

system of the remainders/residues

('., P,; Ct, 1;. C., P.)
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?he operations 2f addition and multiplication above ts.k.ch.

zj,zge(Q.) are implemented modularly, 1. ., if

z• ,-,- (4), pC); 4,1), 1; *; .,, ,

9 O2~ 2'''a
22-4--(Q ~ ~ ~ eef PJL2. 2(21 2 .

then

and

whers

in this case as a cesult is obtained correct ts.k.ch., if result of

operation will be found in the range (Qa), if

zi+zX(Q.aS . zl.z 2e(QJ.

Page 176.

Otherwise the rusponse/answer vill diffsr from true in terms of

multiple (Q,).

Exampe. .Q,-13 -17 21 26 2.

(anl7ye &1-1+2114Nl.k 14,16 18.12: 24,6)
m *,-8 4-(I2(LS,7 10,1k 11.20. 18,1T),

zi+x34{Ol5: T,12: 4,7, 18.23)
9w g.gr~Z,8:4.4.28.11k 26.15).
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Key: (1).A(2). and. (3). then.

It should be noted that for the modular arithmtic the

characteristically in general folloving propert.y:

if certain complicated operation 13 represented by the sequence

of modular operations and in this case the result of complicated

operation belongs to range (Q-), then independent of possible

outputs/yields for the range in the intermediate stages the result of

complicated operation viii be true.

When result of operation falls outside range, appears the need

for restoring/raducing true result.

Usually this concerns the operation of addition. Relative to the

operation of multiplication it is assumed that either the multipliers

are scaled in such a way that does not appear the overflows for the

basic range or there is surplus range over the basis, which makes it

possible to maintain the correct result of product.

la the first case it is necessary to worry about the scaling of

the cofactors before each multipllcation, the secondly - operation of

multiplication to accompany by the procedure of rounding. Both these

of process by nature their are equivalent. As a rule, the first case
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answers work TsVf Digital computer ] in the so-called

node/conditions of fixed point, the secondly - in the mode/conditions

of floating point. However, in the first case all possible overflows

with the multiplication previously are considered and are eliminated

by programmer by the corresponding scale factors, introduced into the

program. In the second case this role automatically performs TsVR. In

connection with which is required further time and equipment. Hence

it becomes clear, that the best result on the high speed, obtained

due to the deparallelization of arithmetic operations by the methods

of the nonpositional numeration systems, should be expected in

essence with the work in the node/conditions of fixed point.

Page 177.

Let us considar questions of overflow with the addition. Are

possible two forms of nonpositicnal representation of ts.koch.

depending on whether are chosen as p.sov. the smallest or least

positive residues. Let us consider at first the case of the smallest

deductions. Bangs is determined by set ts.k.ch. xiy, real and

alleged parts of which satisfy the condition

O<X< Q1,
O~v<Q..

more in order to contain the symmetry of the integral network of

composite plane, it is necessary to introduce concept the composite
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sign of a number, which is ropresented by one of the

dividees/demosinators of unity. Then complex integers are registered

in the form

zr W, Wherf. W e 3)

which we will call the sign form of the representation of complex

numbers. In this case is complicated the operation of addition, since

appears the need for considering sign situations.

Let us pause in greater detail on this question.

Let be preset two ts.k.ch.

moreover atma, then

where

Let wv,z1 2 4iB 2 (Az, 82)) then be cbvious,

< f (A + BJ Q-B2+A 2 . 9 ,

Key: f) f

Page 178.
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In the remainders/residues these numbers respectively take the

fores

< r(A+ £ +. -< ga,. I,.
< r'A t -< g-,o .

i.e., *ultiplicition of ts.k.ch. w on the legree of the imaginary

unit in the nonpositicnal representation they answer three types of

recolings. With ths use of an isomorphism of composite deductions to

real deductions these recodings take the form: if c=xziy, then

o , + <-> I Po(-+Piv k V <-> < a'I ,+

where Pi - coeffi:ient of isomorphism, which corresponds to

modulus/module P& Let now v=aAjiBt(At, BI)), then, being retarned

to sun (9.1), wv note that are possible the following situations:I-B2+A1," IZ~
wj+I'w2 =A 1 +tBi+ -A,-B 21, eAx--2

Key: (1) e if.

The result of this operation will be registered in the sign form and

*ill be indicated the value of cverflow for range (2Q,,-, if overflow

occurred.

Case w-1. to sonpositional exponent arithmetic - Be is

represented by number N'-Q.-,, therefore we will have

(A, + II) + (j'-I A - ((. + ') + 2 () + ) -

-C + DI + ,,(9.2)
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where C, D)O.

The value of overflcu q can take the values:

0K
=

It should be noted that value n1 is not erect image of the actual

overflow of the real compler quantities, represented by the

monpositional code in the sign form.

Value %, besides information about the possible actual F
overflow, contatas also informaticn about the available sign

combinations. In connection with this should be analyze all possible

combina tions.

Page 179.

\' Lot q=O. This means that actually occurred situation kA<B2 and

OB 19'+A2<Q.. true Sum (with Owl) takes the form

1+wa=--C'+D(, wh . C'-Q,-C.

Let us registec the obtained sum in the sign form -
C,.Diali -i) (CDiin(D~.i,.
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R3sult can be reduced to the following table.

UOepMsAXe- penn mo- 13R H"en-
KM y A3abn Not cy nhiu

eymmka

?-I, '-0 HeT ua(-j-i is(+i3)

Key: (1). Overfilling. (2). Beccding of modular sum. (3). sign of

true sum. (4) . No. (5). To multiply on (+13).

Siailarly :an be traced all remaining situations. It remains to

consider the algorithm of the determination of overflow for the

numbers, represented by the nonpositional code. From the

relationship/ratio of type (9.2) for the arbitrary w follovs that for

the catching of overflow through range (Q.) is necessary the

redundancy, detarmined by modulus/module 2.

Thus, in tie ,onpositional represe.ttation of number z,6(Q.) must

be present surplus composite deduction of this number on mod 2. Let

us designate it through e, ;.e. <z

Lat
< W, -

then, passing from equality (9.2) to the comparison on mod of 2, v
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obtain

<a*-+ gI$mKKC+D, I++< 1Q. I 2 12

uence it follows that

in the latter/list formula figures the Aeduction of the nodular sum

C+Di on mod 2. it :an be obtained only by the expansion of the

monpositional representation of sum C+Dge(D.)to surplus basis/bass

2.
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Page 180.

Table of overflows.

flepnoneux Hano;:: ltepeicojxPor xS a- 3

T, I~~Noixe- AJ1KOAIeeo*en C;Mm&L TZE.
Rua

w0

I n jfOeCTrNUTeaimot 1 lOcTaeTCx meamemmCHotj+

('1) 7 1 o
I jfo YEEEmod mac-rm i Ocmre'rca xe113MeMHOAI -- 1

I i Jno xe~caxeilbao x 1+--i Oc~x eff3MeuoAj -I- I

1 IOMVC 0eWafa +1

i nio galmo iar I __ _ Ruori.% ftis

_____ I-no ~ E Razma~oik .111mu01 +1

0=2

I _________ 10 1ymmua =i it-L..

t0=3

1 0 1 1 YME0UET1E8,i is

m Q)

+ 1 i * m iT m~ 0 O C Iom x SUe s olu 1 +
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Ksy- (1). OverfLow. (2). Value of overflow. (3). Recoding of modular

sum. (4). Sign of truths. of sum. (4a). No. (5). It remains

constant/invariible. (6) . On real part. (7). On imaginary part. (8).

On real and allaged parts. (9). To multiply on.

Page 181.

Thus, any :hezking to the overflow of addition requires the

execution of the nonmodule operaticn of expansion, and the algorithm

of the determination of overflow is forwed/shaped in accordance with

equality (9.3).

With the work in the mode/conditions of floating point usually

it is necessary to know the value of actual overflow, and result to

present in the f3r, accepted. In connection with this let us consiler

the case when appears actual overflow.

Case w=0 and ,-1. On the basis cf the relationship/ratio ;f type

(9.2), we see that the overflow occurs in the real part of the sum,

in this case value q is the actual value of overflow for the sum of

form (9.2).

Case w=1 and , -. In accordance with the previously case w=1 and
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-q-oexamined we will. have

w, + iw - i (D + C't) +Q,

i.e.. value TI=i is here again the value of actual overflow.

A similar analysis of all possible situations leads to the table

of overflows (see page 180; one shculd igain recall that the table

concerns onl the sums of form w1+w 2, wherew1 ,w2e(D)).Tbte major

advantage of work with the least non-negative residue consists only

of a smaller quantity of samples of ovecflow with the addition, which

undoubtedly creates some conveniences for the engineering realization

of the corresponding devices/equipment on two-discrete

e le me nt s/ce Is.

In order t3 avoid the aualysis of sign situations with the

addition and at the same time tc preserve the advantages of the

smallest non-nasative deductions, it is possible, similar this is

done in the class ts.k.ch., to introduce the concept of "artificial

sign". However, with this appears the need for the introduction of

further procedures to the processes of rounding in order to preserve

the artificial sign of the unkncwn result. These questions here will

not be detailed.
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Fig. 49. Vange (Q.)1

Page 182.

ConsiderabLe advantage in the implementation of many most

important operations of composite arithmetic, such, as multiplication

by the divider/lenominator of unity, the operation of composite

coupling, the absence of the need for analyzing sign with ts.k.ch.

with addition, etc., give transitien to the examination of

reainders/resitues in the class of a.n.v. However, a quantity of

samples of overfilling vith the addition here increases doubly

against the case of p.s.v. It is necessary to note that for the

tabular realization of modular operations this fact does not have

vital importance.

Thus, let us pass to the examination of the case of the least

positive residues and subsequently all arithmetic operations we will
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samine in the -lass of the least pcsitive residues (Fig. 49).

In the class of a.n.v. "coNposite sign" ts.k.ch. is inscribed in

the nonpositional recording of a number and in the quite

nonpositional arithmetic interest us will not be.

zS<-I [,

and

z a n (P ; , ; . ; , ) ,

where

aj'S<. I .Ate<- 1 (1< k < ).

It is obvious that for determining the composite sign of a

number, preset by the nonpositicnal code, it is necessary to

translate it into the positional code, for example, polyadic.

Actuall y/really,

36 (Qa)

and

z,.+ ft-- sf+..+¢fl..f..s,("4a (9,4)

where

moceover

C. #.0.

Lot it be further

a'+ B'
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and

X1, + Igva, 1h m,

then

A' xh q q,... qj-1
h-L
-, Ilk -5h,

CHence it follcws that if X., Yn,*O, then the signs of numbers

A' and BI ace determined by the signs of numbers x. and g

respectively.

Consequently, the composite sign of number z is determined by

the composite sLgn of the more significant digit of the polyadic

disintegration of number z.

Let us co3sider the case wheox..y.A-O, zi-oand y.=O. Then

for determining the sign of number B' we must knov the sign of the

senior, different from zero, the digit of the disintegration of real

number B' into the polyadic ccde. Hence it follows that the

information about the sign ts.k.ch. z cin be obtained from the

expansion of ts.k.ch. z into the Folyadic code, since the combination

of the signs of numbers V', 8' uniquely determines sign of ts.k.ch.



DOC = 81024010 PAG!

At 0,B' i.

some operations, characteristic for the arithmetics of ts.k.ch.,

which do not derive/conclude number z for range (4.). A number of such

operations includes the multiplication of number z by the

divider/denominator of unity.

If

S (21, PI; 2, ;. . . Q )

then

"03-(OCz, eik; 102,.e ;.;t .e.€Q)

Taking into account that a.n.v. they represent by the code

- 3&&-14.

deductions £'a, I"JI take the for*

'Oak I 3,+ I, 1, io,- I h+-IO,

i.a., multiplication of ts.k.ch. 2 on to is reduced to the

appropriate change in the orders cf deductions, their mantissa in

this case they remain constant/invariable.

Jump operation to the conjugated/combined number. On the

remainders/resilues of ts.k.ch. z it is necessary to construct

remainders/residues of ts.k.cb. . Let us consider canonical

deduction ts.k.ch. z:

m.-,nk j% + Ph, Wh ph- rh q..



---.. .. . - -.. T . ..

DOC a 81024010 PAGE 2Aa

Hence
PI +f, kP' -7k l

i.e., the pair of remainders/residues a, PN which is determining

canonical deduction, with the juu operation to the

con jugated/coebined number is converted into pair i ). In other

words,

Page 184.

This transformation requires the eperation of recoding. The function

of recoding can be detersined, on the basis of the principle of

isomorphism. Lot us consider, for example, tho function of recoding

of basis/base pa. Pros

x 1 1 +1y 1 <=> I Zh+ " Pay1 ~

where pv - coeffi-ient of isomorphism, which corresponds to

basis/base Pa it follows that

where p, - coefficient of isomerphisa, which corresponds to

basis/base p,

Algorithm 2f the determination of 3vecflow with the addition in

the class of a.av. Since ovetflow with the addition in the class of

a.a.v, is characterized p.s.a.n.v. on mod 3, than for 1atermining the

overflow through range (Q,) it suffices to have surplus basis/base,
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equal to 3.

Let z,, z~e<.J , thenr

z 1 +- w + ,.Q,, (9.5)
where we<. I Te<.

Pagsin; in equality (9.5) to the comparison on 3od of 3, we vil

obtain
<<£ - 3-~I+<z2 II- ;+.q<Q ITI

Hence the value of overflow is determined from the formula

_-<Q,' I -(a,-< 0 8)1s

Deduction <wI is obtained by the expansion of the representation

of modular sun to basis/base mod 3.

The block liagram of this algorithm is shown in figure 50.

Example. Basic range of system Q,= 13.17.2L

Constants: <Q;t 3 ---- -18.1.5(m8)--2.

< 1  I Ib -(4, 2, 1),

< 25- Is - (1).
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Page 185.

Fig. 50. Block liagra. of algorithm of determination of valuie of

overf low.

-operation of expansion,

-the operation of the recoding of deduction <.1j' by the

deduction of opposite sign,

E~-the operation of the multiplication of deduction to constant

<Q.Ij~at the output/yield of this block is obtained the value of

overflow.
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Page 186.

ro determine to re-divide overflow vith the addition of the numbers

1s 17 25 3
zr-s- (7,10: 0,8; 15.9; -- +i)
sm-"- (6.3 ; 5,11: 24,5; 1+0

According to block diagram (Fig. 48), vs have:

a,+-7.10 0 K; 1,.* -1+1

Wo1-0,05 .": 14,14; - 1 ~"0,0; 1.' 14.14; 0

3,8 3.3; 0
4,2

21,15; -
1+-i

-1
1.(-2)=1 - <W IT"
-1 ~--<w I ;"

final overflow is such:

W- [ , + ( - < I - )I < Q ; " -1 - + i-n ( - ) Z .

In conclusion let us present one translation algorithm of

monpositional representation of ccuplex numbers into the positional.

Let za.- e,-

It is necessary to determine the digits of the positional

representation of the nushr

s- :+ %q +:., ' +.. := '.(9.6)
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where

e,6<. .

For this purpose it is necessary to assume that in the bases/bases of

range (Q-) is included basis/base q. In this case, obviously, the

leduction of ts.k.ch. z on basis/base q detRrmines the low-order

digit C. of representation (9.6). For determining the folloving digit

Ct we convert (9.6) to the form

+-__j 2 e, + , . + C. q
i.e.

Page 187.

In the language of the nonpositional representation of numbers this

operation appears as follcws:

1) from number z, preset by the nonpositional code, is

subtracted ts.k.ch. C0, represented by the nonpositional code on all

bases/bases of range (Q.);

2) the obtained number is divided into q, this operation is

implamntel by the modular multiplication of the result of the

previous operation on ts.k.ch.:

A a e l e i o , q-b the nu.ber

As a result we will obtain the number
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< q- 1 (z - )

represanted by its remainders/residues in the range Q,/q;

31 let us axpand this representation to base q. The obtainad

deduction on basis/base q will determine digit ~

Continuing this process consecutivsly/serially, we will obtaia

all ligits of representation (9.6).

The block liagram of the described operation is shown in figure

Example. Transfer number A-(4, 11; 5, 3; 1, 23; 3, 1) from the

nonpositional system with the pair-wise conjugated/combined

bases/bases 13=(2+3i)*(;Z-3), 17=(1.4i.le(1-(&i), 29=(25i)*(2-5i),

10-(1+31)e(1-3i) into the ordinary decimal system. The composite

ligit of unity 3f decimal representation of a number, obviously,

corresponds to deductions on the bases/bases 10=(1+3i) (1-31), i.e.

<53.11 +-7 + -2L.

Composite 41it with first degree of 10 is determined according to

block diagram (Fig. 4~9):
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is 17 29 10
4.1 5.3 1.13 %.

+3.9 .1 if.IT (flUx.ISP0 <--31)1 13i. 1_-L 2:S

7.7 7. 281 CyM
2.2 16.14 26.4 ,o ayeardUI a peyab.fe oacpsemeAM

m~mmua ~ ocuomUmf 10

15.15 2't.f? 8.8 GwPOMAMPm0I' <- 1. 2 -Si. i Si

m14.-2 24 .2_ . awy

5.14 13.18 6.6 VOpesoXRPO3XR <(a-' -1

+16.11 6.2 OsPeaOGUPOSM <--(5,14) I S-. I

0.4 2.8 OtyxMu
4.4 (epeuoA3Pm <(a-) q-I %

13-17=1 (mod 10)
i.(6.4),-6.4 (od 10)
10-4=4
10 -4 = 6

mu.Au wo < 4  M1 =sa

Key: (1). recollna. (2). sum. (3). code, obtained as a result of

ranga reduction to basis/base 10. (4). Thus, unknown quantity.
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Page 188.

£F

Fig. 51. Block igram of algorithm of determuination of digit of

positional representatii,.

Paqe 189.

Let us det~rinine composite digit with second degree of 10. The

initial code it wiii be: 2.2 16.114 28.4i 4.6
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13 17 29 10
2.2 16,14 26,4 4,6 it

+10,6 0.7 17,2 nepexoAXpoSaK <-(4,6) IS. T. U
12,8 16,4 14,6 (2)
9.6 5,14 13.18 KOA noe.e coXPaMceMXu A ocuomaune 10

+12.8 16,11 6,2 &epeMoAupoNXa <-(9.6) I LT. 29. 10
0,0 0,0 6,2

2,4 (Repexoxposu <(z-')q- 1 I Q,11
13=3 (od 10)3.( 2 ,4)=6,2 (mod 10)
10--G= 4
10-2-8

Key: (1) recoling. (2) . code after reduction to basis/base 10.

Therefire the unknovn digit is equal to (4 8 0 :1j.

Thus, unknown quantity is equal

(1 + i).102 + (5 30.10' m (7. 2).10 = 157 + 132i.

Act ual y/really.

13 17 29 101
157 + 1321 -4-(1 + 2j, 4- 41, 12 - 13i, 7 + 21.) -(4.11; 5,3; 1.23; 3.1).

§ 10. Arithmeti: of fractional complex numbers.

The set of the fractions of the form

Q, (10.1)

where ts.k.ch. 6<' is formed the range of the fractions,

subordinated to the limitation

--mera o zIma k- .a

Numerator z of each such fraction as ts.k.:-h., belonging to rang.
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(Q.). let us unambiguously represent in absolutely smallest

cemainders/residues on the bases/bases of range Q,.

Page 190.

Since

x4-.

then all described above algorithms apply to operations with the

fractions of form (10.1).

Operation of multiplication. We have
Z 2 Z1*Z 2a a -L2- = " - (10.2)

Let z1.z2 =.+wQ., (10.3)

where 8 (Q.). (10.4)

From (10.31 and (10.4) on the strength of the fact that Q, -

real number, follows that we(Q,).

Hance (10.2) it is possible to rewrita in the form

or
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a,.a2 - jt 12"-"

Latter/last evaluation indicates magnitude of error which appears

Z 'Z2
during the replacement of fraction Q to the fraction of form (10. 1)

Thus, the operation of the multiplication of fractions must

contain the procedure of rounding which is ezFressed disregarding by

value C oE relationship/ratio (10.3). Lt us parephrase now these

calculations for the language of residual classes.

In orler to hold dcvn/retain the value of the product of two

arbitrary ts.k.ch. range (Q.), are necessary certain surplus range(D),

such that
(Q.) e (Do).

Let us assume that such a surplus range (D), formed by bases/bases

D.=djd 2 ... d., is, multipliers z, and zz are represented by

remainders/residues in the range (QnD.). Then their modular product

will determine the true value of product z&*z 2 , since zjz 2e(D.). From

(10.3) it follows that

- < zI - Z2

i.e., C is reprisented by the remainders/residues of product zt*za on

the bases/bases of range Q,. Uidening the representation of a number



to the basis/base(D.)Prnd iubtrqcti ' r-n t!vt nnn-n

,-er !eentpt!.,n of number zteza, we will obtain number w.Q,

represunted by crmainders/residues on the bases/bases of range

(QuDa), where in the bits on the bases/bases of range (Q,) are

arranged/located ziro.
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' '.. ... .' "- -I [A.. ..L1
Page 191.

2 2

Fig. 52. Block Jilgra. of multiplication of fractions.

Page 192.

Reducing this number on Q., we will obtain number w, represented by

remainders/resi4ues on the bases/bases of range D,. viiening the

noaposittonal representation of number w to range Q., we viii 3btain

the expression of the unknown value w in the remainders/residues on

the bases/bases of range (Q.D.). By this, strictly, and is completed
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the algorithm of the multiplication of the fractions, &:companiad by

the procedure of rounding. The block diagram of this algorithm is

given in figure 52. It is assumed that the numerators of fractions of

form (10.1) are represented on the bases/bases of range (Q.D.).

Observati3a. As is known, in the positional arithmetic basic

production time of multiplication is absorbed by the very procedure

of multiplication. The process of rcunding is here implemented

automatically. For the nonpositional arithmetic in the residual

classes the picture is opposite.

The procedure of multiplication is implemented in the minimum

time (for one modular stroke/cycle of multiplication), whereas basic

time by the fulfillment of the entire operation of multiplication as

a whole occupies the procedure, connected with the need for the

rounding of result. Since the fundamental principle of

deparallelization requires reducticn to the minimum of a number of

nonmodule operations, then maximum prize in the time in the

nonpositional arithmetic of residual classes can be achieved/rmached.

for example, during the calculaticns, which consist of a large number

of sums of the products
N

a, bi,

since the process of calculations here -an be organized so as to

modularly store molular products, and in the completion of this

operation to only pass to the procedure of rounding.



ACHMENT 1

LES FOR CONVERSION OF CANONICAL RESIDUES INTO RESIDUES BY MODULE



mod 2+3i

A R 6 5 4 8 2 1 0 -1 -2 -3 -4 -5 -

a 0.2 1.8 2.1 2.3 0.8 0.1 3.3 2.2 1.2 1.1 0.0 3.1 3.2
5 0.1 3.8 2.2 1.2 1.1 0.0 3.1 3.2 0.2 1.3 2.1 2.3 0.3
4 0.0 8.1 8.2 0.2 1.8 2.1 2.3 0.3 0.1 3.3 2.2 1.2 1.1
a 2.1 2.8 0.8 0.1 8.3 2.2 1.2 1.1 0.0 3.1 3.2 0.2 1.a
2 2.2 1.2 1.1 0.0 8.1 8.2 0.2 1.3 2.1 2.3 0.3 0.1 3.3
1 3.2 0.2 1.8 2.1 2.8 0.8 0.1 8.3 2.2 1.2 1.1 0.0 3.1
0 0.8 0.1 8.8 2.2 1.2 1.1 0.0 3.1 3.2P 0.2 1.3 2.1 2.3

-1 1.1 0.0 8.1 3.2 0.2 1.8 2.1 2.3 0.3 0.1 3.3 2.2 1.2
-2 1.3 2.1 2.8 0.8 0.1 8.8 2.2 1.2 1.1 0.0 3.1 3.2 0.2
-..8 .8 2.2 1.2 1.1 0.0 3.1 3.2 0.2 1.3 2.1 2.8 0.3 0.1
-4 8.1 3.2 0.2 1.8 2.1 2.8 0.3 0.1 3.3 2.2 1.2 1.1 0.0
-5 2.8 0.8 0.1 8.8 2.2 1.2 1.1 0.0 3.1 3.2 0.2 1.3 2.1
-6 1.2 1.1 0.0 8.1 8.2 0.2 1.3 2.1 2.3 0.3 0.1 3.3 2.2

mod 2-&

A B 6 5 4 a 2 1 0 -1 -2 -3 -4 -5 -- 6

6 1.2 1.1 0.0 8.1 8.2 2.2 0.3 0.1 3.3 1.3 2.1 2.8 0.2
5 8.3 1.3 2.1 2.3 0.2 1.2 1.1 0.0 3.1 3.2 2.2 0.3 0.1
4 8.1 8.2 2.2 0.3 0.1 3.3 1.8 2.1 2.3 0.2 1.2 1.1 0.0
3 2.8 0.2 1.2 1.1 0.0 8.1 3.2 2.2 0.3 0.1 3.3 1.3 2.1
2 0.3 0.1 8.8 1.8 2.1 2.8 0.2 1.2 1.1 0.0 3.1 3.2 2.2
1 1.1 0.0 8.1 8.2 2.2 0.3 0.1 3.3 1.3 2.1 2.8 0.2 1.2
0 1.3 2.1 2.8 0.2 1.2 1.1 0.0 3.1 3.2 2.2 0.8 0.1 3.3

-1 8.2 2.2 0.8 0.1 3.8 1.8 2.1 2.3 0.2 1.2 1.1 0.0 3.1
-2 0.2 1.2 1.1 0.0 8.1 3.2 2.2 0.3 0.1 3.3 1.3 2.1 2.8
-8 0.1 8.8 1.8 2.1 2.8 0.2 1.2 1.1 0.0 3.1 3.2 2.2 0.3
-4 0.0 3.1 8.2 2.2 0.8 0.1 3.3 1.3 2.1 2.3 0.2 1.2 1.1
-5 2.1 2.3 0.2 1.2 1.1 0.0 3.1. 3.2 2.2 0.3 0.1 3.3 1.3
-6 2.2 0.3 0.1 3.3 1.3 2.1 2,3 0.2 1.2 1.1 0.0 3.1 .1.2

mod 1 +41

8 6 5 4 8 2 1 0 -1 -2 -3 -4 -5-4 -7 -8
A

a 0.4 0.2 2.2 2.4 1.4 1.8 2.1 2.8 1.2 1.1 0.0 3.1 3.2 0.3 0.1 3.3 3.4
7 0.3 0.1 3.8 8.4 0.4 0.2 2.2 2.4 1.4 1.3 2.1 2.3 1.2 1.1 0.0 3.1 3.2
6 1.1 0.0 3.1 3.7 0.8 0.1 8.8 8.4 0.4 0.2 2.2 2.4 1.4 1.3 2.1 2.3 1.2
5 1.8 2.1 2.8 1.2 1.1 0.0 3.1 3.2 0.3 0.1 3.3 3.4 0.4 0.2 2.2 2.4 1.4
4 0.2 2.2 2.4 1.4 1.8 2.1 2.8 1.2 1.1 0.0 3.1 3.2 2.2 0.1 3.3 3.4 0.4
8 0.1 8.3 3.4 0.4 0.2 2.2 2.4 1.4 1.3 2.1 2.3 1.2 1.1 0.0 3.1 3.2 0.3
2 0.0 8.1 3.2 0.8 0.1 8.8 8.4 0.4 0.2 2.2 2.4 1.4 1.3 2.1 2.3 1.2 1.1
1 2.1 2.8 1.2 1.1 0.0 3.1 8.2 0.3 0.1 3.3 3.4 0.4 0.2 2.2 2.4 1.4 1.3
0 2.2 2.4 1.4 1.3 2.1 2.8 1.2 1.1 0.0 3.1 3.2 0.3 0.1 3.3 3.4 0.4 0.2

-1 8.8 3.4 0.4 0.2 2.2 2.4 1.4 1.3 2.1 2.3 1.2 1.1 0.0 3.1 3.2 0.3 0.1
-2 3.1 3.2 0.3 0.1 8.3 3.4 0.4 0.2 2.2 2.4 1.4 1.3 2.1 2.3 1.2 1.1 0.0
-3 2.3 1.2 1.1 0.0 3.1 3.2 0.3 0.1 8.3 8.4 0.4 0.2 2.2 2.4 1.4 1.3 2.1
-4 2.4 1.4 1.3 2.1 2.3 1.2 1.1 0.0 3.1 3.2 0.3 0.1 3.3 3.4 0.4 0.2 2.2
-5 3.4 0.4 0.2 2.2 2.4 1.4 1.8 2.1 2.3 1.2 1.1 0.0 3.1 3.2 0.3 0.1 3.3
-4 3.2 0.3 0.1 3.8 3.4 0.4 0.2 2.2 2.4 1.4 1.3 2.1 2.3 1.2 1.1 0.0 3.1
-7 1.2 1.1 0.0 8.1 8.2 0.3 0.1 8.3 3.4 0.4 0.2 2.2 2.4 1.4 1.3 2.1 2.3
-8 1.4 1.3 2.1 2.3 1.2 1.1 0.0 8.1 3.2 0.3 0.1 3.3 3.4 0.4 0.2 2.2 2.4



mod 1--

8 87 6 5 4 8 2 1 0 -1 -2 - -4 -5 -4 -7-8

A

8 0.4 0.3 0.1 8.8 1.1 1.1 0.0 8.1 8.2 1.8 2.1 2.3 2.4 1.4 2.2 0.2 8.4
7 1.2 1.1 0.0 8.1 8.2 1.8 2.1 2.3 2.4 1.4 2.2 0.2 3.4 0.4 0.3 0.1 3.3
6 8.2 1.8 2.1 2.8 2.4 1.4 2.2 0.2 8.4 0.4 0.8 0.1 8.3 1.2 1.1 0.0 3.1
5 2.4 1.4 2.2 0.2 8.4 0.4 0.8 0.1 8.3 1.3 1.1 0.0 3.1 8.2 1.3 2.1 2.3
4 8.4 0.4 0.8 0.1 8.8 1.2 1.1 0.0 8.1 8.2 1.3 2.1 2.3 2.4 1.4 2.2 0.2
S 8.3 1.2 1.1 0.0 8.1 8.2 1.8 2.1 2.3 2.4 1.4 2.2 0.2 3.4 0.4 0.8 0.1
2 8.1 8.2 1.8 2.1 2.3 2.4 1.4 2.2 0.2 3.4 0.4 0.3 0.1 3.8 1.2 1.1 0.0
1 2.8 2.4 1.4 2.2 0.2 8.4 0.4 0.3 0.1 3.3 1.2 1.1 0.0 3.1 8.2 1.8 2.1
0 0.2 8.4 0.4 0.8 0.1 8.8 1.2 1.1 0.0 3.1 3.2 1.3 2.1 2.3 2.4 1.4 2.2

-1 0.1 8.8 1.2 1.1 0.0 8.1 8.2 1.8 2.1 2.3 2.4 1.4 2.2 0.2 3.4 0.4 0.3
-2 0.0 8.1 8.2 1.8 2.1 2.8 2.4 1.4 2.2 0.2 3.4 0.4 0.3 0.1 8.8 1.2 1.1
-8 2.1 2.8 2.4 1.4 2.2 0.2 8.4 0.4 0.8 0.1 3.3 1.2 1.1 0.0 3.1 8.2 1.3
-4 2.2 0.2 8.4 0.4 0.8 0.1 8.8 1.2 1.1 0.0 3.1 3.2 1.3 2.1 2.3 2.4 1.4
-5 0.3 0.1 8.8 1.2 1.1 0.0 8.1 8.2 1.3 2.1 2.3 2.4 1.4 2.2 0.2 8.4 0.4
-6 1.1 0.0 8.1 8.2 1.8 2.1 2.8 2.4 1.4 2.2 0.2 3.4 0.4 0.3 0.1 8.3 1.2
-7 1.3 2.1 2.3 2.4 1.4 2.2 0.2 8.4 0.4 0.8 0.1 3.3 1.2 1.1 0.0 8.1 8.2
-8 1.4 2.2 0.2 8.4 0.4 0.3 0.1 8.8 1.2 1.1 0.0 3.1 8.2 1.8 2.1 2.8 2.4

mod 8+41

12 11 10 9 8 7 6 5 4 3 2 1 0

12 0.8 1.5 1.4 2.1 2.4 2.6 0.5 0.2 3.8 1.6 2.2 2.5 0.6
11 0.2 8.6 1.6 2.2 2.5 0.6 0.4 0.1 3.4 3.5 2.3 1.3 1.2
10 0.1 8.4 8.5 2.8 1.8 1.2 1.L 0.0 3.1 3.2 8.3 0.3 1.5
0 0.0 8.1 8.2 8.8 0.3 1.5 1.4 2.1 2.4 2.6 0.5 0.2 3.6
8 2.1 2.4 2.6 M. 0.2 8.6 1.6 2.2 2.5 0.6 0.4 0.1 3.4
7 2.2 2.5 0.6 0.4 0.1 8.4 8.5 2.3 1.3 1.2 1.1 0.0 8.1
6 2.3 1.3 1.2 1.1 0.0 8.1 8.2 3.3 0.3 1.5 1.4 2.1 2.4
5 8.8 0.3 1.5 1.4 2.1 2.4 2.6 0.5 0.2 3.6 1.6 2.2 2.5
4 0.5 0.2 8.6 1.6 2.2 2.5 0.6 0.4 0.1 3.4 8.5 2.8 1.3
8 0.4 0.1 8.4 8.6 2.8 1.8 1.2 1.1 0.0 3.1 8.2 8.8 0.3
2 1.1 0.0 8.1 8.2 8.3 0.8 1.5 1.4 2.1 2.4 2.6 0.5 0.2
1 1.4 2.1 2.4 2.6 0.5 0.2 3.6 1.6 2.2 2.5 0.6 0.4 0.1
0 1.6 2.2 2.5 0.6 0.4 0.1 3.4 3.5 2.3 1.3 1.2 1.1 0.0

-1 8.5 2.8 1.8 1.2 1.1 0.0 3.1 3.2 3.3 0.3 1.5 1.4 2.1
-2 8.2 8.3 0.8 1.5 1.4 2.1 2.4 2.6 0.5 0.2 3.6 1.6 2.2

2.6 0.5 0.2 8.6 1.6 2.2 2.5 0.6 0.4 0.1 3.4 3.5 2.3
0.6 0.4 0.1 8.4 8.5 2.8 1.3 1.2 1.1 0.0 3.1 3.2 8.3

-5 1.2 1.1 0.0 8.1 8.2 8.3 0.3 1.5 1.4 2.1 2.4 2.6 0.5
-4 1.5 1.4 2.1 2.4 2.6 0.5 0.2 3.6 1.6 2.2 2.5 0.6 0.4
7 .6 1.6 2.2 2.5 0.6 0.4 0.1 8.4 3.5 2.3 1.3 1.2 1.1
-8 8.4 8.5 2.8 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.8 1.5 1.4

-4 8.1 8.2 8.8 0.8 1.5 1.4 2.1 2.4 2.6 0.5 0.2 8.6 1.6
-10 2.4 2.6 0.5 0.2 8.6 1.6 2.2 2.5 0.6 0.4 0.1 8.4 3.5
-11 2.5 0.6 0.4 0.1 3.4 3.5 2.3 1.3 1.2 1.1 0.0 3.1 8.2
- 1.8 1.2 1.1 0.0 8.1 8.2 3.3 0.3 1.5 1.4 2.1 2.4 2.6



31?

ontinuation of table

4-1 -2 - -4 -5 -6 -7 -8 -9 -10 -11 -12

12 0.4 0.1 8.4 3.5 2.3 1.3 1.2 1.1 0.0 3.1 8.2 3.3

11 1.1 0.0 3.1 3.2 8.$ 0.8 1.5 1.4 2.1 2.4 2.6 0.5

10 1.4 2.1 2.4 2.6 0.5 0.2 8.6 1.6 2.2 2.5 0.6 0.4

9 i.e 2.2 2.5 0.6 0.4 0.1 3.4 3.5 2.3 1.3 1.2 1.1

a 8.5 2.8 1.8 1.2 1.1 0.0 3.1 3.2 3.3 0.3 1.5 1.4

7 8.2 8.8 0.3 1.5 1.4 2.1 2.4 2.6 0.5 0.2 3.6 1.6

6 2.6 0.5 0.2 8.6 1.6 2.2 2.5 0.6 0.4 0.1 3.4 3.5

5 0.6 0.4 0.1 3.4 3.5 2.3 1.3 1.2 1.1 0.0 3.1 3.2

4 1.2 1.1 0.0 8.1 3.2 8.3 0.3 1.5 1.4 2.1 2.4 2.6

3 1.5 1.4 2.1 2.4 2.6 0.5 0.2 3.6 1.6 2.2 2.5 0.6

2 3.0 1.6 2.2 2.5 0.6 0.4 0.1 3.4 3.5 2.3 1.3 1.2

1 8.4 8.5 2.3 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.3 1.5

0 8.1 8.2 8.8 0.3 1.5 1.4 2.1 2.4 2.6 0.5 0.2 3.6

-1 2.4 2.6 0.5 0.2 3.6 1.6 2.2 2.5 0.6 0.4 0.1 3.4

-2 2.5 0.6 0.4 0.1 3.4 3.5 2.3 1.3 1.2 1.1 0.0 3.1

-3 1.3 1.2 1.1 0.0 3.1 8.2 3.3 0.3 1.5 1.4 2.1 2.4

-4 0.3 1.5 1.4 2.1 2.4 2.8 0.5 0.2 3.6 1.6 2.2 2.5

-5 0.2 3.6 1.6 2.2 2.5 0.6 0.4 0.1 3.4 3.5 2.3 1.3

-6 0.1 8.4 8.5 2.3 1.3 1.2 1.1 0.0 3.1 3.2 38.3 0.3

-T 0.0 3.1 8.2 8.8 0.8 1.5 1.4 2.1 2.4 2.6 0.5 0.2

-6 2.1 2.4 2.6 0.5 0.2 3.6 1.6 2.2 2.5 0.6 0.4 0.1

-9 2.2 2.5 0.6 0.4 0.1 3.4 3.5 2.3 1.3 1.2 1.1 0.0

-10 2.3 1.3 1.2 1.1 0.0 8.1 8.2 3.3 0.3 1.5 1.4 2.1

-11 3.8 0.3 1.5 1.4 2.1 2.4 2.6 0.5 0.2 3.6 1.6 2.2

-12 0.5 0.2 8.6 1.6 2.2 2.5 0.6 0.4 0.1 3.4 3.5 2.3

mod S-4t

A12 11 10 9 7 a 5 4 3 2 1 0

12 1.3 1.2 1.1 0.0 8.1 3.2 3.3 2.3 0.6 0.4 0.1 3.4 3.5
11 8.6 1.5 1.4 2.1 1.4 2.6 0.8 1.3 1.2 1.1 0.0 3.1 .3.2

10 3.4 8. 1.6 2.2 2.5 0.5 0.2 3.6 1.5 1.4 2.1 2.4 .
9 8.1 8.2 Ca8 2.8 0.6 0.4 0.1 3.4 3.5 1.6 2.2 2.5 0.5

8 2.4 2.6 0.8 1.3 1.2 1.1 0.0 3.1 3.2 3.3 2.3 0.6 0.4
7 2.5 0.5 0.2 3.6 1.5 1.4 2.1 2.4 2.6 0.3 1.3 1.2 1.1

6 0.6 0.4 0.1 8.4 8.5 1.6 2.2 2.5 0.5 0.2 8.6 1.5 1.4
6 12 1.1 0.0 3.1 3.2 3.8 2.8 0.6 0.4 0.1 8.4 3.5 1.6

4 15 1.4 2.1 2.4 2.6 0.3 1.3 1.2 1.1 0.0 3.1 3.2 3.3

3 3.5 1.6 2.2 2.5 0.5 0.2 8.6 1.5 1.4 2.1 2.4 2.6 0.3

2 3.2 8 2.s 0.6 0.4 0.1 3.4 3.5 1.6 2.2 2.5 0.5 0.2
1 2.6 0.3 1.3 1.2 1.1 0.0 3.1 3.2 3.3 2.3 0.6 0.4 0.1

0 0.5 0.2 3.6 1.8 1.4 2.1 2.4 2.6 0.3 1.3 1.2 1.1 0.0
1 0.4 0.1 3.4 3.5 1.6 2.2 2.5 0.5 0.2 3.6 1.5 1.4 2.1
-2 11 0.0 8.1 3.2 8.3 2.8 0.6 0.4 0.1 8.4 3.5 1.6 2.2

-9 1.4 2.1 2.4 2.6 0.3 1.3 1.2 1.1 0.0 3.1 3.2 3.3 2.3
.4 1.6 2.2 2.5 0.5 0.2 8.6 1.5 1.4 2.1 2.4 2.6 0.3 1.3

-6 33 2.8 0.6 0.4 0.1 8.4 8.5 1.6 2.2 2.5 0.5 0.2 3.6

-4 03 1.3 1.2 1.1 0.0 3.1 3.2 3.3 2.3 0.6 0.4 0.1 3.4
-7 02 8.6 1.5 1.4 2.1 2.4 2.6 0.3 1.3 1.2 1.1 0.0 3.1

-8 0.1 8.4 8.5 1.6 2.2 2.5 0.5 0.2 3.6 1,5 1.4 2.1 2.4

3900 . .2 3.8 2.3 0.6 0.4 0.1 3.4 3.5 1.6 2.2 2.5
-10 2.1 2.4 2.6 0.3 1.3 1.2 1.1 0.0 3.1 3.2 8.8 2.3 0.6
-1 2.2 2. . 0. . 1. 1. 2. 2. 2. 0. 13 12

-12 2.8 0.6 0.4 0.1 3.4 8.5 1.6 2.2 2.5 0.5 0.2 3.6 1.5



"ntinuation of table.
mod 3-41

A B -I 1 -2 - -4 -5 -8 -7 -8 -9 -10 -11 -12

12 1.6 2.2 2.5 0.5 0.2 8.6 1.5 1.4 2.1 2.4 2.6 0.3
11 8.83 2.8 0.6 0.4 0.1 8.4 3.5 1.6 2.2 2.5 0.5 0.2
10 0.8 1.8 1.2 1.1 0.0 3.1 3.2 3.3 2.3 0.6 0.4 0.1
9 0.2 8.6 1.5 1.4 2.1 2.4 2.6 0.3 1.3 1.2 1.1 0.0
8 0.1 8.4 8.5 1.6 2.2 2.6 0.5 0.2 3.6 1.5 1.4 2.1
7 0.0 8.1 8.2 8.8 2.8 0.6 0.4 0.1 3.4 3.5 1.6 2.2
6 2.1 2.4 2.6 0.3 1.3 1.2 1.1 0.0 3.1 3.2 3.3 2.3
5 2.2 2.5 0.5 0.2 3.6 1.5 1.4 2.1 2.4 2.6 0.3 1.3
4 2.3 0.6 0.4 0.1 3.4 3.5 1.6 2.2 2.5 0.5 0.2 3.6
3 1.3 1.2 1.1 0.0 8.1 3.2 3.3 2.3 0.6 0.4 0.1 3.4
2 3.6 1.5 1.4 2.1 2.4 2.6 0.3 1.3 1.2 1.1 0.0 3.1
1 3.4 8.5 1.6 2.2 2.5 0.5 0.2 3.6 1.5 1.4 2.1 2.4
0 8.1 8.2 8.8 2.8 0.6 0.4 0.1 3.4 3.5 1.6 2.2 2.5

-1 2.4 2.6 0.8 1.8 1.2 1.1 0.0 3.1 3.2 3.3 2.3 0.6
-2 2.5 0.6 0.2 8.6 1.5 1.4 2.1 2.4 2.6 0.3 1.3 1.2
-8 0.6 0.4 0.1 3.4 8.5 1.6 2.2 2.5 0.5 0.2 3.6 1.5
-4 1.2 1.1 0.0 8.1 8.2 3.3 2.3 0.6 0.4 0.1 3.4 3.5
-5 1.5 1.4 2.1 2.4 2.6 0.3 1.3 1.2 1.1 0.0 3.1 3.2
-6 3.5 1.6 2.2 2.5 0.5 0.2 3.6 1.5 1.4 2.1 2.4 2.6
-7 3.2 8.8 2.8 0.6 0.4 0.1 3.4 3.5 1.6 2.2 2.5 0.5
-8 2.6 0.3 1.8 1.2 1.1 0.0 3.1 3.2 3.3 2.3 0.6 0.4
-0 0.5 0.2 8.6 1.5 1.4 2.1 2.4 2.6 0.3 1.3 1.2 1.1

-10 0.4 0.1 8.4 8.5 1.6 2.2 2.5 0.5 0.2 3.6 1.5 1.4
-11 1.1 0.0 8.1 8.2 8.3 2.8 0.6 0.4 0.1 3.4 3.5 1.6
-12 1.4 2.1 2.4 2.6 0.3 1.3 1.2 1.1 0.0 3.1 3.2 3.3

mod 2 +51

A 3114 13 12 11 10 9 a 7 6 5 4 3 2 1 0

14 0.8 1. 1.6 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7 0.4 0.2 3.6
18 0.4 0.2 8.6 8.7 2.5 1.5 1.4 1.3 2.1 2.3 2.6 0.6 0.3 0.1 3.3
12 0.3 0.1 3.8 .4 8.5 0.5 1.7 1.6 2.2 2.4 2.7 1.2 1.1 0.0 3.1
11 1.1 0.0 8.1 8.2 0.7 0.4 0.2 8.6 3.7 2.5 1.5 1.4 1.3 2.1 2.3
10 1.3 2.1 2.8 2.6 0.6 0.3 0.1 8.3 3.4 3.5 0.5 1.7 1.6 2.2 2.4
9 1.6 2.2 2.4 2.7 1.2 1.1 0.0 8.1 3.2 0.7 0.4 0.2 8.6 3.7 2.5
8 3.6 8.7 2.5 1.5 1.4 1.8 2.1 2.3 2.6 0.6 0.3 0.1 3.3 3.4 3.5
7 3.3 8.4 8.5 0.5 1.7 1.6 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7
6 8.1 3.2 0.7 0.4 0.2 8.6 1.7 2.5 1.5 1.4 1.3 2.1 2.3 2.6 0.6
5 2.3 2.6 0.6 0.8 0.1 88 3.4 8.5 0.5 1.7 1.6 2.2 2.4 2.7 1.2
4 2.4 2.7 1.2 1.1 0.0 3.1 8.2 0.7 0.4 0.2 3.6 3.7 2.5 1.5 1.4
8 2.5 1.5 1.4 1.8 2.1 2.3 2.6 0.5 0.3 0.1 3.3 3.4 3.5 0.5 1.7
2 8.5 0.5 1.7 1.6 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7 0.4 0.2
1 0.7 0.4 0.2 8.6 8.7 2.5 1.5 1.4 1.3 2.1 2.3 2.6 0.6 0.3 0.1
0 0.6 0.3 0.1 8.3 8.4 8.5 0.5 1.7 1.6 2.2 2.4 2.7 1.2 1.1 0.0

-1 1.2 1.1 0.0 8.1 8.2 0.7 0.4 0.2 3.6 3.7 2.5 1.5 1.4 1.3 2.1
-2 1.4 1.8 2.1 2.8 2.6 0.6 0.8 0.1 3.3 3.4 3.5 0.5 1.7 1.6 2.2
-3 1.7 1.6 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7 0.4 0.2 3.6 3.7
-4 0.2 8.6 8.7 2.5 1.5 1.4 1.8 2.1 2.3 2.6 0.6 0.3 0.1 3.3 3.4
-5 0.1 8.8 3.4 8. 0.5 1.7 1.6 2.2 2.4 2.7 1.2 11 0.0 8.1 3.2
-6 0.0 8.1 8.2 0.7 0.4 0.2 3.6 3.7 2.5 1.5 1.1 1.3 2.1 2.3 2.6
-7 2.1 2.8 2.6 0.6 0.3 0.1 3.3 8.4 3.5 0.5 1." 1.6 2.2 2.4 2.7
-8 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7 0.4 0.2 3.6 3.4 2.5 1.5
-9 3.7 2.5 1.5 1.4 1.8 2.1 2.8 2.6 0.6 0.3 0.1 3.3 3.4 3.5 0.5

-10 3.4 8.5 0.5 1.7 1.6 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7 0.4
- 11 8.2 0.7 0.4 0.2 1.6 3.7 2.5 1.5 1.4 1.3 2.1 2.3 2.6 0.6 0.3
-12 2.6 0.6 0.8 0.1 8.8 3.4 8.5 0.5 1.7 1.6 2.2 2.4 2.7 1.2 1.1
--13 2.7 1.2 1.1 0.0 8.1 8.2 0.7 0.4 0.2 3.6 3.7 2.5 1.5 1.4 1.3
- 14 1.5 1.4 1.3 2.1 2.3 2.6 0.6 0.3 0.1 3.3 3.4 3.5 0.5 1.7 1.6



:ontinuation of table.
mod 2+51

-1 -2 -8 - -5 - -7 -8 -0 -10 -11 -12 -13 -14

14 3.7 2.5 1.5 14 1.3 2.1 2.3 2.6 0.6 0.3 0.1 3.3 3.4 3.5
13 8.4 8.5 0.5 1.7 1.8 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7
12 8.2 0.7 0.4 0.2 3.6 3.7 2.5 1.5 1.4 1.3 2.1 2.3 2.6 0.6
11 2.6 0.6 0.3 0.1 8.3 3.4 3.5 0.5 1.7 1.6 2.2 2.4 2.7 1.2
10 2.7 1.2 1.1 0.0 3.1 3.2 0.7 0.4 0.2 3.6 3.7 2.5 1.5 1.I
0 1.5 1.4 1.8 2A 2. 2.6 0.6 0.3 0.1 3.3 3.4 3.5 0.5 1.7
8 0.5 1.7 1.6 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7 0.4 0.2
7 0.4 0.2 3.6 3.7 2.5 1.5 1.4 1.3 2.1 2.3 2.6 0.6 0.3 0.1
6 0.3 0.1 3.3 8.4 .5 0.5 1.7 1.6 2.2 2.4 2.7 1.2 1.1 0.0
5 1.1 0.0 8.1 3.2 0.7 0.4 0.2 3.6 3.7 2.5 1.5 1.4 1.3 2.1
4 1.8 2.1 2.3 2.6 0.6 0.3 0.1 3.3 3.4 3.5 0.5 1.7 1.6 2.2
3 1.6 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7 0.4 0.2 3.6 3.7
2 3.6 3.7 2.5 1.5 1.4 1.3 2.1 2.3 2.6 0.6 0.3 0.1 3.3 3.4
1 3.8 3.4 3.5 0.5 1.7 1.6 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2
0 3.1 8.2 0.7 0.4 0.2 3.6 3.7 2.5 1.5 1.4 1.3 2.1 2.3 2.6

--1 2.3 2.6 0.6 0.8 0.1 8.3 3.4 3.5 0.5 1.7 1.6 2.2 2.4 2.7
-2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7 0.4 0.2 3.6 3.7 2.5 1.5
-3 2.5 1.5 1.4 1.8 2.1 2.3 2.6 0.6 0.3 0.1 3.3 3.4 3.5 0.5
-4 3.5 0.5 1.7 1.8 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7 0.4
-5 0.7 0.4 0.2 38.6 3.7 2.5 1.5 1.4 1.3 2.1 2,3 2.6 0.6 0.3
-4 0.6 0.3 0.1 3.3 3.4 3.5 0.6 1.7 1.6 2.2 2.4 2.7 1.2 1.1
-7 1.2 1.1 0.0 8.1 3.2 0.7 0.4 0.2 3.6 3.7 2.5 1.5 1.4 1.3
-8 1.4 1.3 2.1 2.3 2.8 0.6 0.3 0.1 3.3 3.4 3.5 0.5 1.7 1.6
-O 1.7 1.6 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7 0.4 0.2 3.6

-10 0.2 8.6 3.7 2.5 1.5 1.4 1.3 2 1 2.3 2.6 0.6 0.3 0.1 3.3
-11 0.1 3.3 3.4 8.5 0.5 1.7 1.6 2.2 2.4 2.7 1.2 1.1 0.0 3.1
-1 0.0 3.1 3.2 0.7 0.4 0.2 8.6 3.7 2.5 1.5 1.4 1.3 2.1 2.3
-A. 1.1 2.3 2.8 0.6 0.8 0.1 8.3 3.4 3.5 0.5 1.7 1.6 2.2 2.4
-14 2.2 2.4 2.7 1.2 1.1 0.0 3.1 3.2 0.7 0.4 0.2 3.6 3.7 2.5

mod 2-51

A ' 1412 11 10 9 8 7 6 5 4 3 2 1 0

14 0.7 0.5 0.3 0.1 3.3 8.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.6 0.4
18 8.6 1.2 1.1 0.0 3.1 3.2 1.4 1.5 2.2 2.4 2. 6 3.7 0.7 0.5 0.3
12 3.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.6 0.4 0. 2 3.5 3.8 1.2 1.1
11 3.2 1.6 1.5 2.2 2.4 2. 3.7' 0.7 0.5 0.3 0.1 3.3 3.4 1.4 1.3
10 2.5 2.7 1.7 0.6 0.4 0.2 8.5 3.6 1.2 1.1 0.0 3.1 3.2 1.6 1.5
9 2.6 3.7 0.7 0.5 0.3 0.1 8.3 3.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7
a 0.2 3.5 83.6 1.2 1.1 0.0 3.1 8.2 1.6 1.5 2.2 2.4 2.6 3.7 0.7
7 0.1 3.3 3.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.6 0.4 0.2 3.5 3.6
6 0.0 3.1 3.2 1.6 1.5 2.2 2.4 2.6 3., 0.7 0.5 0.8 0.1 3.3 3.4
5 2.1 2.3 2.5 2.7 1.7 0.6 0.4 0.2 3.5 3.8 1.2 1.1 0.0 3.1 3.2
4 2.2 2.4 2.6 83.7 0.7 0.5 0.8 0.1 3.3 3.4 1.4 1.3 2.1 2.3 2.5
3 0.6 0.4 0.2 8.5 3.6 1.2 1.1 0.0 3.1 3.2 1.6 1.5 2.2 2.4 2.6
2 0.5 0.3 0.L 8.3 3.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.6 0.4 0.2
1 1.2 1.1 0.0 8.1 3.2 1.6 1.8 2.2 2.1 2.6 3.7 0.7 0.5 0.3 0.1
0 1.4 1.8 2.1 2.3 2.5 2.7 1.7 0.6 n. 0.2 3.5 3.6 1.2 1.1 0.0

-1 1.6 1.5 2.2 2.4 2, 8.7 0.7 0.5 0.3 0.1 3.3 3.4 1.4 1.3 2.1
-2 2.7 1.7 0.6 0.4 0.2 3.5 3.6 1.2 1.1 0.0 3.1 3.2 1.8 1.5 2.2
-3 8.7 0.7 0.5 0.3 0.1 3.8 3.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.6
-4 8.5 3.6 12 1.1 0.0 8.1 3.2 1.6 1.s 2.2 2.4 2.6 3,.7 0.7 0.5
-6 3.3 3.4 1.4 1.3 2.1 2.8 2.5 2.7 1.7 0.6 0.4 0.2 3.5 3.6 1.2
-6 3.1 3.2 1.6 1.5 2.2 2.4 2.6 3.7 0.7 0.5 0.3 0.1 3.3 3.4 1.4
-7 2.3 2.5 2 7 1.7 0.6 0.4 0.2 3.5 3.6 1.2 1.1 0.0 3,1 8.2 1.6
- 2.4 2.6 37 0.7 0.5 0.3 0.1 3.3 3.4 1.1 1.3 2.1 2,3 2.5 2.7
-9 0.i 0.2 8 5 8.6 1.2 1.1 0.0 3.1 3.2 1.6 1.5 2.2 2,4 2.6 3.7

-10 0.3 0.1 3 3 3.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.6 0.4 0.2 3.5
-11 1.1 0.0 8 1 8.2 1.6 1.5 2.2 2.4 2.6 3.7 0.7 0.5 0.3 0.1 3.3
-12 1.3 2.1 2 8 2.5 2.7 1.7 0.8 0.4 0.2 3.5 3.6 1.2 1.1 0.0 3.1
-13 1.5 2.2 2 4 2.6 8.7 0.7 0.5 0.3 01 3 3 3.4 1.4 1,3 2.1 2.3
-14 1.7 0.6 0.4 0.2 8.5 8.6 1.2 1.1 0.0 3.1 3.2 1.6 1.5 2.2 2.4

W.l



'ontinuation of table.

rmid 2-5i

A' -1 -2 -3 -. 4 -5 -6 -7 -8 -9 -10 -11 -12 -13 -14

14 0.2 8.5 3.6 1.2 1.1 0.0 3.1 3.2 1.6 1.5 2.2 2.4 2.6 3.7
13 0.1 8.3 8.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.6 0.4 0.2 3.5
12 0.0 8.1 3.2 1.6 1.5 2.2 2.4 2.6 3.7 0.7 0.5 0.3 0.1 3.3
11 2.1 2.8 2.5 2.7 1.7 0.6 0.4 0.2 3.5 3.6 1.2 1.1 0.0 3.1
10 2.2 2.4 2.6 3.7 0.7 0.5 0.3 0.1 3.3 3.4 1.4 1.3 2.1 2.3
9 0.8 0.4 0.2 3.5 3.6 1.2 1.1 0.0 3.1 3.2 1.6 1.5 2.2 2.4
8 0.5 0.3 0.1 8.3 3.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.6 0.4
7 1.2 1.1 0.0 8.1 8.2 1.6 1.5 2.2 2.4 2.6 3.7 0.7 0.5 0.3
6 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.8 0.4 0.2 3.5 3.6 1.2 1.1
5 1.6 1.5 2.2 2.4 2.6 3.7 0.7 0.5 0.3 0.1 3.3 3.4 1.4 1.3
4 2.7 1.7 0.6 0.4 0.2 3.5 3.6 1.2 1.1 0.0 3.1 3.2 1.6 1.5
3 8.7 0.7 0.5 0.3 0.1 3.3 3.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7
2 3.8 3 .6 1.2 1.1 0.0 3.1 3.2 1.6 1.5 2.2 2.4 2.6 3.7 0.7
1 3.3 3.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.6 0.4 0.2 3.5 3.6
0 8.1 3.2 1.6 1.5 2.2 2.4 2.6 3.7 0.7 0.5 0.3 0.1 3.3 3.,

-1 2.3 2.5 2.7 1.7 0.0 0.4 0.2 3.5 3. 1.2 1.1 0.0 3.1 3.2
2 2.4 2.6 3.7 0.7 0.5 0.3 0.1 3.3 3.4 1.4 1.3 2.1 2.3 2.5

-3 0.4 0.2 3.5 3.6 1.2 1.1 0.0 3.1 3.2 1.6 1.5 2.2 2.4 2.6
--4 0.3 0.1 3.8 3.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.6 0.4 0.2
-5 1.1 0.0 3.1 3.2 1.6 1.5 2.2 2.4 2.6 3.7 0.7 0.5 0.3 0.1-6 1.3 2.1 2.3 2.5 2.7 1.7 0.6 0.4 0.2 . .5 3.6 1.2 1.1 0.0
-7 1.5 2.2 2.4 2.6 3.7 0.7 0.5 0.3 0.; 3.3 3.4 1.4 1.3 2.1
-8 1.7 0.6 0.4 0.2 3.5 3.6 1.2 1.1 0.0 3.1 3.2 1.6 1.5 2.2
--9 0.7 0.5 0.3 0.1 3.3 3.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.6

-10 9.6 1.2 1.1 0.0 3.1 3.2 1.6 1.5 2.2 2.4 2.6 3.7 0.7 0.5
-11 8.4 1.4 1.3 2.1 2.3 2.5 2.7 1.7 0.6 0.4 0.2 3.5 3.6 1.2
-12 3.2 1.6 1.5 2.2 2.4 2.6 3.7 0.7 0.5 0.3 0.1 3.3 3.4 1.4
-13 2.5 2.7 1.7 0.6 0.4 0.2 3.5 3.6 1.2 1.1 0.0 3.1 3.2 1.6
-14 2.6 8.7 0.7 0.5 0.3 0.1 3.3 3.4 - 1.4 1.3 2.1 2.3 2.5 2.7

mod 1 -- o.

A 17 16 15. 14 18 12 11 10 9 8 7 6 5 4 3 2 1 0

18 0.9 0.6 0.8 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3

17 0.8 0.5 0.2 8.7 8.8 3.9 0.9 0.6 0.3 2.8 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6

16 0.7 0.4 0.1 8.4 3.5 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1 .

15 1.2 1.1 0.0 3.1 8.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2 3.7 3 8 3.9 n.9

14 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0 4 0.1 3.4 3 5 3.6 0.8

13 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7

12 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2

11 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5

10 0.4 0.1 8.4 8.5 8.6 0.8 0.5 0.2 3.7 3.8 3.0 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8

9 1.1 0.0 3.1 3.2 8.38 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6
8 1.4 2.1 2.4 2.7 1.8 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 8.4 3.5 3.6 0.8 0.5

7 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4

6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1

a 0.2 3.7 8.8 8.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4

4 0.1 8.4 3.8 8.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7
a 0.0 3.1 8.2 8.8 0.7 0.4 0.1 3.4 3.3 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3

2 2.1 2.4 2.7 1.3 1.2 1.1 0.0 8.! 3.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2

1 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 8.2 3.3 0.7 0.4 0.1

0 2.8 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2-1  2.4 2.7 1.8 1.2 1.1 0.0
-1 3.7 3.8 8.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1

-2 3.4 3.5 8.6 0.8 0.5 0.2 8.7 3.8 3.9 0.9 0.6 0.3 2.8 2.6 2.9 1.9 1.8 1.7 2.2
-3 3.1 3.2 8.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2 3.7 3.8 8.9 0.9 0.6 0.3 2.3
-4 2.4 2.7 1.3 1.2 1.1 0.0 8.1 8.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2 3.7

-5 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 .1.2 3.8 0.7 0.4 0.1 3.4
--6 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1,2 1.1 0.0 3.1
-7 3.8 3.9 0.9 0.6 0.3 2.8 2.6 2.9 1.9 1.8 1.7 2.2 2.- 2.8 1.6 1.5 1.4 2.1 2.4
-- 3.5 3.6 0,8 0.5 0.2 8.7 8.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5

-9 3.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6
-10 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 3 ; 3.5 3 ,6  0.8 0.5 0.2 3.7 3.8

-11 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 3.4 3.5

-12 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7  1.3 1.2 1.1 0.0 8.1 3 2
-18 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7
-1 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8
-15 3.3 0.7 0.4 0.1 3.4 3.5 8.6 0.8 05 0.2 .3.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9
-16 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0 1 3.4 3.5 36 0.8 0.5 0.2 8.7 3,8 3.9
-17 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 8.4 3.5 3.6

-18 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.8

InI I . . . - -i%. i~ . .i I



,ontinuation of table.
mod I+6i

A -1 -2 -3 -4 -5 -6 -7 -8 -9 -10 -11 -12 -13 -14 -15 -16 -17 -18

18 1.2 1.1 0.0 8.1 3.2 3.3 0.7 0.4 0.1 3.4 S.5 3.6 0.8 0.5 0.2 3.7 3.8 3.9
17 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6
16 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3
16 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3
14 0.5 0.2 3.7 8.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6
13 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2,3 2.6 2.9 1.9
12 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9
11 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8
10 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7
9 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2
8 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5
7 0.1 8.4 3.5 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8
6 0.0 3.1 3.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 .0.6
5 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5
4 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4
3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1
2 3.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4
1 3.4 3.5 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7
0 8.1 8.2 8.3 0.7 0.4 0.1 3.4 3.5 3.6 0 8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3

-1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2
-2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1
-3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0
-4 3.8 8.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1
-6 3.5 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2
- 3.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2.3
-f 2.7 1.8 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2 3.7
-8 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 3.4
-9 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1

-10 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4
-11 3.6 0.8 0.5 0.2 8.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5
-12 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2.3 2.6
-13 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 3.4 3.5 3.6 0.8 0.5 0.2 3.7 3.8
-14 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2 3.3 0.7 0.4 0.1 3.4 3.5
-15 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7 1.3 1.2 1.1 0.0 3.1 3.2
-16 0.9 0.6 0.8 2.3 2.6 2.9 1.9 1.8 1.7 2.2 2.5 2.8 1.6 1.5 1.4 2.1 2.4 2.7
-17 0.8 0.5 0.2 3.7 3.8 3.9 0.9 0.6 0.3 2.3' 2. 29 1 9  1.8 1.7 2.2 2.5 2M
-18 0.7 0.4 0.1 8.4 3.5 3.6 0.8 0.5 0.2 3.7 3 q 39 0.9 0.4 " 21



mod 1-4t

A18 17 16 15" 14 18 12 11 10 9 8 7 6 5 1 3 2 1 0

18 0.9 0.7 0.5 0.2 8.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3
17 0.8 0.6 0.4 0.1 8.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.
16 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 .4.-
16 3.8 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9
14 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7
13 2.9 1.9 1.8 2.8 0.8 8.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5
12 3.9 0.9 0.7 0.5 0.2 8.6 3.7 0 8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2
11 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6
10 3.5 1.3 1.2 1.1 0.0 8.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.8 2.2 2.5 2.7
9 3.2 83 1.5 1.4 2.1 2.4 26 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.,
8 2.6 " , 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2 3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6;
7 2.7 2.1 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 .3.6 3.7 0.8 0.6 0.4 0.1 3.4
6 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1
5 3.8 8.7 0.8 0.8 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.-,
4 3.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5
3 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3
2 2.4 2.6 Z .8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.2 3.8 3.9 0.9 0.7 0.5 0.2
1 2.5 2.7 2.9 1.9 1.8 2.3 0.,i 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1
0 0.8 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0

-1 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1
-2 0.1 8.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2
-3 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3
-4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5
-5 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4
-6 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 .3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1
-7 0.5 0.2 3.6 3.7 0.8 0.6 0 4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4
-8 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 !.6-9 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8

-10 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 R.9 0.9 0.7
-11 1.6 2.2 2.5 2.T 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6
-12 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 .. 7 0 8 0 . 0 4 0.1 3.4 3.5 1.3 1.2
-13 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 i 3 1.2 1.1 0.0 3.1 3.2 3.3 1.5
-14 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 .3.1 3.2 .3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7
-15 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2 6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.)
-16 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9
-17 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8
-18 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3

.
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I:ortinuation of table.



cntinuation of table.
mod 1-6i

A h -1 -2 -3 -4 -5 -6 -7 -8 -9 -10 -11 -12 -13 -14 -15 -16 -17 -18

is 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9
17 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7
16 1.9 1.8 2.3 0.3 3.8 8.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5
15 0.9 0.7 0.5 0.2 8.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 8.1 3.2
14 0.8 0.6 0.4 0.1 8.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6
13 1.3 1.2 1.1 0.0 8.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.6 2.7
12 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8
11 2.8 1.7 1.6 2.2 2.5 2.7 3.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6
10 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4

9 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1
8 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1 .1.2 3.3 1.5 1.4 2.1 2.
7 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5
6 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3
5 2.6 2..A 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2
4 2.7 2.) 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1
3 3.8 3.9 0.9 0.7 ' 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0
2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1
1 3.40 3.5 1.3 1.2 1.1 0.0 3.1 3.2 2.3 1.5 1.4 2.1 2.4 2.8 2.8 1.7 1.6 2.2
0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.8 3.8 1.7 i.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3

-1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5
-2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4
-3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.6 1.3 1.2 1.1
-4 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4
-5 0.1 3.4 8.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6
--6 0.0 8.1 8.2 8.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8
-7 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7
-8 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.3 0.2 3.6 3.7 0.8 0.6
-9 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3 1.2

-10 0.5 0.2 3.6 3.7 0.9 0.6 0.4 0.1 3.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5
-11 0.4 0.1 8.4 8.5 1.3 1.2 1.1 0.0 3.1 3.2 5.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7
-12 1.1 0.0 3.1 8.2 8.3 1.5 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9
-13 1.4 2.1 2.4 2.6 2.8 1.7 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9
-14 1.6 2.2 2.5 2.7 2.9 1.9 1.8 2.3 0.3 3.8 3.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8
-15 1.8 2.3 0.3 3.8 8.9 0.9 0.7 0.5 0.2 3.6 3.7 0.8 0.6 0.4 0.1 3.4 3.5 1.3
-16 0.7 0.5 0.2 3.6 3.7 0.8 0.8 0.4 0.1 -3.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3
-17 0.6 0.4 0.1 8.4 3.5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2.6 2.m
-18 1 1.2 1.1 0.0 3.1 3.2 3.3 1.5 1.4 2.1 2.4 2 5 2.8 1.7 1.6 2.2 2.5 2.7 2..

mod 4+5i

20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

20 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.100.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9
19 0.8 8.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.100.8 0.5 0.1 3.5 3.6
18 0.2 8.8 8.9 1.102.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2
17 0.1 3.5 8.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8
16 0.0 3.1 3.2 8.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9
15 2.1 2.5 2.8 2.100.7 0.3 8.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10
14 2.2 2.6 2.9 0.9 0.6 0.2 8.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3
13 2.3 2.7 0.10 0.8 0.5 0.1 8.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7
12 2.4 1.4 1.3 1.2 1.1 0.0 8.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10
11 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8
10 0.7 0.3 8.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5

9 0.6 0.2 8.8 8.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1
8 0.5 0.1 8.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5
7 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6
a 1.5 2.1 2.5 2.8 2.10 0.7 0.8 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 S.9 1.10 2.3 2.7
5 1.8 2.2 2.6 2.9 0.9 0.6 0.2 8.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4
4 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4
3 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3
2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2
1 2.10 0.7 0.8 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1
0 0.9 0.6 0.2 3.8 3.9 1.10 2.8 2.7 0.10 0.8 0.5 0.1 3.5 3.8 3.7 2.4 1.4 1.3 1.2 1.1 0.0

-1 0.8 0.5 0.1 3 5 3.6 8.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1
-2 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.8 3.10 1.9 1.8 2.2
-3 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3
- 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4
-5 3.9 1.10 2.8 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 8.3 3.4
--6 8.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7

-7 8.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6
-8 2.8 2.10 0.7 0.8 8.10 1.9 1.8 2.2 2.8 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5



'ontinuation of table. %927
mod 4-5i

A' Dj.20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

- 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1
-10 0.10 0.8 0.5 0.1 8.5 3.6 8.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5
-11 1.3 1.2 1.1 0.0 8.1 8.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8
-12 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10
-18 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7
-14 8.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3
-15 8.5 3.6 3.7 2.4 1.4 1.8 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10
-16 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9
-17 2.6 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.
-18 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2
-19 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6
-20 1.4 1.3 1.2 1.1 0.0 3.1 8.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9

mod 4+5i

A -1-2 -8 -4 -5 --6 -7 -8 -9 -10-11 -12 -13 -14 -15 -16 -17 -18 -19 -2

20 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4
19 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7
18 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 09.
17 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5
16 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1
15 0.8 0.5 0.1 3.5 8.6 8.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5
14 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8
13 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10
12 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7
11 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3
10 3.6 3.7 2.4 1.4 1.8 1.2 1.1 0.0 3.1 3.2 3.3- 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10

9 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9
Continuation of table.

mod 4+5i

A B J-1 -2 -3 -4 -5 -E -7 -8 -9 -10 -11 -12 -13 -14 -15 -16 -17 -18 -19 -20

8 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8
7 2.9 0 9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2
6 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6
5 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9
4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2 2 2.6 2.9 0.9 0.6 0.2 3.8 3.9
3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6
2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2
1 A.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8
0 3.1 3 2 3.8 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9

-1 2.5 2.8 2.10 0.7 0.8 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10
-2 2.6 2.9 0.9 0.6 0.2 8.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3
-3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7
-4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10
-5 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8
--6 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5
-7 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1

-18 0.1 3.5 3.6 3.7 2.4 1.4 1 .1 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5
-9 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6

-10 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7
-11 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6 3.7 2.4 1.4
-12 2.3 2.7 0.11) 0 8 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4
-13 2.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3
-14 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2
-15 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0 9 0 6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1

-17 0.5 0.1 3.5 3.6 3.7 2.4 1.4 1.3 1.2 1.1 0.0 .3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1
-18 1.1 0.0 3.1 3.2 3.3 3.4 0.4 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.7 0.3 31.10 1.9 1.8 2.2
-19 1.5 2.1 2.5 2.8 2.10 0.7 0.3 3.10 1.9 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9. 1.10 2.3
-20 1.8 2.2 2.6 2.9 0.9 0.6 0.2 3.8 3.9 1.10 2.3 2.7 0.10 0.8 0.5 0.1 3.5 3.6. 3.7 2.4
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mod 4-Ni

A 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 8 2 1

20 1.4 1.8 1.2 1.1 0.0 8.1 8.2 8.8 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7
19 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10
18 3.8 8.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3
17 8.5 3.6 8.7 1.10 2.8 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7
16 8.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9
16 2.5 2.8 2.10 0.4 1.4 1.8 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6
14 2.6 2.9 0.7 0.3 8.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2
1 2.7 0.9 0.8 0.2 3.8 8.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8
12 0.10 0.8 0.5 0.1 3.5 3.6 8.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9
11 1.8 1.2 1.1 0.0 3.1 3.2 3.8 8.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9
10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 8.4 1.4 1.8 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8

9 3.9 1.9 1.8 2.2 2.6 2.9 0.7 .3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2
8 3.6 8.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6
7 3.2 3.3 8.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 i.9 1.9
6 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7
5 2.9 0.7 0.3 8.10 1.7 1.8 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3
4 0.9 0.6 0.2 3.8 8.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10
3 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7
2 1.2 1.1 0.0 8.1 8.2 3.3 8.4 2.4 0.10 0.9 0.5 0.1 3.5 3.6 3.7 1.10 2.8 2.7 0.9 0.6
1 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5
0 1.9 1.8 2.2 2.6 2.9 0.7 0.3 8.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1

-1 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5
-2 3.8 8.4 2.4 0.10 0.8 0.6 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8
-3 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10
-4 0.7 0.8 8.10 1.7 1.6 1.8 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4
-5 0.6 0.2 8.8 8.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4
-'6 0.5 0.1 3.5 8.6 3.7 1.10 2.8 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3
-7 1.1 0.0 8.1 8.2 8.8 8.4 2.4 0.10 0.8 0.6 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2

-8 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.8 1.2 1.1 0.0- 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1

Continuation of table. mod 4--U

A B] 2 0  19 18 17 16 15 14 18 12 1 10 9 8 7 6 5 4 3 2 1

-9 1.8 2.2 2.6 2.9 0.7 0.3 8.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0
-10 1.10 2.8 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1
-11 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 8.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2
-12 0.4 1.4 1.3 1.2 1.1 0.0 8.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3
-13 0.3 3.10 1.7 1.6 1.6 2.1 2.5 2.8 2.10 0.4 1.' 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4
-14 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4
-15 0.1 3.5 3.6 8.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10
-16 0.0 3.1 8.2 8.3 8 .4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8
-17 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5
-18 2.2 2.6 2.9 0.7 0.3 8.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 O.A 1.4 1.3 1.2 1.1 0.0 3.1
-19 2.8 2.7 0.9 0.6 0.2 3.8 8.9 1.9 1.8 2.2 2.8 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5
-20 2.4 0.100.8 0.5 0.1 8.5 3.6 8.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 8.9 1.9 1.8 2.2 2.6

mod 4-51

A , 0 -1 -2 -8 -4 --5 -6 -7 -8 - -10-11-12 -13 -14-15-16-17-18-19-20

20 0.9 0.6 0.2 8.8 2.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4
19 0.8 0.5 0.1 8.5 8.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3
18 1.2 1.1 0.0 8.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2
17 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1
16 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0
15 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1
14 8.3 3.4 2.4 0.10 0.8 0.5 0.1 8.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2
18 2.10 0.4 1.4 1.8 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3
12 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 ).3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4
11 0.6 0.2 8.8 3.9 1.9 1.8 2.2 2.8 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.. 2.5 2.8 2.10 0.4 1.4
10 0.5 0.1 8.5 3.6 8.7 1.10 2.8 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2./ 2.6 2.9 0.7 0.8 3.10
9 1.1 0.0 8.1 8.2 8.8 8.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.d 2.7 0.9 0.6 0.2 3.8

L_ V



Continuation of table. mod 4-5i

A0B 1 0 -1 -2 -4-4 -6 -6 -7 -8 -9-10-11 -12-13 -14-16-16-17-18-19-20

8 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5
7 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1
6 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5
5 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 0.8 3.9 1.9 1.8 2.2 2.6
4 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7
3 0.3 3.10 1.7 1.6 1.6 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10
2 0.2 3.8' 3.9 1.9 1.8 2.2 2.8 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3
1 0. 35 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7
0 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9

-1 2.1 2.6 2.8 2.10 0.4 1.4 1.8 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.8
-2 2.2 2.6 2.9 0.7 0.8 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2
-3 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8
-4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9
-5 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9
-6 3.10 1.7 1.8 1.6 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8
-7 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2
-8 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6
-9 8.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9

-10 2.5 2.8 2.10 0.4 1.4 1.8 1.2 1.1 0.0 3.1- 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7
11 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3

-12 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10
-13 0.10 0.8 0.6 0.1 8.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7
-14 1.3 1.2 1.1 0.0 8.1 3.2 3.8 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.6 3.7 1.10 2.3 2.7 0.9 0.6
-16 1.7 1.6 1.6 2.1 2.6 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5
-16 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1
-17 3.6 3.7 1.10 2.8 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8 2.2 2.6 2.9 0.7 0.3 3.10 1.7 1.6 1.5
-18 3.2 8.3 3.4 2.4 0.10 0.8 0.5 0.1 3.6 3.6 3.7 1.10 2.3 2.7 0.9 0.6 0.2 3.8 3.9 1.9 1.8
-19 2.8 2.10 0.4 1.4 1.8 1.2 1.1 0.0 3.1 3.2 3.3 3.4 2.4 0.10 0.8 0.5 0.1 3.5 3.5 3.T 1.10
-20 2.9 0.7 0.3 3.10 1.7 1.6 1.5 2.1 2.5 2.8 2.10 0.4 1.4 1.3 1.2 1.1 0.0 3.1 3.2 3.3 3.4

_ , o, oo o ., . o o o



ITTACHMENT 2

IECODING TABLES



< l-W I I 1'

0 1 2 8 4 5 6 7 8 9 10 11 12

0 0.0 1.4 0.2 8.2 1.8 2.4 0.8 2.3 0.4 3.3 1.2 2.2 3.4
1 0.3 2.1 0.4 0.1 1.2 0.2 3.4 1.1 2.4 0.8 3.1 1.4 3.3
2 3.1 1.1 2.2 0.3 0.0 1.4 0.1 3.2 1.3 3.4 1.1 2.3 0.2
3 0.1 2.8 1.8 3.8 1.1 2.1 0.4 0.0 1.2 0.2 3.2 2.1 2.4
4 3.4 0.0 2.4 0.2 8.1 1.3 2.2 0.3 2.1 1.4 3.3 1.2 2.2
5 8.8 8.2 2.1 3.4 0.1 2.3 0.2 3.3 1.1 2.4 0.4 3.1 1.4
6 0.4 8.1 1.2 2.2 8.2 0.0 2.4 0.1 3.2 1.3 3.4 0.3 2.3
7 2.4 0.3 2.3 1.4 3.3 1.2 2.1 0.4 0.0 1.2 0.2 3.2 1.1
8 1.8 3.4 1.1 2.4 0.4 3.1 1.3 2.2 0.3 2.1 1.4 0.1 1.2
9 1.4 0.2 8.2 1.3 3.4 0.1 2.3 0.2 3.3 1.1 2.2 0.4 0.0

10 2.1 0.4 0.1 1.2 2.2 3.2 0.0 2.4 0.1 3.1 1.3 0.1
11 1.1 2.2 0.3 8.1 1.4 3.3 1.2 2.1 3.4 0.0 2.3 3.1
12 2.3 1.8 8.4 1.1 2.8 0.4 3.1 1.4 2.2 3.2 2.1 0.1

is 1-41

_" j, 0 1 2 8 4 5 6 7 8 9 10 11 12

0 0.0 3.3 1.1 0.1 0.4 0.3 3.4 1.4 2.3 2.4 2.1 3.1 1.3
1 2.4 2.1 3.1 1.3 0.0 1.2 1.1 3.3 0.4 0.2 3.4 2.2 2.3
2 0.2 3.4 2.2 2.3 1.4 2.1 3.2 1.3 3.1 1.2 0.1 3.3 0.4
3 1.2 0.1 3.3 0.3 0.2 0.4 2.2 2.4 1.4 2.3 3.2 1.1 3.1
4 2.3 3.2 0.0 3.1 1.1 0.1 1.2 0.3 3.4 0.4 2.2 2.4 1.3
5 1.4 1.2 2.4 2.1 2.3 1.3 0.0 3.2 1.1 0.1 1.2 0.3 3.4
8 3.3 0.4 0.1 3.4 2.2 0.2 1.4 2.1 2.3 1.3 0.0 3.2 1.1
7 1.3 3.1 1.2 0.0 3.3 0.3 0.1 3.4 2.2 0.2 1.4 2.1 2.4
8 3.4 1.4 2.8 8.2 2.1 8.1 1.2 0.0 3.3 0.3 0.1 0.4 2.2
9 0.3 3.3 0.4 0.2 2.4 1.4 2.3 3.2 2.1 3.1 1.1 0.0 1.2

10 3.2 1.1 3.1 1.2 0.8 8.4 0.4 0.2 2.4 2.2 2.8 1.3 2.1
11 2.2 2.4 1.3 2.1 3.2 1.1 3.3 1.2 0.1 3.4 0.3 0.2 1.4
12 0.4 0.3 0.2 1.4 2.2 2.4 1.3 3.1 3.2 0.0 3.3 1.1 0.1

0 1 2 a 4 .5 .6 7 8 9 10 11 .5

0 0.0 8.6 8.2 2.2 0.4 0.6 3.4 1.4 2.6 2.4 0.2 1.2 1.6
1 0.8 2.1 3.4 2.6 2.3 1.1 1.2 3.1 1.8 0.6 2.5 0.1 1.5
2 8.6 0.2 2.2 3.1 0.6 3.3 1.4 1.5 2.4 3.5 1.2 1.3 2.3d
8 0.6 8.4 0.1 2.8 2.4 1.2 0.5 1.6 3.6 2.5 3.2 2.2 0.3
4 0.2 1.2 8.1 0.0 3.8 2.5 1.5 0.4 3.5 3.4 1.4 2.6 2.3
5 3.8 0.1 1.5 2.4 2.1 0.5 1.3 3.6 1.1 0.2 3.1 1.6 0.6
10 1.2 0.5 0.0 8.6 2.5 2.2 0.4 0.3 3.3 1.4 0.1 2.4 3.5
7 3.2 1.6 0.4 2.1 3.4 1.8 2.3 2.4 0.2 0.5 1.6 0.0 2.5
a 1.3 2.6 8.6 1.1 2.2 8.1 1.6 3.3 2.5 0.1 0.4 3.5 2.1
9 2.2 0.3 0.6 3.4 1.4 1.5 2.4 3.5 0.5 1.3 0.0 1.1 3.2

10 2.6 2.3 0.2 1.2 0.5 1.6 3.6 2.5 3.2 0.4 0.3 2.1 1.4
11 1.6 0.6 3.8 3.2 1.5 0.4 3.5 3.4 1.3 2.6 1.1 0.2 2.2
1.2 2.3 8.5 2.1 0.5 2.8 3.0 1.1 3.2 3.1 0.3 0.6 1.4 0.1

<I

0 1 2 8 4 5 6 7 8 9 10 11 12

0 0.0 0.3 0.5 3.5 0.2 3.3 3.2 1.2 3.3 2.2 1.5 2.5 2.3
1 0.5 2.1 0.2 0.4 8.2 0.1 3.6 2.6 1.5 0.3 2.3 3.5 0.8
2 1.2 0.4 2.2 0.1 1.1 2.6 0.0 3.4 0.5 8.5 0.2 1.3 2.1
8 2.2 1.5 1.1 2.3 0.0 1.4 0.5 2.1 8.1 0.4 8.2 1.2 3.6
4 3.4 2.3 3.5 1.4 1.8 2.1 1.6 0.4 2.2 2.4 3.6 2.6 1.5
6 8.5 3.1 1.3 3.2 1.6 3.6 2.2 3.3 1.1 2.6 2.5 3.4 0.5
6 0.4 8.2 2.4 8.6 2.6 3.3 3.4 2.3 2.5 1.4 0.5 0.6 3.1
7 2.4 1.1 2.6 2.5 8.4 0.5 0.3 1.4 1.3 0.6 1.6 0.4 1.2
8 1.5 2.5 1.4 0.5 3.3 3.1 1.3 0.2 1.6 .6 1.2 •3.3 1.1
* 1.4 8.5 0.6 1.6 0.4 0.2 2.4 3.6 0.1 3.3 3.4 1.5 0.3

10 0.2 1.6 8.2 1.2 2.4 1.1 0.1 2.5 .3.4 0.0 0.8 3.1 3.5
11 3.2 0.1 8.3 2.2 1.5 2.5 1.4 0.0 0.S 3.1 2.1 0.2 2.4
12 2.5 2.6 1.5 0.3 2.8 8.5 0.6 1.6 0.1 1.2 2.4 2.2 0.1



< I - 13 1"+

0 1 2 a 4 6 6 7 8 9 10 11 12

0 0.0 3.4 3.7 2.7 1.2 0.4 0.2 2.2 2.4 3.2 0.7 1.7 1.4
1 1.8 2.1 3.2 8.4 1.5 1.4 0.3 0.1 3.7 2.5 2.6 0.6 0.2
2 0.1 1.6 2.2 2.6 3.2 0.5 1.7 1.1 0.0 3.4 3.5 2.7 0.3
3 1.1 0.0 8.6 8.7 2.7 2.6 0.4 0.2 1.3 2.1 3.2 0.5 1.5
4 0.5 1.3 2.1 3.3 3.4 1.5 2.7 0.3 0.1 1.6 2.3 2.6 0.4
5 0.3 0.4 1.6 2.2 3.1 3.2 0.5 1.5 1.1 3.3 3.6 2.4 2.7
6 1.5 1.1 0.3 8.6 3.7 2.3 2.6 0.4 1.4 1.3 3.1 3.3 2.5
7 3.5 0.5 1.3 1.1 3.3 3.4 2.4 0,6 0.3 1.7 1.6 2.8 3.1
8 2.3 0.7 0.4 1.6 1.3 3.1 3.5 2.5 1.2 1.1 0.2 3.6 2.4
9 2.5 2.4 0.6 0.3 3.6 2.1 2.3 0.7 3.5 1.4 1.3 0.1 3.3

10 3.1 3.5 2.6 1.2 0.1 3.3 2.2 2.4 0.6 0.7 1.7 1.6 0.0
11 2.1 2.3 0.7 1.5 1.4 0.0 3.1 3.7 2.5 1.2 0.6 0.2 3.6
12 3.3 2.2 2.6 0.6 0.5 1.7 2.1 2.3 3.4 3.5 1.4 1.2 0.1

< - I 1I 2+-51

p 1 rj0 1 2 8 4 5 6 7 8 9 10 11 12

0 0.0 2.3 0.1 3.1 3.7 3.3 2.7 0.7 1.3 1.7 1.1 2.1 0.3
1 0.5 2.1 2.4 0.0 2.3 3.5 3.1 3.7 3.6 1.5 0.7 1.3 2.2
2 0.6 1.2 2.2 0.4 2.1 2.4 8.3 2.3 3.5 3.4 1.7 3.6 1.4
3 1.6 0.5 1.4 0.6 0.3 2.2 0.4 3.1 2.4 3.3 3.2 2.7 3.4
4 3.2 2.7 1.2 1.6 0.5 1.1 0.6 0.3 2.3 0.4 0.1 2.5 3.7
5 3.5 2.5 3.7 1.4 2.7 1.2 1.3 0.5 1.1 2.1 0.3 0.0 2.6
6 0.2 3.3 2.6 3.5 1.6 3.7 1.4 1.5 0.7 1.3 2.2 1.1 2.1
7 2.2 0.1 8.1 0.2 3.3 2.7 3.5 3.4 1.7 3.6 1.5 0.6 1.3
8 1.5 0.6 0.0 2.3 0.1 3.1 2.5 3.3 3.2 0.7 3.4 1.7 0.5
9 1.2 1.7 0.5 2.1 2.4 0.3 2.3 2.6 3.1 2.5 3.6 3.2 0.7

10 3.6 1.4 0.7 1.2 1.3 0.4 1.1 2.4 0.2 2.3 2.6 3.4 2.5
11 2.6 3.4 1.6 8.7 1.4 1.5 0.3 1.3 0.4 0.1 2.4 0.2 3.2
12 2.5 0.2 3.3 2.7 3.5 1.6 .T "1.1 1.5 0.3 0.0 0.4 0.1

0 1 2 4 5 6 7 8 9 10 11 12

0 0.0 3.3 2.5 1.5 1.6 0.3 0.6 2.6 2.3 3.6 3.5 0.5 1.3
1 2.4 2.1 1.3 2.6 1.8 1.9 0.2 0.5 3.8 3.7 3.3 3.2 0.4
2 1.1 2.5 2.2 1.6 3.8 0,6 0.9 0.1 0.4 3.5 3.4 1.3 0.0
3 2.1 1.4 2.6 2.3 1.9 3.5 0.5 0.8 0.0 1.1 3.2 0.4 1.6
4 1.9 2.2 1.7 3.8 3.7 0.9 3.2 0.4 0.7 2.1 1.3 2.7 1.1
5 1.4 0.9 2.3 0.3 3.5 3.4 0.8 2.7 1.1 3.2 2.2 1.6 2.8
6 2.9 1.7 0.8 8.7 0.2 3.2 3.1 0.7 2.1 1.4 2.7 2.3 1.9
7 0.9 3.9 0.3 0.7 3.4 0.1 2.7 1.1 1.2 2.2 1.7 2.8 3.7
8 8.4 0.8 3.6 0.2 1.2 3.1 0.7 2.8 1.4 1.5 2.3 0.3 2.9
9 3.9 3.1 0.7 3.3 0.1 2.7 2.4 1.2 2.9 1.7 1.8 3.7 0.2

10 0.1 3.6 2.4 1.2 3.1 0.0 2.8 2.5 1.5 3.9 0.3 0.8 3.4
11 3.1 0.0 3.3 1.4 1.5 2.4 2.1 2.9 2.6 1.8 3.6 0.2 0.5
12 0.4 2.4 1.2 1.8 1.7 1.8 2.5 2.2 3.9 3.8 0.6 3.3 0.1

< -W 4,a

0 1 2 3 4 5 6 7 8 9 10 11 12

000 1.4 3.1 2.1 2.9 2:4 1.9 3.9 0:4 0:9 0.1 1.1 3.4

0 .3 2.1 1.6 2.4 2.2 3.9 2.5 0.9 3.7 1.1 0.8 0.0 0.4

1 1.6 3.3 2.2 1.8 2.5 2.3 3.7 0.3 0.8 3.5 1.4 1.3 3.,a 2.6 1.8 2.8 2.3 0.7 0.3 0.5 3.5 0.2 1.3 3.2 2.4 314 2.8 2.7 0.7 2.9 0.5 0.6 0.2 0.4 3.2 0.1 1.1 2.6 2.,5 0.3 24~ 3.8 0.6 3.9 0.4 1.2 0.1 1.1 1.5 0.0 1.4 2,7
6 I 3.8 0.2 3.9 3.6 1.2 3.7 1.1 1.5 3.5 1.4 1.7 2.1 1.67 1.8 3.6 0.1 3.7 8.4 1.5 3.5 3.1 1.7 .3.2 1.6 1.9 2.2a 2.3 0.7 3.4 0.0 3.5 3.1 2.1 3.2 2.4 1.9 2.6 1.8 0.99 0.8 0.6 0.6 3.1 2.1 1.2 2.4 2.2 2.6 2.5 0.9 2.7 0.710 0.6 1.3 0.4 1.2 3.3 2.2 1.5 2.5 2.3 2.7 0.3 0.8 3.6

1136 1.2 3.8 3:4 1.5 2.8 2.3 1.7 0.3 0.5 .3.8 0.2 1.3



<~ 3. ---

-w131 4-51

0 1 2 8 4 5 6 7 8 9 10 11 12

0 0.0 0.1 3.4 2.4 0.9 1.1 3.9 1.9 3.1 ?.9 0.4 1.4 2.1
1 3.8 2.1 0.0 0.7 3.4 0.8 1.5 3.6 3.9 2.5 0.10 0.3 0.4
2 0.3 3.5 2.2 2.1 0.6 0.7 1.2 1.8 3.2 3.6 2.6 1.3 0.10
3 1.3 0.2 3.1 2.3 2.2 0.5 0.6 1.6 1.10 2.8 3.2 8.6 1.7
4 3.10 1.7 0.1 2.5 2.4 2.8 1.1 0.5 1.9 3.7 1.10 2.8 3.2
5 2.8 3.8 8.10 0.0 2.6 8.4 2.4 1.5 1.1 0.5 3.3 3.7 2.9
6 0.10 2.9 3.5 3.8 2.1 2.7 0.7 3.4 0.2 1.5 1.1 2.10 8.3
7 2.10 1.3 0.10 3.1 3.5 2.2 1.4 2.7 0.7 01 1.8 1.5 0.9
8 0.8 0.9 1.7 1.3 2.5 3. 1 3.5 0.4 1.4 0.6 0.0 1.10 1.8
9 1.10 1.2 0.8 8.10 1.7 3.9 2.5 3.1 0.3 0.4 0.5 2.1 3.7

10 3.3 3.7 1.6 1.2 0.8 3.10 3.6 2.6 2.5 0.2 0.3 1.1 2.2
11 2.3 2.10 3.3 0.6 1.6 1.2 3.8 3.2 2.7 2.6 0.. 0.2 1.5
12 1.8 2.4 2.3 2.10 0.5 1.9 1.6 3.5 2.8 1.4 2.7 0.0 0.1

-to I -I*18 4-Si

> j 0 1 2 3 4 5 6 7 8 9 10 11 12

0 0.0 0.6 0.3 3.8 0.7 1.6 3.7 1.7 3.6 2.7 1.3 2.3 2.8
1 0.1 2.1 0.5 0.2 2.10 0.6 1.9 3.3 3.9 3.2 0.10 1.7 2.4
2 1.4 0.0 2.2 1.1 0.1 0.7 0.5 3.7 2.10 3.6 2.8 1.3 2.3
3 2.4 3.10 2.1 2.8 1.5 0.0 0.5 1.1 3.3 0.7 3.2 3.8 1.7
4 3.9 1.4 3.8 2.2 2.4 1.8 2.1 0.5 1.5 2.10 3.6 2.8 3.5
5 3.1 3.6 3.10 3.5 2.3 1.4 1.10 2.2 1.1 0.9 0.7 3.2 2.9
6 0.9 2.5 3.2 3.8 3.1 2.4 3.10 3.4 0.5 1.5 0.8 0.6 2.8
7 2.9 0.8 2.6 2.8 3.5 2.5 1.4 1.10 0.4 1.1 1.8 1.2 0.5
8 1.1 0.9 1.2 2.7 2.9 3.1 0.2 3.10 3.4 0.3 1.5 1.10 1.6
9 1.9 1.5 0.8 1.6 0.10 3.5 2.5 0.1 3.8 0.4 0.2 1.8 3.4

10 0.4 3.7 1.8 1.2 2.7 1.3 3.1 2.6 0.0 3.5 0.3 0.1 1.10
11 3.4 0.3 3.8 0.8 1.6 0.10 1.7 2.5 2.7 2.1 3.1 0.2 0.0
12 2.1 0.4 8.7 2.10 1.2 1.9 1.8 '3.9 2.6 0.10 2.2 2.5 0.1

<_____f <Ii 1 4j~ 4 1

0 0 1 2 3 4 5 6 7 a 9 10 11 12 13 14 15 16

0 0.0 2.3 0.2 2.1 1.3 3.1 0.6 3.6 3.2 1.2 1.6 2.6 1.1 3.3 0.1 2.2 0.3
1 0.4 2.1 3.8 0.1 2.2 0.3 2.4 1.2 3.4 2.6 1.5 3.5 0.6 1.4 0.5 0.0 2-3
2 8.3 1.1 2.2 0.5 0.0 2.8 0.2 2.5 1.5 3.1 0.6 3.6 3.2 1.2 1.6 0.4 1.6
3 3.5 0.5 1.4 2.3 0.4 2.1 3.3 0 1 1.3 3.6 2.4 1.2 3.4 2.6 1.5 3.1 -.1
4 1.4 3.2 0.4 1.6 3.3 1.1 2.2 0.5 0.0 0.3 3.4 2.5 1.5 3.1 1.3 3.6 2.'.
5 2.5 1.6 2.6 1.1 3.5 0.5 1.4 2.3 0.4 2.1 0.2 3.1 1.3 0.1 2.4 0.3 3.4
6 3.1 1.3 3.5 0.0 1.4 3.2 0.4 1.6 3.3 1.1 2.2 0.1 2.2 0.3 0.0 2.5 0.2
7 0.1 2.4 o.a 3.2 1.2 1.6 2.6 1.1 3.5 0.5 1.4 3.2 0.0 2.3 0.2 2.1 :.3
8 0.3 0.0 2.5 0.2 2.6 1.5 3.5 0.6 1.4 3.2 1.2 1.6 2.6 2.1 3.3 0.1 2.^
9 2.3 0.2 2.1 1.3 0.1 0.6 3.6 3.2 1.2 3.4 2.6 1.5 3.5 0.6 2.2 0.5 0.0

10 2.1 3.3 0.1 2.2 0.3 0.0 1.2 3.4 2.5 1.5 3.1 0.6 3.6 3.2 1.2 2.3 0.4
11 1.1 2.2 0.5 0.0 2.3 0.2 2.1 0.2 3.1 1.3 3.6 2.4 1.2 3.4 2.6 1.5 3.3
12 0.5 1.4 2.3 0.4 0.1 3.3 1.1 2.2 0.1 2.4 0.3 3.4 2.5 1.5 3.1 0.6 3.6
13 3.4 0.4 1.6 3.8 1.1 3.5 0.5 1.4 2.3 0.0 2.5 0.2 3.1 1.3 3.6 2.4 1.2
14 1.5 3.1 1.1 3.5 0.6 1.4 8.2 0.4 1.6 3.3 2.1 1.3 0.1 2.4 0.3 3.4 2.5
15 i1.3 3.6 2.4 3.6 3.2 1.2 1.6 2.6 1.1 3.6 0.5 2.2 0.3 0.0 2.5 0.2 3.1
16o 2.4 0.3 0.0 2.5 8.4 2.6 1.5 3.5 0.6 1.4 3.2 0.4 2.3 0.2 2.1 1.3 0.1

~ 1 2 5 6 8 9 10 11 12 13 1 5 1

0 0.0 3.4 1.3 0.0 2.4 1.6 1.1 0.1 0.3 2.3 2.1 3.1 3.6 0.4 2.8 3.3 1.4
1 2.3 2.1 3.1 3.6 1.2 2.5 3.3 1.4 0.0 0.2 1.3 2.2 2.4 3.4 1.1 0.5 0.3
2 0.2 1.3 2.2 2.4 3.4 1.5 0.6 0.3 1.6 2.1 0.1 3.6 2.3 2.5 3.1 1.4 0.0
3 2.1 0.1 3.6 2.3 2.5 3.1 3.5 1.2 0.2 3.3 2.2 0.0 3.4 1.3 0.6 2.5 1.6
4 3.3 2.2 0.0 3.4 1.3 0.6 2.4 3.2 1.5 0.1 0.3 2.3 2.1 3.1 3.5 1.2 0.4
5 1.1 0.3 2.3 2.1 3.1 8.6 1.2 2.5 2.6 3.5 0.0 0.2 1.3 0.6 2.4 3.2 1.6
6 3.5 1.4 0.2 1.3 2.2 2.4 3.4 1.5 0.6 0.5 3.2 2.1 3.1 3.6 1.2 2.5 2.6
7 0.5 3.2 1.6 0.1 3.6 2.3 2.5 3.1 3.5 1.2 0.4 0.2 2.2 2.4 3.4 1.5 0.6



Continuation of table. < 1

8 1.2 0.4 2.6 3.3 0.0 3.4 1.3 0.6 2.4 3.2 3.3 1.1 0.1 2.3 2.5 3.1 3.5
9 3.2 1.5 1.1 0.5 0.3 2.1 3.1 3.6 1.2 0.4 2.6 3.3 1.4 0.0 1.3 0.6 2.4

10 2.5 2.6 3.5 1.4 0.4 0.2 2.2 2.4 8.2 1.5 1.1 0.5 0.3 1.6 2.1 3.6 1.2
11 1.5 0.6 0.5 3.2 1.6 1.1 0.1 1.2 2.5 2.6 3.5 1.4 0.4 0.2 3.3 2.2 3.4
12 3.1 3.5 1.2 0.4 2.6 3.3 2.2 0.0 1.5 0.6 0.5 3.2 1.6 1.1 0.1 0.3 2.3
13 1.3 2.4 3.2 1.5 1.1 0.1 0.3 2.3 2.1 3.5 1.2 0.4 2.6 3.3 1.4 0.0 0.2
14 0.1 3.6 2.5 2.6 3.3 1.4 0.0 0.2 1.3 2.2 3.2 0.6 1.1 0.5 0.3 1.6 2.1
15 2.2 0.0 3.4 1.1 0.5 0.3 1.6 2.1 0.1 3.6 2.3 2.6 3.5 1.4 0.4 0.2 3.3
16 0.3 2.3 2.5 3.1 1.4 0.4 0.2 3.3 2.2 0.0 3.4 1.3 0.5 3.2 1.6 1.1 0.1

< I -W 1- 2I M15 
10 1 2 3 4 5 6 7 8 9 10 1112 13 14 15 16

0 0.0 1.7 0.3 1.5 0.7 2.5 3.2 2.2 3.3 1.3 0.2 1.2 0.5 2.7 3.5 2.3 3.7
1 3.3 2.1 0.2 1.1 0.5 0.6 3.5 2.6 3.7 3.1 1.6 0.1 1.4 0.4 1.5 0.7 2.4
2 2.5 3.1 2.2 0.1 1.3 0.4 1.2 0.7 2.7 3.4 2.3 3.6 0.0 1.7 0.3 0.5 2.6
3 1 2.7 3.5 2.3 3.7 0.0 1.6 0.3 1.4 0.6 1.5 3.2 2.4 3.3 2.1 0.2 1.2 0.4
4 1 0.3 1.5 0.7 2.4 3.4 2.1 3.6 1.1 1.7 1.2 0.5 2.6 2.5 3.1 1.6 0.1 1.4
5 1.7 1.1 0.5 0.6 2.5 3.2 2.2 3.3 1.3 0.2 1.4 0.4 2.7 3.4 2.3 3.6 0.0

6 2.1 0.2 1.3 0.4 1.2 3.5 2.6 3.7 3.1 1.6 0.1 1.7 0.6 1.5 3.2 2.4 3.3
7 3.1 2.2 0.1 1.6 0.3 1.4 0.7 2.7 3.4 2.3 3.6 1.1 0.2 1.2 0.5 2.6 2.5
8 3.5 2.3 3.7 0.0 3.6 1.1 1.7 0.6 1.5 3.2 2.2 3.3 1.3 0.1 1.4 0.4 2.7
9 1.5 0.7 2.4 3.4 2.1 3.3 1.3 0.2 1.2 3.5 2.6 3.7 3.1 1.6 0.0 1.7 0.3

10 1.1 0.5 0.6 2.5 3.2 2.2 3.1 1.6 0.3 1.4 0.7 2.7 3.4 2.3 3.6 2.i 0.2
11 0.1 1.3 0.4 1.2 3.5 2.6 3.7 2.1 3.6 1.1 1.7 0.6 1.5 3.2 2.4 3.3 2.2
12 3.7 0.0 1.6 0.3 1.4 0.7 2.4 3.4 2.2 3.3 1.3 0.2 1.2 0.5 2.6 2.5 3.1
13 2.3 3.4 2.1 3.6 1.1 0.5 0.6 2.5 3.2 ..7 3.1 1.6 0.1 1.4 0.4 2.7 3.5
14 0.7 2.4 3.2 2.2 0.1 1.3 0.4 1.2 3.5 2.6 3.4 2.3 3.6 0.0 1.7 0.3 1.5
15 0.5 0.6 2.5 2.3 3.7 0.0 1.6 0.3 1.4 0.7 2.7 3.2 2.4 3.3 2.1 0.2 1.1
16 1.3 0.4 2.7 3.5 2.4 8.4 2.1 3.6 1.1 1.7 0.6 1.5 2.6 2.5 3.1 2.2 0.1

I -to (' 17 2-3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0 0.0 0.3 1.7 1.6 8.3 2.6 2.1 1.1 0.7 2.7 3.1 0.1 0.6 1.3 3.6 3.7 2.3
1 2.6 2.1 1.1 0.7 2.7 3.1 0.2 2.2 1.3 3.6 3.7 2.3 0.0 0.5 1.5 3.4 3.5
2 3.3 0.2 2.2 1.8 3.6 3.7 2.3 0.1 0.6 1.5 3.4 3.5 2.4 2.1 1.2 1.7 :.6
3 C.7 3.1 0.1 0.6 1.5 3.4 3.5 2.4 0.0 0.5 1.7 3.2 3.3 0.4 2.2 1.3 0.7
4 3.6 3.7 2.3 0.0 0.5 1.7 3.2 3.3 0.4 2.1 1.2 0.7 2.5 3.1 0.1 0.6 i.5
5 1.7 3.4 3.5 2,4 2.1 1.2 0.7 0.4 3.1 0.3 2.2 1.4 3.6 3.7 2.3 0.0 0.5
6 1.2 0.7 3.2 3.3 0.4 2.2 1.4 3.6 2.6 2.3 1.1 0.6 1.5 3.4 3.5 2.4 2.:
7 2.2 1.4 3.6 2.5 3.1 0.3 0.6 1.6 3.4 0.2 2.4 2.1 0.5 1.7 3.2 3.3 )..;
8 0.3 0.6 1.6 3.4 2.6 2.3 1.1 0.5 2.7 3.2 3.3 0.4 2.2 1.2 0.7 2.5 3.:
9 2.3 1.1 0.5 2.7 3.2 0.2 2.4 1.3 1.2 0.7 2.5 3.1 0.3 0.6 1.4 3.6 2.6

10 0.2 2.4 1.3 1.2 3.7 2.5 0,1 0.4 2.2 1.4 3.6 2.6 2.3 1.1 0.5 1.6 3.4
11 3.2 0.1 0.4 1.5 1.4 3.5 2.6 3.1 0.3 0.6 1.6 3.4 0.2 2.4 1.3 1.2 2.7
12 3.7 2.5 0.0 0.3 1.7 1.6 3.4 0.2 2.3 1.1 0.5 2.7 3.2 0.1 0.4 1.5 1.4
13 1.6 3.5 2.6 2.1 1.1 0.5 2.7 3.2 0.1 2.4 1.3 1.2 3.7 2.5 0.0 0.3 1.7
14 0.7 2.7 3.3 0.2 2.4 1.3 1.2 3.7 2.5 0.0 0.4 1.5 1.4 3.5 2.6 2.1 1.1
15 1.3 3.5 3.7 3.2 0.1 0.4 1.5 1.4 3.5 2.6 2.1 0.3 1.7 1.6 3.3 0.2 2.2
16 0.6 1.5 1.4 3.5 2.5 0.0 0.3 1.7 1.6 3.3 0.2 2.2 1.1 0.7 2.7 3.1 0.1

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0 0.0 3.7 1.2 0.5 2.7 1.5 3.8 2.8 0.2 2.2 0.8 1.8 3.5 0.7 2.5 3.2 1.7
1 3.6 2.1 3.4 1.5 0.4 2.8 1.8 3.5 2.9 0.1 2.3 0.7 0.6 3.2 1.2 2.6 2.'
2 2.8 3.3 2.2 3.1 1.8 1.1 2.9 0.6 3.2 3.9 0.0 3.7 1.2 0.5 2.7 1.5 0.4
3 1.1 2.9 1.3 2.3 2.4 0.6 1.4 3.9 0-5 2.7 3.6 2.1 3.4 1.3 0.4 0.3 !.m
4 0.6 1.4 3.9 1.6 3.7 2.5 0.5 1.7 3.6 0.4 2.8 3.3 2.2 3.1 3.8 .1.1 0.2
5 0.1 0.5 1.7 3.6 1.9 3.4 2.6 0.4 0.3 3.3 1.1 2.9 1.3 0.8 2.4 3.5 1.4
6 1.7 0.0 0.4 0.3 3.3 0.9 3.1 3.8 1.1 0.2 1.3 1.4 0.1 1.6 0.7 2.5 3.2
7 2.7 0.3 2.1 1.1 0.2 1.3 0.8 2.4 3.5 1.4 0.1 2.3 1.7 0.0 1.9 1.2 2.6



As-

Continuation of table. <
8 8.8 2.8 0.2 2.2 1.4 0.1 1.6 0.7 2..6 J.z 3.9 0.u 3.7 0.3 2.1 0.9 .:.5
9 1.8 3.5 2.9 0.1 2.3 1.7 0.0 1.9 1.2 0.5 2.7 3.6 2.1 3.4 0.2 2.2 0.8

10 0.7 0.6 3.2 3.9 0.0 3.7 0.3 2.1 3.4 1.5 0.4 2.8 3.3 2.2 3.1 0.1 2.3
11 3.7 1.2 0.5 2.7 3.6 2.1 3.4 3.3 2.2 3.1 J.8 1.1 2.9 1.3 2.3 2.- 0.0
12 2.1 3.4 1.5 0.4 2.8 3.3 0.9 3.1 1.3 2.3 2.4 0.6 1.4 3.9 1.6 3.7 2.5
13 2.6 2.2 3.1 1.8 1.1 0.2 1.3 0.8 2.4 1.6 3.7 2.5 0.5 1.7 3.6 1.9 3.4
14 3.1 3.8 2.3 2.4 3.5 1.4 0.1 1.6 0.7 2.5 1.9 3.4 2.6 0.4 0.3 3.3 0.915 0.8 2.4 8.5 0.7 2.5 3.2 1.7 0.0 1.9 1.2 2.6 0.9 3.1 3.8 1.1 0.2 1.316 1.6 0.7 0.6 3.2 1.2 2.6 2.7 0.3 2.1 0.9 1.5 3.8 0.8 2.4 3.5 1.4 0.1

l-w I " I _ ,

0-.r J 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0 0.0 0.8 1.7 3.1 3.8 0.1 2.5 1.5 0.7 2.7 3.5 0.5 2.1 1.8 1.1 3.7 2.1 0.5 2.1 1.3 1.9 2.4 3.6 0.0 0.3 1.7 0.6 3.8 3.2 0.4 2.2 0.7, 1.4 3.52 3.2 0.4 2.2 8.3 0.9 2.5 3.4 2.1 0.2 1.9 1.2 3.6 2.6 1.1 2.3 0.6 3.83 3.6 2.6 1.1 2.3 .2.8 0.8 0.3 3.1 2.2 0.1 0.9 1.5 3.4 2.7 1.4 3.5 1.24 1.5 3.4 2.7 1.4 0.5 2.9 1.3 0.2 2.4 2.3 0.0 0.8 1.7 3.1 0.6 t.6 3.25 2.6 1.7 3.1 3.8 1.6 0.4 3.9 3.3 0.1 2.5 0.5 2.1 1.3 0.2 2.4 1.2 1.86 0.7 2.7 1.9 2.4 3.6 1.8 1.1 3.7 2.8 0.0 0.3 0.4 3.9 3.3 0.1 2.5 1.5
7 1.7 0.6 3.8 0.9 2.5 8.4 0.7 1.4 3.5 2.9 2.1 1.3 1.1 3.7 2.8 0.0 0.3
8 0.2 1.9 1.2 3.6 0.8 0.3 3.1 0.6 1.6 3.2 0.4 2.2 3.3 1.4 3.5 2.9 2.19 2.2 0.1 0.9 1.5 3.4 1.3 0.2 2.4 1.2 3.6 2.6 1.1 2.4 2.8 1.6 3.2 3.9
10 3.7 2.3 0.0 0.8 1.7 3.1 3.3 0.1 0.9 1.5 3.4 2.7 1.4 0.5 2.9 1.8 2.8
11 2.7 3.5 0.5 2.1 1.3 1.9 2.4 2.3 0.0 0.8 1.7 3.1 3.8 1.6 0.4 3.9 0.712 0.6 8.8 3.2 0.4 2.2 8.3 0.1 2.5 0.5 2.1 1.3 1.9 2.4 3.6 1.8 1.1 3.7V13 3.5 1.2 3.6 2.6 1.1 3.7 2.8 0.0 0.3 0.4 2.2 3.3 0.9 2.5 3.4 0.7 1.414 1.6 3.2 1.5 3.4 0.7 1.4 3.5 2.9 2.1 0.2 1.1 2.3 2.8 0.8 0.3 3.1 0.615 1.2 1.8 2.6 0.3 8.1 0.6 1.6 3.2 3.9 2.2 0.1 1.4 0.5 2.9 1.3 0.2 2.4
16 2.5 1.5 8.4 2.7 0.2 2.4 1.2 1.8 2.6 3.7 2.3 0.0 1.6 0.4 3.9 3.3 0.1

< I- ,1" I + ,

10 1 12 14 15 16

0 0.0 2.10 0.7 8.9 1.10 0.9 0.6 3.6 3.7 1.7 1.6 2.6 2.9 3.10 1.9 2.7 0.'01 1.5 2.1 0.9 0.6 3.6 3.7 0.8 0.5 3.2 3.3 3.10 1.9 2.7 0.10 3.8 3.9 1.41 0.4 1.8 2.2 0.8 0.5 3.2 3.3 1.2 1.1 2.8 2.10 3.8 3.9 1.4 1.3 3.5 3.4

3 0.7 0.3 1.10 2.3 1.2 1.1 2.8 2.10 1.6 1.5 2.9 0.9 3.5 3.6 0.4 1.8 3.14 2.5 0.6 0.2 3.7 2.4 1.6 1.,5 2.9 0.9 1.9 1.8 0.10 0.8 3.1 0.7 0.3 1-10
5 3.7 2.6 0.6 0.1 3.3 3.4 1.9 1.8 0.10 0.8 3.9 1.20 1.3 2.1 2.5 0.6 0.:
a 0.1 3.3 2.7 1.1 0.0 2.10 0.7 3.9 1.10 1.3 1.2 3.6 0.4 1.7 2.2 2.0 0.5
7 1.1 0.0 2.10 1.4 1.5 2.1 0.9 0.8 3.6 3.7 1.7 2.2 3.2 0.3 3.10 2.3 2.7
8 1.4 1.5 2.1 0.9 0.4 1.8 2.2 0.8 0.5 3.2 0.3 3.10 2.3 2.8 0.2 3.8 2.4
9 8.4 0.4 1.8 2.2 0.8 0.3 1.10 2.3 1.2 2.5 2.8 0.2 3.8 2.4 2.9 0.1 3.5

10 3.1 0.7 0.3 1.10 2.3 1.2 0.2 3.7 1.7 1.6 2.6 2.9 0.1 3.5 3.4 0.10 0.0
11 2.1 2.5 0.6 0.2 3.7 2.4 1.6 3.2 3.3 3.10 1.9 2.7 0.10 0.0 3.1 0.7 1.3
12 1.7 2.2 2.6 0.5 0.1 3.3 3.10 1.9 2.8 2.10 3.8 .1.9 1.4 1.3 2.1 2.5 0.6
Is 0.6 3.10 2.3 2.7 1.1 2.3 2.10 3.8 3.9 2.9 0.9 3.5 3.6 0.4 1.7 2.2 2.6
14 2.7 1.1 3.8 2.4 1.6 1.5 2.9 0.9 3.5 3.6 0.10 0.8 3.1 3.2 0.3 3.10 2.3
16 2.4 1.4 1.5 3.3 8.4 1.9 1.8 0.10 0.8 3.1 3.2 1.3 1.2 2.5 2.8 0.2 3.8
16 3.5 3.4 1.9 1.8 2.10 0.7 3.9 1.10 1.3 1.2 2.5 2.8 1.7 1.6 2.6 2.9 0.1



r 0 1 2 a 4 5 6 7 8 9 10 11 12 1 14 15 16

0 0.0 2.5 0.4 8.10 f.5 0.10 0.1 3.1 3.4 1.4 1.1 2.1 2.10 3.5 1.10 2.4 0.5
1 1.7 2.1 2.6 0.3 8.8 1.8 1.3 0.0 2.5 0.4 3.10 1.5 2.2 0.7 3.1 3.4 1.4
2 8.10 3.9 2.2 2.7 0.2 3.5 1.10 1.7 2.1 2.6 0.3 3.8 1.8 2.3 0.6 2.5 2.9
a 0.9 3.8 8.6 2.3 0.10 0.1 3.1 3.4 3.9 2.2 2.7 0.2 3.5 1.10 2.4 1.3 2.6
4 2.7 0.8 8.5 3.2 2.4 1.3 0.0 2.5 0.4 3.6 2.3 0.10 0.1 3.1 2.8 1.4 1.7
5 3.9 0.10 1.2 3.1 2.8 1.4 1.7 2.1 2.6 0.3 3.2 2.4 1.3 1.6 2.5 2.9 3.10
6 3.8 3.6 1.3 1.6 2.5 2.9 3.10 3.9 2.2 2.7 0.2 2.8 0.7 1.7 1.9 2.6 0.9
7 0.8 3.5 3.2 1.7 1.9 2.6 0.9 3.8 3.6 2.3 0.10 1.2 2.9 0.6 3.9 3.7 2.7
8 0.10 1.2 3.1 2.8 3.9 3.7 2.7 0.8 3.5 3.2 2.10 1.3 1.6 0.9 0.5 3.6 3.3
9 2.10 1.3 1.6 2.5 2.9 3.6 3.3 0.10 1.2 1.5 2.8 0.7 1.7 1.9 0.8 1.1 3.2

10 2.3 0.7 1.7 1.9 2.6 0.9 3.2 2.10 0.3 1.6 1.8 2.9 0.6 3.9 3.7 1.2 1.5
11 1.8 2.9 0.6 3.9 3.7 2.7 0.8 2.2 0.7 0.2 1.9 1.10 0.9 0.5 3.6 3.3 1.6
12 1.9 1.10 0.9 0.5 3.6 3.3 0.4 1.2 2.3 0.6 0.1 3.7 3.4 0.8 1.1 3.2 2.10
13 0.7 3.7 3.4 0.8 1.1 2.1 2.10 0.3 1.6 2.4 0.5 0.0 3.3 0.4 1.2 1.5 2.8
14 2.9 0.6 3.3 0.4 3.10 1.5 2.2 0.7 0.2 1.9 1.4 1.1 2.1 2.10 0.3 1.6 1.8
15 1.10 0.9 0.6 2.6 0.3 3.8 1.8 2.3 0.6 0.1 3.7 3.10 1.5 2.2 0.7 0.2 1.9
16 8.7 3.4 1.4 1.1 2.7 0.2 3.5 1.10 2.4 0.5 0.0 3.3 8.8 1.8 2.3 0.6 0.1

< W1-- i

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

0 0.0 1.4 0.2 06 3.6 3.5 1.3 2.4 0.3 2.7 0.5 3.2 1.7 3.7 1.2 2.5 0.7 2.3 ().4 3.3 1.5 1.6 2.6 2.2 3.1

1 0.5 2.1 1.7 0.1 1.2 3.3 0.7 1.6 2.5 1.1 1.5 0.4 2.6 0.2 3.4 1.4 3.5 0.6 2.4 0.3 3.1 0.5 3.6 2.7 3.7
2 3.4 0.4 2.2 0.2 0.0 1.4 3.1 0.6 3.6 3.6 1.3 0.5 0.3 2.7 0.1 3.2 1.7 0.7 1.2 2.5 1.1 2.3 0.4 3.3 1.1
3 1.3 3.2 0.3 3.7 0.1 2.1 1.7 2.3 1.2 3.3 0.7 1.6 0.4 1.1 1.1 0.0 2.6 0.2 0.6 1.4 3.5 1.3 2.4 3.6 3.1

4 2.3 1.6 2.6 1.1 3.4 0.0 2.2 0.2 2.4 1.4 3.1 0.6 3.6 0.3 1.3 0.5 2.1 2.7 0 1 1.2 1.7 0.7 2.3 2.5 3.3
5 3.1 2.4 3.6 2.7 1.3 3.2 2.1 3.7 0.1 2.5 1.7 2.3 1.2 3.3 1.1 1.6 0.4 2.2 1.5 0.0 1.4 2.2 0.6 2.4 3.5
6 072.3 2.53.31.5 1. 2.62.23.40.03.502 2.4 1.4 3.1 1.3 3.6 0.3 37 0.5 3.2 !.7 3.7 1.2 2.5
7 3.5 0.6 2.4 3.i 3.1 0.5 3.6 2.7 3.7 3 2 2.1 0.7 0.1 2.5 1.7 2.3 '.6 3.3 1., 1.5 0.4 2.6 0.2 3.4 1.4
8 1 7 0.7 1.2 2.1 0.7 2.3 0.4 3.3 1.5 3.4 2.6 2.2 0.6 0 3.5 0.2 2.. 3.6 3 1 1.3 0.5 0.3 2.7 0.1 3.2

9 2.6 0.2 0.6 1.1 3.5 0.6 2.4 0.3 3.1 0.5 3.2 2.7 3.7 :.2 2.1 0.7 0.i 1.2 3.3 0.7 1.6 0.4 1.1 1.5 0.0
10 2.1 2.7 0.1 1.2 1.7 07 1.2 2.5 1.1 2.3 0.4 2.6 1.5 3.4 1.4 2.2 0.2 0,0 1.4 3.1 0.6 3.6 0.3 1.3 0.5
11 0.4 2.2 1.5 0.0 1.4 0.2 0.6 1.4 3.5 1 32.4 0 3 2.7. 0.5 3.2 2.1 3.7 0A 1 1.7 2.3 1.2 3.3 1.1 1.6
12 3.6 0.3 3.7 0.1 2.1 1.7 0.1 1.2 1.7 0.7 1.6 2.5 1.1 1.5 1.6 2.6 2 3.4 0.0 2.2 0.2 2.4 1.4 3.1 1.3
13 1.6 3.3 1.1 3.t 0.4 2.2 0.2 0.0 1.1 0.2 06 3.6 3.5 3.1 0.5 3.6 2. 3.7 3.2 2.1 3.7 0.1 2.5 1.7 2.3

14 2.4 3.6 3.1 1.. 3.2 0.3 3.7 0.1 2.1 1.7 0.1 1.2 2.3 0.7 2.3 0 4 3 1.5 3.4 2.6 2.2 3.4 0.) 3.5 0.2
:5 0.1 2.53.32.31.62.6 1.1 3.40.02.20.2341.43.5062.4 0.3 3A 0.5 3.2 2.7 3.7 3.2 2.1 0.7

16 0.60.0 3.5 1.1 2.4 3.6 2.7 1.3 3.2 2.1 2.7 0.1 3.' 1.70.7 1.22.5 1.1 2.3 0.4 2.6 1.5 3.4 2.6 2.2
17 3.7 1.2 2.1 0.7 2.3 2.5 3.3 1.5 1.6 0.4 2.2 1.5 0.0 2.6 0.2 0.6 1 1 3.5 1 3 2.4 0.3 2.7 0.5 3.2 2.7

18 1.5 3.4 1.4 2.2 0.6 2.4 3.5 3.1 0.5 3.6 0.3 3.70.5 2.1 2.7 0.1 1 2 17 07 1.6 2.5 1.1 1-5 0.4 2.6
19 2.7 0.5 3.2 1.7 3.7 1.2 2.5 1.7 2.3 1.6 :,.3 1.1 3.4 0.4 2.2 1 500 1.4 0.2 0.6 3.6 3.5 1.3 0.5 0.3
20 1.1 1.5 0.4 2.6 0.2 3.4 0.0 3.5 0.2 2.4 .3.6 3.1 1.3 3.2 0.3 37 0.5 2.1 1.7 0.1 1.2 3.3 0.7 1.6 0.4
21 0.3 1.3 0.5 0.3 2.7 3.7 3.2 2.1 0.7 0.1 2.5 3.3 2.3 1.6 2.6 1.1 3.4 0.4 2.2 0 2 0.0 1.4 3.1 0.6 3.6
22 3.3 1.1 1.6 0.4 3.3 1.5 3.4 2.6 2.2 0.6 0.0 3.5 3.1 2.4 3.6 2.7 1.3 3.2 0.3 3.7 0.1 2.1 1.7 2.3 1.2
23 1.4 3.1 1.3 2.4 0.3 3.1 0.5 3.2 2.7 3.7 1.2 2.1 0.7 2.3 2.5 3.3 1.5 1.6 2.6 1.1 3:4 0.0 2.2 5 2 2.4

S2. 1.7 0.7 1.6 2.5 1.1 2.3 0.4 2.0 1.5 3.4 1.4 2.2 0.6 2.4 3.5 3.1 0.5 3.6 2.7 1.3 3.2 2.1 3.7 0.1



< - 1 L-11

0 0.0 3.7 0.5 2.3 1.3 1.1 3.6 0.7 2.6 1.4 2.1 3.5 0.4 2-4 1.5 0.1 3.4 0.6 2.7 1.6 3.1 3.3 0.3 2.5 1.7
1 2.5 2.1 3.5 1.2 2.4 1.5 1.3 3-4 3.60.2 1.6 2.2 3.3 030.4 1.7 0.0 3.20.5 3.7 2.7 2.3 3.1 1.1 2.8
2 0.2 2.6 2.2 3.3 1.4 0.4 1.7 1-53.2 3.4 0.1 2.7 0.6 3.1 1.1 0.3 0.7 2.1 2.5 1.2 3.5 3.7 9.4 9.3 3.8
3 3.4 0.1 0.2 0.6 3.1 1.6 0.3 2.7 1.7 2.5 3.2 0.0 3.7 0-5 2.3 1.3 1.1 3.6 2.2 2.6 1.4 3.3 i.5 1.5 2.4
4 0.4 3.2 0.0 0.1 0.5 2.3 2.7 1.1 3.6 0.7 2.6 2.52.1 3.5 1.2 2.4 1.5 1.3 3.4 0.8 0.2.1.6 0.3 3.3 1.7
5 0.7 0.3 2.5 2.1 0.0 1.2 2.4 3.7 1.3 3.4 3.8 0.2 2.6 2.2 3.3 1.4 0.4 1.7 1.5 3.2 0.5 0.6 2.7 1.1 3.1
6 2.3 3.8 1.1 2.6 2.2 2.1 1.4 0.4 3.5 1.5 3.2 3.40.IA 0.2 0.6 3.1 1.680.3 0.7 1.7 0.0 1.2 0.5 3.7 1.3
7 1.5 2.4 3.4 1.3 0.2 0.6 2.2 1.6 0.3 3.3 1.7 2.5 3.2 0.0 0.1 0.5 2.3 2.7 1.1 2.6 0.7 2.1 1.4 1.2 3.5
8 3.3 1.7 0.4 3.2 1.5 0.1 0.5 0.6 2.7 1.1 3.1 0.7 2.6 2-5 2.1 0.0 1.22.4 3.7 1.3 0.2 3.6 2.2 1.6 1.4
9 1.6 3.1 0.7 0.3 2.5 1.7 0.0 1.2 0.5 3.7 1.3 2.3 3.680.2 2.8 2.2 2.1 3.5 0.4 2.4 1.5 0.1 3.4 0.6 2.7
10 3.7 2.7 2.3 3.6 1.1 2.6 0.7 2.1 1.4 1.2 3.5 1.5 2.4 3.4 0.1 0.2 1.4 2.2 3.3 0.3 0.4 1.7 0.0 3.2 0.5
11 1.2 3.5 3.7 2.4 3.4 1.3 0.2 3.8 2.2 1.681.4 3.3 1.7 0.4 3.2 0.5 0.1 2.7 0.6 3.1 1.1 0.3 0.7 2.1 2.5
12 2.6 1.4 3.3 3.5 0.4 3.2 1.5 0.1 3.4 0.682.7 1.683.1 0.7 1.7 2.5 1.2 0.0 3.7 0.5 2.3 1.3 1.1 3.8 2.2
13 0.6 0.2 1.6 3.1 3.3 0.3 2.5 1.7 0.0 3.2 0.5 3.7 2.7 1.1 3.6 0.7 2.681.4 2.1 3.5 1.2 2.4 1.5 1.3 3.4
14 3.2 0.5 0.1 2.7 2.3 3.1 1.1 2.6 0.7 2.1 2.5 1.2 2.4 3.7 1.3 3.4 3.680.2 1.6 2.2 3.3 1.4 0.4 1.7 1.5
15 F.7 2.5 1.2 0.0 3.7 2.4 2.3 1.3 0.2 1.6 2.2 2.1 1.4 0.4 3.5 1.5 3.2 3.4 0.1 2.7 0.683.1 1.6 0.3 0.7
16 3.6 0.7 2.6 1.4 2.1 3.5 0.4 2.4 1.5 0.1 0.2 0.6 2.2 1.680.3 3.3 1.7 2.5 3.2 0.0 3.7 0.5 2.3 2.7 1.1
17 1.3 3.4 3.6 0.2 1.6 2.2 3.3 0.3 0.4 3.2 0.0 0.1 0.5 0.6 2.7 1.1 3.1 0.7 2.8 2.5 2.1 3.5 1.2 2.4 3.7
18 3.5 1.5 8.2 3.4 0.1 2.7 0.8 3.1 1.1 0.3 2.5 2.1 0.0 1.2 0.5 3.7 1.3 2.3 3.6 0.2 2.6 2.2 3.3 1.4 0.4
19 0.3 3.3 1.7 2.5 3.2 0.0 3.7 2.7 2.3 3.681.1 2.6 2.2 2.1 1.4 1.2 3.5 1.5 2.4 3.4 0.1 0.2 0.6 3.1 1.6
20 2.7 1.1 3.1 0.7 2.6 2.5 1.2 3.5 3.7 2.4 3.4 1.3 0.2 0.8 2.2 !.8 1.4 3.3 1.7 0.4 3.2 0.0 0.1 0.5 2.3
21 2.4 3.7 1.3 2.3 3.6 2.2 2.6 1.4 3.3 3.5 0.4 3.2 1.5 0.1 0.5 0.6 2.7 1.8 3.1 0.7 0.3 2.5 2.1 0.0 1.2
22 1.4 0.4 3.5 1.5 1.3 3.4 0.6 0.2 1.8 3.1 3.30o.3 2.61.7 0.0 1.2 0.5 3.7 2.7 2.3 3.6 1.1 2.6 2.2 2.1
93 2.2 1.6 0.3 0.4 1.7 1.5 3.2 0.5 0.1 2.7 2.3 3.1 1.1 2.6 0.7 2.1 1.4 1.2 3.5 3.7 2.4 3.4 1.3 0.2 0.8
24 0.6 0.653.1 1.1 0.3 0.7 1.7 2.5 1.2 0.038.7 2.4 2.3 1.3 0.2 3.8 2.2 1.6 1.438.3 3.5 0.4 3.2 1.5 0.1

r-. 0 1 2 3 4 6 5 7 a 9 10 11 12 13 14 15 18 17 18 19 20 21 22 23 24

0 0.0 3.4 1.7 2.1 1.1 0.3 1.8 0.4 0.8 0.6 1.3 0.7 3.6 1.6 2.7 3.3 2.6 2.8 2.4 3.8 2.3 3.1 0.1 3.7 1.4
1 2.5 2.1 3.1 0.8 2.2 1.4 0.2 0.6 1.1 0.7 0.5 1.6 1.2 3.3 1.9 2.8 1.3 3.8 2.9 2.5 3.5 3.7 2.4 0.0 3.4
2 3.1 2.6 2.2 2.4 0.2 2.3 1.7 0.1 0.5 1.4 1.2 0.4 1.9 1.51.3 0.9 2.9 1.6 3.5 3.9 2.6 3.2 3.4 2.5 2.7
3 2.8 2.4 3.8 2.3 2.5 0.1 3.7 0.3 0.0 0.4 1.71.5 1.1 0.9 1.8 1.6 0.8 3.9 1.9 3.2 3.6 3.8 2.7 3.3 2.6
4 3.8 2.9 2.5 3.5 3.7 2.6 0.0 3.4 0.2 2.1 1.1 0.3 1.8 1.4 0.8 0.6 1.9 0.7 3.680.9 2.7 3.3 0.8 2.8 1.3
5 1.8 3.5 3.9 2.8 3.283.4 3.8 2.1 3.1 0.1 2.2 1.4 0.2 0.6 1.7 0.7 0.5 0.9 1.2 3.3 0.8 1.5 1.3 0.7 2.9
8 3.9 1.9 3.2 3.5 3.8 2.7 3.1 3.5 2.2 2.4 0.0 2.3 1.7 0.1 0.5 0.3 1.2 0.4 0.8 1.5 1.1 0.7 1.8 1.8 1.2
7 1.5 3.6 0.9 2.7 3.3 3.5 2.8 2.4 3.2 2.3 2.5 2.1 3.7 0.3 0.0 0.4 0.2 1.5 1.1 0.1 1.8 1.4 1.2 0.6 1.9
8 0.9 1.8 3.3 0.8 2.8 2.3 3.2 2.9 2.5 2.7 3.7 2.682.2 3.40.2 2.1 1.1 0.1 1.8 1.4 0.0 0.6 1.7 1.5 0.5
9 0.4 0.8 0.6 1.3 0.7 2.9 1.6 2.7 3.9 2.8 2.8 3.4 3.8 2.3 3.1 0.1 2.2 2.4 0.0 2.3 1.7 2.1 0.5 0.3 1.8
10 0.6 1.1 0.7 0.5 1.6 1.2 3.9 1.9 2.8 3.683.8 2.9 3.1 3.5 3.7 2.4 3.2 2.3 2.5 2.1 3.7 0.3 2.2 0.4 0.2
11 0.1 0.5 1.4 1.2 0.4 1.9 1.5 3.6 0.0 2.9 3.3 3.5 3.9 2.4 3.2 3.6 2.5 2.7 3.7 2. 2-2 3.4 0.2 2.3 1.1
12 1.4 0.0 0.4 1.7 1.5 1.1 0.9 1.8 3.3 0.8 3.9 1.33.2 3.6 1.6 2.7 3.3 2.6 2.8 3.4 3.8 2.3 3.1 0.1 3.7
13 3.4 1.7 2.1 1.1 0.3 1.8 1.4 0.8 0.8 1.3 0.7 3.681.61.2 3.3 .92.8 1.3 3.8 2.9 3.1 3.5 3.7 2.4 0.0
14 2.1 3.1 0.3 2.2 1.4 0.2 0.8 1.7 0.7 0.5 1.6 1.2 0.4 1.9 1.5 1.3 0.9 2.9 1.6 3.5 3.9 2.1 3.2 3.4 2.5
15 2.0 2.2 0.4 2.3 1.7 0.1 0.5 0.3 1.2 0.4 1.7 1.5 1.1 0.9 1.8 1.6 0.8 3.9 1.9 3.2 3.6 2.5 2.7 3.1
16 2.4 3.8" ).1 3.7 0.3 0.0 0.4 0.2 2.1 1.1 0.3 1.8 1.4 0.8 0.6 1.9 0.7 3.6 0.9 2.7 3.3 2.6 2.8
17 2.9 2.5 ..60.0 3.4 0.2 2.1 3.1 0.1 2.2 1.4 0.2 0.6 1.7 0.7 0.5 0.9 1.2 3.3 0.8 2.8 1.3 3.8
18 3.5 3.9 . 3.4 3.8 2.138.1 0.1 2.2 2.4 0.0 2.3 1.7 0.1 0.6 0.3 1.2 0.40.8 1.5 1.3 0.7 2.9 1.6
19 1.9 3.23i.63.8 2.7 3.13.5 2.8 2.4 3.2 2.3 2.5 2.1 3.7 0.3 0.00.4 0.2 1.5 1.10.7 1.8 1.6 1.2 3.9
20 3.6 0.9 2.7 3.3 3.5 2.8 1.3 3.2i 2.9 2.5 2.7 3.7 2.8 2.2 3.4 0.22.1 1.1 0.1 1.8 1.4 1.2 0.6 1.9 1.5
21 1.8 3.3 0.8 2.8 1.3 0.7 2.9 1.6 2.7 3.9 2.6 2.;83.4 3.8 2.3 1.1 0.1 2,2 1.4 0.0 0.8 1.7 1.5 0.5 0.9
22 0.8 0.8 1.3 0.7 1.8 1.6 1.2 3.9 1.9 2.8 3.8 3.8 2.9 3.1 3.5 1.7 2.4 0.0 2.3 1.7 2.1 0.5 0.3 1.8 0.4
221 1.1 0.7 0.5 1.4 1.2 0.6 1.9 1.5 3.580.9 2.9 3.3 3.5 3.9 2.4 1-2 3.4 .5 2.1 3.7 0.3 2.2 0.4 0.2 o.6
21 0.5 1.4 0.0 0.4 1.7 1.5 0.5 0.9 1.8 3.30.8 3.9 1.3 3.2 3.6 2.5 2.7 :1.1 2,62.2 3.4 0.2 2.3 1.1 0.1



< -5 12L
[0 1 2 3 4 5 8 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

0 0.0 3.70.652.3 1-. 1.1 3.6 0.7 2-. 1.4 2.1 3.5 0.4 2.4 1.50.1 3.4 0.6 2.7 1.6 3.1 3.3 0.3 2.5 1.7
1 2.5 2.1 3.5 1.2 2.4 1.5 1.3 3"4 3"00.2 1.6 2.2 3.3 0.30.4 1.7 0.0 3.2 0.5 3.7 2.7 2.3 3.1 1.1 L1.6
2 10.2 2.6 2.2 3.3 1.4 0.4 1.71-"53.2 3.4 0.1 2.70o.6 3-11.1 0.30.7 2.1 2.5 1.2 3.5 3.7 2.4 2.3 3.6
3 3.4 0.1 0.2 0.6 3.1 1.6 0.32.7 1"72.5 3.2 0.0 3.7 0.52.3 1.3 1.1 3.6 2.2 2.6 1.4 3.3 3.5 1.5 2.4
4 0.4 3.2 0.0 0.1 0.5 2.3 2.7 1.1 3.6 0.72.6 2.5 2.1 3.51.2 2.41.5 1.3 3.4 0.6 0.2 1.6 0.3 3.3 1.7
5 0.7 0.3 2.5 2.1 0.0 1.2 2.4 3.7 1.3 3.43.6 0.2 2.6 2.2 3.3 1.4 0.4 1.7 1.5 3.2 0.5 0.6 2.7 1.1 3.1
6 2.3 3.6 1.1 2.6 2.2 2.1 1.4 0.4 3.5 1.5 3.2 3.4 0.1 0.2 0.6 3.1 1.6 0.3 0.7 3.7 0.0 1.2 0.5 3.7 1.3
7 1.5 2.4 3.4 1.3 0.2 0.6 2.2 1.5 0.3 3.3 1.7 2.5 3.2 0.0 0.1 0,52.3 2.7 1.1 2.6 0.7 2.1 1.4 1.2 3.5
8 3.3 1.7 0.4 3.2 1.5 0.1 0.5 0.6 2.7 1.1 3.1 0.7 2.6 2,5 -.1 0.0 1.2 2.4 3.7 1.3 0.2 3.6 2.2 1.6 1.4
9 1.6 3.1 0.7 0.3 2.5 1.7 0.0 1.2 0.5 3.7 1.3 2.3 3.6 0.2 2.6 2.22.1 3.5 0.4 2.4 1.5 0.1 3.4 0.6 2.7

10 3.7 2.7 2.3 3.6 1.1 2.6 0.7 2.1 1.4 1.2 3.5 1.5 2.4 3.4 0.1 0.2 !.6 2.2 3.3 0.3 0.4 1.7 0.0 3.2 0.5
1I 1.2 3.5 3.7 2.4 3.4 1.3 0.2 3.6 2.2 1.6 1.4 3.3 1.7 0.4 3.2 0.5 0.1 2.7 0.6 3.1 1.1 0.3 0.7 2. 2.5
12 2.6 1.4 3.3 3.5 0.4 3.2 1.5 0.1 3.4 0.6 2.7 1.6 3.1 0.7 1.7 2.5 1.2 0.0 3.7 0.5 2.3 1.3 1.1 3.6 '2.2
13 0.6 0.2 1.8 3.1 3.3 0.3 2.5 1.7 0.0 3.2 0.5 3.7 2.7 1.1 3.6 0.7 2.6 1.4 2.1 3.5 1.2 2.4 1.5 1.3 3.4
14 3.2 0.5 0.1 2.7 2.3 3.1 1.1 2.6 0.7 2.1 2.5 1.2 2.4 3.7 1.3 3.4 3.6 0.2 1.6 2.2 3.3 1.4 0.4 1.7 1.5
15 .7 2.5 1.2 0.0 3.7 2.4 2.3 1.3 0.2 1.6 2.2 2.1 1.4 0.4 3.5 1.5 3.2 3.4 0.1 2.7 0.6 3.1 1.6 0.3 0.7
16 36 0.7 2.6 1.4 2.1 3.5 0.4 2.4 1.5 0.1 0.2 0.6 2.2 1.6 0.3 3.3 1.7 2.5 3.2 0.0 3.7 0.5 2.3 2.7 .l
17 1 .3 3.4 3.6 0.2 1.6 2.2 3.3 0.3 0.4 3.2 0.0 0.1 0.5 0.6 2.7 1.1 3.1 0.7 2.6 2.5 2.1 3.5 1.2 2.4 i.7

18 3.5 1.5 3.2 3.4 0.1 2.7 0.6 3.1 1.1 0.3 2.5 2.1 0.0 1.2 0.5 3.7 1.3 2.3 3.6 0.2 2.6 2.2 3.3 1.4 0.4
19 0.3 3.3 1.7 2.5 3.2 0.0 3.7 2.7 2.3 3.0 1.1 2.8 2.2 2.1 1.4 1.2 3.5 1.5 2.4 3.4 0.1 0.2 0.6 3.1 1.6
20 2.7 1.1 3.1 0.7 2.6 2.5 1.2 3.5 3.7 2.4 3.4 1.3 0.2 0.6 2.2 1.6 1.4 3.3 1.7 0.4 3.2 0.0 0.1 0.5 .- .,1
21 2.4 3.7 1.3 2.3 3.6 2.2 2.6 1.4 3.3 3.5 0.4 3.21.650.1 0.5 0.6 2.7 1.6 3.1 0.7 0.3 2.5 2.1 0.0 1.2
22 1.4 0.4 3.5 1.5 1.3 8.4 0.6 0.2 1.6 3.1 3.3 0.3 2.5 1.7 0.0 1.2 0.5 3.7 2.7 2.3 3.6 1.1 2.6 2.2 2.1
23 2.2 1.6 0.3 0.4 1.7 1.5 3.2 0.5 0.1 2.7 2.3 3.1 1.1 2.6 0.7 2.1 1.4 1.2 3.5 3.7 2.4 3.4 1.3 0.2 0.6
24 0.5 0.6 8.1 1.1 0.3 0.7 1.7 2.5 1.2 0.0 3.7 2.4 2.3 1.3 0.2 3.6 2.2 1.6 1.4 3.3 3.5 0.4 3.2 1.5 0.1

0 1m 10 11 12 13 14 15 16 17 18 19 2 21 22 23 2

0 0.0 3.4 1.7 2.1 1.1 0.3 1.8 0.4 0.8 0.6 1.3 0.7 3.6 1.6 2.7 3.3 2.6 2.8 2.4 3.8 2.3 3.1 0.1 3.7 :.4
1 2.5 2.1 3.1 0.3 2.2 1.4 0.2 0.61.1 0.7 0.5 1.6 1.2 3.3 1.9 2.8 1.3 3.8 2.9 2.5 3.5 3.7 2.4 0.0 3.4
2 3.1 2.6 2.2 2.4 0.2 2.3 1.70.1l0.5 1.4 1.2 0.4 1.9 1.5 1.3 0.9 2.9 1.6 3.5 3.9 2.6 3.2 3.4 '-. 5 2.7
3 2.8 2.4 3.8 2.3 2.5 0.1 3.7 0.3 0.0 0.4 1.7 1.5 1.1 0.9 1.8 1.6 0.8 3.9 1.9 3.2 3.6 3.8 2.1 3.3 2.;
4 3.8 2.9 2.5 3.5 3.7 2.60.0 3.4 0.2 2.1 1.1I0.3 1.8 1.4 0.8 0.651.9 0.7 3.6 0.9 2.7 3.3 0.8 2.8 .
5 1.63 .53.9 2.6 3.2 3.4 3.8 2.1 3.1 0.1 2.2 1.4 0.2 0.6 1.7 0.7 05 0.9 1.2 3.3 0.8 1.5 1.3 1).7 2.
8 3.9 1.9 3.2 3.6 3.8 2.7 3.1 3.5 2.2 2.4 0.0 2.3 1.7 0.1 0.5 0.3 1.2 0.4 0.8 1.5 1.1 0.7 1.3 1.6 1.2
7 1.5 3.6 0.9 2.7 3.3 3.5 2.8 2.4 3.2 2.3 2.5 2.1 3.7 0.3 0.0 0.4 0.2 1.5 1.1 0.1 1 81.4 1.2 0.6 1.9
8 0.9 1.8 3.3 0.8 2.8 2.3 3.2 2.9 2.5 2.7 3.7 2.6 2.2 3.4 0.2 L.1 1.1 0.1 1.8 1.4 0..JO0.6 1.7 1.5 0..-l
9 0.4 0.8 0.6 1.3 0.7 2.9 1.6 2.7 3.9 2.6 2.8 3.4 3.8 2.3 3.1 0A12.2 2.4 0.0 2 31.1 2.1 0.5 0.3 I.8
10 0.6 1.1 0.7 0.5 1.6 1.2 3.9 1.9 2.8 3.6 3.8 2.9 3.1 3.5 3.72.4 3.2 2.3 2.5 2.1 3.70.3 2.2 0.4 0.2
11 0.1 0.5 1.4 1.2 0.4 1.91.5 3.6 0.0 2.9 3.3 3.5 3.9 2.4 3.2 3.6 2.5 2.7 3.. 2.6 2.2 3.4 0.2 '2.3 :.!
12 1.4 0.0 0.4 1.7 1.5 1.1 0.9 1.8 3.3 0.8 3.9 1.33.2 3.6 1.6 2.73.3 2.6 2.8 3.4 3.8 2.3 3.1 0.1 3.7
13 3.4 1.7 2.1 1.1 0.3 1.8 1.4 0.8 0.6 1.3 0.7 3.6 1.6 1.2 3.3j J92.8 1.3 3.8 2.9 3.1 3.5 3.7 2.4 0.0
14 2.1 3.10.3 2.2 1.4 0.2 0.6 1.7 0.7 0.5 1.6 1.2 0.4 1.9 1.5 1.3 0.9 2.i91.6 3.5 3.9 2.4 3.2 3.4 2.5
15 2.6 2.2 2.4 0.2 2.3 1.7 0.1 0.5 0.3 1.20.4 1.7 1.5 1.1 0.9 1.8 1.6 0.8 3.9 1.9 3.2 3.6 2.5 2.7 I,1
16 2.4 3.8 2.3 2.5 0.1 3.7 0.3 0.0 0.4 0.2 2.1 1.1 0.3 1.8 1.4 0.8 0.6 1.9 07 3.6 0.9 2.7 3.3 2.6 2.,'
17 2.9 2.5 3.5 3.7 2.6 0.0 3.4 0.2 2.1 3.1 0.1 2.2 1.4 0.2 0.6 1.7 0.7 0.5 0.9 1.2 3.3 0.8 2.8 1.3 3.8
18 3.5 3.9 2.6 3.2 3.4 3.8 2.1 8.1 0.1 2.2 2.4 0.0 2.3 1.7 0.1 0.5 0.3 1.2 0.4 0.8 1.5 1.3 0.7 2.9 1.6
19 1.9 3.2 3.6 3.8 2,73.1 3.5 2.8 2.4 3.2 2.3 2.5 2.1 3.7 0.3 0.0 0.4 0.21,5 1.1 0.7 1.8 1.6 1.2 3.9
20 3.6 0.9 2.7 3.3 3.5 2.8 1.3 3.2 2.9 2.5 2.7 3.7 2.6 2.2 3.4 02 2.1 1.1 0.1 1.8 1.4 1.2 0.A 1.9 !-5
21 1.8 3.3 0.8 2.8 1.3 0.7 2.9 1.6 2.7 3.9 2.6 2.8 3.4 3.8 2.3) 3.1 0.1 2.2 1.4 0.0 0.6 1.7 1.5 0.5 0.1
2 0.8 0.6 1.3 0.7 1.8 1.6 1.2 3.9 1.9 2.8 3.6 3.8 2.9 3.1 3.53. 2 0( . 17 . 05 03 1 .
02 1.1 0.7 0.5 1.4 1.2 0.6 1.9 1.5 3.6 0.9 2.9 3.3 3..53.92 L' :3.23.4 2.5 2 1 3.7 0.3 2.2 0.4 0.2 0. 6
24 0.5 1.1 0.0 0.4 1.7 1.5 0.5 0.9 1.8 3.3 0.8 3.9 1.3 32 3.6 2.5 2.7 3.12.6 2.2 3.4 0.2 2.; 3 .1 0.1



< -wJ 1 -
rI 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 2 23 4

0 0.0 1.6 1.1 1.7 0.7 2.8 0.9 2.6l 3.0 3.4 3.8 0.1 2.4 0.4 2.1 1.8 1.4 1.9 0.6 2.9 0.8 2.7 3.7 3.1 3.6
1 0.4 2.1 1.8 1.4 1.0 0.6 2.9 0.8 2.7 3.7 3.1 3.6 0.0 2.5 1.1 2.2 0.7 1.6 0.9 1.2 3.9 1.3 3.9 3.5 2.4

2 2.5 1.1 2.2 0.7 1.6 0.9 1.2 3.9 1.3 3.8 3.5 2.4 3.4 2.1 0.3 1.4 2.3 0.6 1.8 0.8 1.5 3.7 3.3 3.6 0.0
3 2.1 0.3 1.4 2.3 0.6 1.8 0.8 1.5 3.7 3.3 3.6 3.2 2.5 3.1 2.2 0.2 1.6 0.5 1.2 0.7 1.3 1.7 3.5 2.4 3.4

4 3.1 2.2 0.2 1.6 0.5 1.2 0.7 1.3 1.7 3.5 2.8 3.4 2.6 0.3 2.4 2.3 0.1 1.8 0.4 1.5 0.6 3..3 2.7 3.2 2.5
5 0.3 2.4 2.3 0.1 1.8 0.4 1.5 0.6 3.3 1.0 3.2 2,9 3.1 2.7 0.2 2.5 0.5 0.0 0.7 1.1 1.7 3.5 2.8 3.8 2.6
6 2.7 0.2 2.5 0.5 0.0 0.7 1.1 1.7 1.2 2.8 0.9 2,6 3.9 2.4 3.8 0.1 0.3 0.4 2.1 0.6 3.3 1.9 3.2 2.g 3.6
7 3.4 3.8 0.1 0.3 0.4 2.1 0.6 1.4 1.9 1.5 2.9 0.8 2.7 3.7 2.5 3.6 0.0 0.2 1.1 1.7 1.2 2.8 0.9 2.6 3.)
8 3.7 3.1 3.8 0.0 0.2 1.1 2.2 1.2 1.6 0.9 1.7 3.9 1.3 3.8 3.5 0.3 3.4 2.1 0.1 1.4 1.9 1.5 2.9 0.8 2.7"
9 3.8 3.5 2.4 3.4 2.1 0.1 1.4 2.3 1.5 1,8 0.8 1.9 3.7 3.3 3.6 3.2 0.2 1.1 2.2 1.2 1..6 0.9 1.7 3.9 1.,;)
:0 3.3 3.6 3.2 2.7 3.1 2. 2 0.0 1.6 0.5 1.7 0.7 1.3 0.9 3.5 2.8 3.4 2.1 0.1 1.4 2.3 1.5 1.9 0.8 !.,D 3.7
11 3.5 2.8 3.4 2.6 0.3 2.4 2.3 2.1 1.8 0.4 1.9 0.6 3.3 0.8 3.2 2.5 3.1 2.2 0.0 1.6 0.5 1.7 0.7 1.3 0.g

12 0.8 3.2 2.9 3.1 2.7 0.2 2.5 0.5 2.2 0.7 1.1 0.9 1.2 2.8 3.4 2.6 0.3 2.4 2.3 2.1 1.8 0.4 1.9 0.6 3.3
13 2.8 1.3 2.6 3.9 2.4 3.8 0.1 0.3 0.4 2.3 0.6 1.4 0.8 3.2 2.9 3.1 2.7 0.2 2.5 0.5 2.2 0,7 1.1 0,9 1.2
14 1.5 2.9 3.3 2.7 3.7 2.5 3.6 0. 0J..2 1.1 0.5 1.2 2.8 1.3 2.6 3.9 2.4 3.8 0.1 0.3 0.4 2.3 0.f6 1.4 0,8

]5 1.3 1.7 3.9 2.8 3.8 3.5 0.3 3.4 2.1 0.1 1.4 0.8 1.5 2.9 3.3 2.7 3.7 2.5 3.6 0.0 0.2 1.1 0.-, 1.2 1.6
16 1.8 3.3 1.9 3.7 2.9 3.6 3.2 0.2 3.1 2.2 1.2 1.6 1.3 1.7 3.9 2.8 3.8 3.5 0.3 3.4 2.1 0.1 1.4 0.4 1.5
17 1.7 0.7 2.8 0.9 3.5 3.9 3.4 2,6 0.1 1.4 2.3 1.5 1.8 3.3 1.9 3.7 2.9 3.6 3.2 0.2 3.1 2.2 0.0 1.6 1.1
18 1.4 1.9 0.6 2.9 0.8 3,2 3.7 3.1 2.7 0.0 1.6 0.5 1.7 0.7 2.8 0.9 3.5 3.9 3,4 2.6 0.1 2.4 2.3 2.1 1.8
19 0.7 1.6 0.9 1.2 3.9 1.3 2.6 0.1 2.4 2.3 2.1 1.8 0.4 1.9 0.6 2.9 0.8 3.2 3.7 3.1 2.7 0.0 2.5 0.5 2.2
20 2.3 0.6 1.8 0.8 1.5 3.7 3.1 2.7 0.0 2.5 0.5 2.2 0.7 1.1 0.9 1.2 3.9 1.3 2.6 3.5 2.4 3.8 2.1 0.3 0.4
21 1.1 0.5 1.2 0.7 1.3 2.6 3.5 2.4 3.8 2.1 0.3 0.4 2.3 0.6 1.4 0.8 1.5 3.7 3.3 2.7 3.2 2.5 3.6 2.2 .).2
22 0.1 1.4 0.4 1.5 3.7 3.3 2.7 3.2 2.3 3.6 2.2 0.2 1.1 0.5 1.2 1.6 1.3 1.7 3.5 2.8 3.8 2.6 0.3 3.4 2,3
23 0.5 0.0 1.6 1.3 1.7 3.5 2.8 3.8 2.6 0.3 3.4 2.3 0.1 1.4 0.4 1.5 1.8 3.3 1.9 3.2 2.9 3.6 2.7 0.2 3,1
24 2.4 0.4 1.5 1.8 3.3 1.9 3.2 2.9 3.6} 2.7 0.2 3.1 0.5 0.0 1.6 1.1 1.7 0.7 2.8 0.9 2.6 3.9 3.4 3.8 0.1

, 0 1 2 3 4 56 T 8 s 10 11 12 13 14 15 16 17 18 19 -9 21 22 23 2

0 0.0 3.8 3.2 1.10 0.10 2.7 0.5 0.8 3.5 1.9 3.7 2.2 0.9 2.9 1).2 1.7 3.9 1.5 2.8 2.5 0.7 2.10 3.10 1 .2 :.s
1 l.7 2.1 3.5 2.8 3.7 1.3 1.4 1.1 1.2 3.1 3.9 3.3 2..3 0.8 ).10) 0.1 3.10 3.6 1.8 2.9 2.6 0.6 0. 1 3.8 :.6
2 1.9 3.10 2.2 3.1 2.9 3.3 1.T 0.4 1.5 1.6 2.5 3.6 2.10 2.4 L.2 1.3 0.0 3.8 3.2 1.10 0.10 2.7 0.5 0.8 0. 7
a 0.6 3.9 3.8 2.3 2.5 0.10 2.10 3.10 0.3 1.8 1.9 2.6 3.2 0.9 3.4 1.6 1.7 2.1 3.5 2.8 3.7 1.3 1.-4 2.9 1.2
4 1 .# 0.5 3.6 3.5 2.4 2.6 1.3 0.9 3.8 0.2 1.10 3.9 2.7 2.8 0.8 0.7 1.9 3.102.2 3.1 2.9 3.3 2. 3 0.4 1).10
5 1.3 1.9 1.1 3.2 3.1 3.4 2.7 1.7 0,8 3.5 0.1 3.7 3.8 1.4 2.9 1.2 0.6 3.9 3.8 2.3 L.S 2.1 2. "0 2.4 1-,3
6 0.2 1.7 3.9 1.5 2.8 2.5 0.7 1.4 3.10 1.2 3.1 0.0 3.3 ,;.2 0.4 0.10 1.6 0.5 3.6 3.5 1.9 2A' 2.'- 0.9 3.,4
7 0.7 0.1 3.10 3.6 1.8 2.9 2.6 0.6 0.4 3.8 1.6 2.5 2.1 2.10 2.8 0.3 1.3 1.9 1.1 0.2 3.1 3.9 2.7 2.3 0.8
8 1.2 0.6 0.0 3.8 3.2 1.10 0.10 2.7 0.5 0.3 3.5 1.9 2.6 2.2 0.9 2.9 0.2 1.7 3.9 1.5 0.1 2.5 3.6 1.4 2,.4
9 3.4 1.6 0.5 2.1 3.5 2.8 3.7 1.3 1.4 1.1 0.2 3.1 3.9 2,7 2.3 0.8 0.10 2.103.10 0.3 1.8 0.0 2.6 3.2 0.4

,

i0 0.3 0.7 1.9 1.1 2.2 3.1 2.9 3.3 1.7 0,4 1.5 0.1 2.5 3.6 1.4 2.4 2.6 1.3 0.9 3.8 0.2 1.10 2.1 2.'7 2.8
21 29 0.2 0.6 3.9 1.5 2.3 2.5 0.10 2.10 3,10 0.3 1.8 0.0 2.6 3.2 1.10 3.4 2.7 1.7 0.8 3.5 0.1 3.7 2.2 1.4

12 0:4 0.10 0.1 0.5 3.6 1.8 2.4 2.6 1.3 0.9 3.8 0.2 1.10 2.1 1. 5 2.8 3.7 0.7 1.4 3.10 1.2 3.1 0.0 3.3 2.3
13 2.4 0.3 1.3 0.0 1.1 3.2 1.10 3.4 2.7 1.7 0.8 3.5 0.1 3.10 2.2 1.8 2.9 3.3 0.8 0.4 3.8 1.6 2.5 2.1 2.10
14 10.9 3.4 0.2 1.7 2.1 1.5 2.8 3.7 0.7 1.4 3.10 1.2 0.6 0.0 3.8 2.3 1.10 0.102.10 0.5 0.3 3.6 1,9 q. 6 2.2
15 2.3 0.8 0.7 0.1 3.102.2 1.8 2.9 3.3 0.6 0.4 3.4 1.6 0.6 2.1 3.5 2.4 3.7 1.3 0.9 1.1 0.2 3.1 3,9 2.7
16 1.4 2.4 1.2 0.6 0.0 3.8 2.3 1.10 0.10 2.10 2.8 0.3 0.7 1.0 1.1 2.2 3.1 3.4 3,3 1.7 0.8 1.5 0.1 2.5 3.6
17 .3.2 0.4 3.4 1.6 0.5 2.1 3.6 2.4 3.7 2.2 0.9 2.9 0.2 0.6 3.9 1,5 2.3 2.5 0,7 2.10 3.10 1.2 1.8 0.0 2.6
18 2.7 2.8 0.3 0.7 1.9 1.1 2.2 3.1 3.4 3.3 2.3 0.8 0.10 0.1 0,5 3.6 1.8 2.4 2.6 0.6l 0.9 3.8 1.6 1.102.1
19 2.2 1.4 2.9 0.2 0.6 3.9 1.5 1.6 2.5 3.6 2.10 2.4 1.2 1.3 0.0 1.1 3.2 1.103.4 2.7 0.5 0.8 3.5 1.9 3.7
20 3.3 2.3 0.4 0.10 0.1 0,5 0.3 1.8 1.9 2.6 3.2 0.9 3.4 1.6 1.7 2.1 1.5 2.8 3,7 0.7 1.4 1.1 1.2 3.1 3.9
21 3.6 2.10 2.4 0.3 1.3 0.9 1.1 0.2 1.10 3.9 2.7 2. 0. 0, 1.9 3,10 2.2 1,8 2.9 3.3 0.6 0.4 1.5 1.6 2.5
22 2:6 3.2 0.9 3.4 3.3 1.7 0.8 1.5 0.1 3.7 3.6 1.4 2.9 1.2 0.6 3.9 3.8 2.3 1.10 0.10 2.10 0.5 0.3 1.8 1.9
123 13.9 2.7 2,8 2.5 0.7 2.10 3.10 1.2 1.8 0.0 3.3 3.2 0.4 0.10 1.6 0.5 3.6 3.5 2.4 3.7 1.3 0.9 1.1 0.2 1.10
24 8.7 3.5 1.8 2.9 2.6 0.6 0.9 3.8 1.6 1.10 2.1 2,10 2.8 0.3 1.3 1.9 1.1 3. 2 3.1 3,4 3.3 1.7 0.8 1.6 0.1



a€o

0 0.0 2.10 2.9 3.8 2.8 3.3 0.2 3.10 3,2 1.4 0.3 1.9 0.4 2A4 3.9 2.3 3.4 1.2 1.10 2.2 1.3 0.8 1.8 0.90 .10

I 0.e 2.10.7 0.9 3.5 2.9 2.10 0.1 3.8 2,8 3.100.2 3.7 0.3 1.4 3.6 2.4 0.4 1.6 31.4 2.3 1.7 1.2 1.10 0.)3

2 1I.* .522 0.6 0.8 3.1 0.9 0.7 0.0 3.6 2.9 3.8 0.1 3.3 0.2 3.10 3.2 1.4 0,3 1.9 .4 2.4 3.9 1.6 2.6
3 2.T 1.6 1.1 2.3 0.5 1.2 2.6 0.8 0.6 2.1 3.1 0.9 3.5 0.0 2.10 0.1 3.8 2.8 3.10 0.2 3,7 0.3 1.4 1.6 1.9

A 3.70.101.9 1.5 2.4 1.1 1.6 2.6 1.2 0.5 2.2 2.5 0.8 3.1 2.1 0.7 0.0 3.5 2,9 3.8 0.1 3.3 1.3 3.10 1.8
5 1.10 a.31.3 3.7 1.8 1.4 1.5 1.9 2.7 1.6 1.1 2.3 2.6 1.2 2.5 2.2 0.6 2.1 3.1 0.9 3.5 3.9 2.10 1.7 3.%l

6 3,5 3.4 2.10 1.7 3.3 1.10 3.10 1.8 3.7 0.10 1.9 1.5 2.4 2.7 1.6 2.6 2.3 0.5 2,2 2.5 0.3 3.1 3. 0.7 .. 9
7 3.6 3.10.4 0.7 3.9) 2.10 3.4 3.8 1.10 3.3 1.3 3.7 1.9 1.4 0.10 1.9 2.7 2.4 t.1 2.8 2.6 0.2 2.5 3.2 0.6
8 0,5 3.22.5 0.3 0.6 3.6 0.7 0.4 3.5 3.4 2.10 1.7 3.3 1.10 3.10 1.3 3.7 0.10 1,4 1.5 2.9 2.7 0.1 2.6 2.83
9 z.9 1.12.8 2.6 0.2 0,5 3.2 0.6 0.3 3.1 0.4 0.7 3.9 2.10 3.4 3.8 1.7 2.2 1.3 0.8 1.8 0,9 0.10 0.02.7

10 ,0.10 0.91.5 2.9 2.7 0.1 1.1 2.8 0.5 0.2 2.5 0.3 0.6 3.6 0.7 0.4 1.8 3,9 2.3 1.7 1.2 1.10 0.8 1.32.1

11 i2.2 1.30.8 1.8 0.9 0.100.0 1.5 2.9 1.1 0.1 2.6 0.2 0.5 3.2 1.4 0.3 1.9 3,6 2.4 3.9 1.6 3.4 1.2 1.1
12 3.9 2.31.7 1.2 1.10 0.8 1.3 2.1 1.8 0.9 1.5 0.0 2.7 0.1 3.8 2.8 3.100.2 3.7 3.2 1.4 3.6 1.9 0.4 1.6

13 19 3.62.4 3.9 1.6$ 3.4 1.2 1.7 2.2 1.10 0.8 1.8 2.1 0.7 0.0 3.5 2.9 3.8 0.1 3.3 2. 8 3.10 3.2 3.70.3
14 10.2 3.7;12 1.4 3.,t 1.9 0.,A 1.6 3.9 2.3 3.4 1.2 2.5 2.2 0.6 2.1 3.1 0.9 3.5 0.0 2.10 2.9 3.8 2.83.3
15 2.10 0.13.3 2.8 3.103.2 3.7 0.3 1.9 3.6 2.4 2.7 1.6 2.6 2.3 0.5 2.2 2,5 0.8 3.1 2.1 0.7 0.9 3.52.9
16 0.9 0.70.0 2.10 2.9 3.8 2.8 3.3 0.2 3.7 1.8 1.4 0.10 1.9 2.7 2.4 1.1 2,3 2. 6 1.2 2.5 2.2 0.6 0.8 3. 1
17 12.5 0.80.6 2.1 0.7 0.9 3.3 2.9 2.10 1.7 3.3 1.10 3.10 1,3 3.7 0.10 1.4 1.5 2.4 2.7 1.6 2.6 2.3 0.5 ;.2
18 1.8 2.61.2 0.5 2.L 06 0.8 3.1 0,9 0.7 3.9 2.10 3.4 3.8 1.7 3.3 1.3 310 1.8 1.4 0.10 1.9 2. ,41.1
19 .5 1.9 2.T 1.6 1.1 2.3 0.5 0.2 2.5 0.3 0.6 3.6 0.7 0.4 3.5 3.9 2.10 1.7 3.8 110 3.10 1.3 3.7 0.10 1. 4

20 3.10 1.83.7 0,0.10 1.9 15 2.9 1.1 0.1 2.6 0.2 0.5 3.2 0.6 0.3 3.1 3.6 0.7 3.9 3.5 3.4 3.8 1.T 3;.313

2 1 .. 1 1 3 3 1 .1 1.8 0 9 1 .5 0 .0 2 .7 0 .1 1 .1 2 .8 0 .5 0 .2 2 .5 3 .2 0 .8 3 .8 3 .1 0 4 5 . 1) 2 .1 0
22 .7 393.5 3.4 2..3 1.7 2.2 1 .1 0.9 1.8 2.1 0.10 0.0 1.5 2.9 1.1 0.1 2.6 2,8 0.5 3.2 2.5 0.3 3. 3.6i
22 3:2 0.63.60 1.9 0.A 2.4 3.9 2.3 3.4 1.2 1.102.2 1.3 2.1 1.8 0.9 1.5 0.0 2.7 Z. 9 1.1 2.8 2.6 0.22.5
7A4 2.6 2.s3.1 3.2 3.7, 0.3 1.4 3.6 2.4 0.4 1.6 3.4 2.3 1.7 2.2 1.10 0.8 1.8 2.1 0.10 0.9 1.5 2.9 2.70.1

< Z-I To ,G
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0 0.0 0,7 2.3 3.9 1.4 1.3 0.2 0.9 1.8 2.8 0.4 3.6 1.7 2.6 1.2

1 0.9 2.1 1.2 3.7 3.6 1.7 1.6 0.1 0.8 0.A 2.9 1.1 3.3 0.3 3.8

2 0.1 0.8 2.2 1.5 3.4 3.3 0.3 1.9 0.0 0.7 0.5 3.9 i.4 1.3 OI,2

3 1.4 0.0 0.7 2.3 1.8 3.1 1.3 0.2 0.9 2.L 1.2 0,4 3.6 1.7 -A

4 2.6 1.7 2.1 1.2 3.7 0.6 2.4 1.6 0.1 0.8 2.2 1.5 1.1 3.3 0 , ')

5 1.1 3.8 0.3 2.2 1.5 3.4 0.5 2.5 1.9 0.0 0.7 2.3 1.8 1.4 1.3

6 2.5 1.4 3.5 0.2 2.3 1.8 3.1 04 2.6 0.9 2,1 1.2 3.7 0.8 1,7

7 0.4 2.6 1.7 3.2 0.1 3.T 0.6 2.4 1.1 3.8 0.8 2.2 1.5 3.4 05
8 3.3 1,1 3.8 0.3 2. . 0 . . . . 0.7 2.3 1.3 3,:

9 2.3 1.3 1.4 3.5 0.2 28 2.1 3.1 0.4 2.6 1.7 3.2 1.2 3.7 0. 6

10 3.o 3.7 1.6 1.7 3.2 0.1 2.9 2.2 .4 1.1 3.8 0.3 2.7 1.5 3.4

11 2.2 3.3 3.4 1.9 0.3 2.7 0.0 3.9 2.3 2.5 1.4 3.5 0.2 2.8 1.,8
12 3.9 2.3 1.3 3.1 0.9 0.2 2.8 2.1 3.6 3.7 2.6 1.7 3.2 0. 1 2.9

13 3.2 3.6 3.7 1.8 2.4 0.8 0.1 2.9 2.2 3.3 3.4 3.8 0.3 2.7 0.0

14 1,5 2.7 3.3 3.4 1.9 2.5 0.7 0.0 3.9 2.3 1.3 3.1 3.5 0.2 2.8

15 3.5 1.8 2.8 1.3 3.1 0.9 2.6 1.2 2.1 36 3.7 1.6 2.4 3.2 0.1

16 1.2 3.2 0.6 2.9 1.6 2.4 0.3 3.8 1.5 2.2 3.3 3.4 1.9 2.5 1.9

17 1.9 1.5 2,7 0.5 3.9 1.9 2.5 0.7 3.5 1,8 2.3 1.3 3.1 0.4 2,6

18 i 0.2 19 1.8 2.8 0.4 3.8 0.9 2.6 1.2 B.-I 0.6 3.7 0.6 2.4 1.1

19 1.6 0.1 0.8 0.6 2.9 1.1 3.3 0.8 3.8 1..5 2.7 0.0 3.4 0.5 2,5

20 0.3 1.9 0.0 0.7 0.5 3,9 1.4 1.3 0.7 3.5 0.2 2.8 2.1 M. 0.4

21 1.3 0,2 0.9 2.1 1.2 0,4 3 f3 1.7 1.6 1.7 3.2 0.1 2.9 '2. 2 2,4

22 2.4 1.5 0.1 08 2.2 L.5 1.1 3.3 3.4 1.9 0.3 2.7 0.0 3.9 2.3

23 0.5 2.5 1.9 0.0 0.7 2.3 1.8 2.3 1.3 3.1 0.9 0.2 2.8 2.1 3.6

24 1 3.1 0. 4 2,6 0.9 2 .1 1.2 3.2 0.6 3.7 1.6 2.4 0.8 0.1 2.9 2.2
2.5 i 0.6 #3 .4 1.1 .8 0 ,8 3.8 1.5 2.T 0.5 3.4 1.9 2.5 0.7 0.0 3.9
26 3.4 .5 2.5 1.4 1.3 0.7 3.5 1.8 2.8 0.4 3.A 0,9 2.6 1.2 21
27 2.1 3.1 0.4 3.6 1.7 1.6 1.2 3.2 0 . 2.9 1.1 2.4 0.8 3.8 15

,8 2.9 2.2 2. 9 1.1 3,3 0.3 1.9 1.5 2.7 0.5 3.9 1,A 2.5 0.7 3.5



______ I-w l II

15 16 17 18 19 20 21 22 23 24 25 26 27 28

0 3.2 0.6 3.7 1.6 2.4 0.8 3.8 2.9 2.2 3.3 3.4 l.4) 0.3 2.7
1 1.5 2.7 0.5 3.4 1.9 2.5 0.7 3.5 3.9 2.3 1.3 3.1 0.9 0.2
2 3.5 1.8 2.8 0.4 3.1 0.9 2.8 1.2 3.2 3.6 3.7 1.6 2.4 1.1
3 0.1 3.2 0.6 2.9 1.1 2.4 0.8 3.8 1.5 2.7 3.3 3.4 0.5 2.5
4 1.9 0.0 2.7 0.5 3.9 1.4 2.5 0.7 3.5 1.8 2.8 1.8 3.1 0.4
5 0.2 0.9 2.1 2.8 0.4 3.6 1.7 2.6 1.2 3.2 0.1 2.9 0.6 2.4
6 1.6 0.1 0.8 2.2 2.9 1.1 3.3 0.3 3.8 0.3 2.7 O.) 3.9 0.5
7 0.3 1.9 0.0 0.7 2.3 3.9 1.4 1.3 3.1 3.5 0.2 2.8 2.1 3.6
8 0.4 0.2 0.9 2.1 1.2 3.7 3.6 .3.7 1.6 2.4 3.2 0.; 2.9 2.2
9 2.4 1.1 0.1 0.8 2.2 1.5 2.7 3.3 3.4 1.9 2.5 2.7 0.0 3.9

10 0.5 2.5 1.4 0.0 0.7 3.5 1.8 2.8 1.3 3.1 0.9 2.tj 2.8 2.1
11 3.1 0.4 2.6 1.7 2.6 1.2 3.2 0.6 2.9 1.6 2.4 0.8 3.8 2.9
12 0.6 2.4 1.1 3.3 0.3 3.8 1.5 2.7 0.5 3.9 1.9 2.5 0.7 3.5
13 3.9 0.5 3.9. 1.4 1.3 0.2 3.5 1.8 2.8 0.4 3.6 0.9 2.6 1.2
14 2.1 1.2 0.4 3.6 1.7 1.6 0.1 3.2 0.6 2.9 1.1 3.3 0.8 3.8
15 0.8 2.2 1.5 1.1 3,3 0.3 1.9 0.0 2.7 0.5 3.9 1.4 1.3 0.7
16 0.0 0.7 2.3 1.8 1.4 1.3 0.2 0.9 2.1 2.8 0.4 3.6 1.7 1.6
17 0.9 2.1 1.2 3.7 0.6 1.7 1.6 0.1 0.8 2.2 2.9 1.1 3.3 0.3
18 3.8 0.8 2.2 1.5 8.4 0.5 0.3 1.9 0.0 0.7 2.3 3.9 1.4 1.3
19 1.4 3.4 0.7 2.3 1.8 3.1 0.4 0.2 0.9 2.1 1.2 3.7 3.6 1.7
20 2.6 1.7 3.2 1.2 3.7 0.6 2.4 1.1 0.1 0.8 2.2 1.5 3.4 3.3
21 1.1 3.8 0.3 2.7 1.5 3.4 0.5 2.5 1.4 0.0 0.7 2.3 1.8 3.1
22 2.5 1.4 3.5 0.2 2.8 1.8 3.1 0.4 2.6 1.7 2.1 1.2 3.7 0.6
23 3.7 2.6 1.7 3.2 0.1 2.9 0.6 2.4 1.1 3.8 0.3 2.2 1.5 3.4
24 3.3 3.4 3.8 0.3 2.7 0.0 3.9 0.5 2.5 1.4 3.5 0.2 2.3 1.8
25 2.3 1.3 3.1 8.5 0.2 2.8 2.1 3.6 0.4 2.6 1.7 3.2 0.1 3.7
26 3.6 3.7 1.6 2.4 3.2 0.1 2.9 2.2 3.3 1.1 . 3.8 0.3 2.7 0.0
27 2.2 3.3 3.4 1.9 2.5 2.7 0.0 3.9 2.3 1.3 1.4 3.5 0.2 2.8
28 1.8 2.3 1.3 3.1 0.9 2.6 2.8 2.1 3.8 3.7 1.6 1.7 3.2 0.1

- 0 1 2 8 4 5 a 7 8 9 10 11 12 13 14

0 0.0 3.9 0.1 2.4 1.8 3.1 1,6 3.4 1.3 2.3 0.8 2.2 0.9 1.2 2.6
1 3.5 2.1 3.7 0.0 2.5 0.7 2.4 1.8 3.1 3.:3 0.5 1.3 2.3 0.8 1.52 2.3 3.2 2.2 3.5 2.1 0.3 0.6 2.5 0.7 2.4 2.8 0.4 3.3 0.5 1.33 o 0 .6 2.3 3.2 2.2 0.2 1.2 0.3 0.6 2.5 2.9 1.1 21.8 0.4

4 2.4 0.8 0.4 2.7 0.5 2.6 2.3 0.1 1.5 0.2 1.2 0.3 3 9 1.4 2.9
5 3. 25 1.3 1.1 3.8 0.4 2.7 0.5 0.0 1.7 0.1 1.5 0.2 3.7 1.6
6 0.2 2.8 0.3 3.3 1.4 3.6 1.1 3.8 0.4 2.1 2.9 0.0 1.7 0.1 3.57 3.9 0.1 2.9 0.2 2.8 1.6 3.4 1.4 3.3 1.1 2.2 0.9 2.1 1.9 o.0

8 2.7 3.7 0.0 3.9 0.1 2.9 1.8 3.1 1.6 3.4 1.4 2.3 0.8 2.2 0.9
9 1.7 3.8 3.5 2.1 3.7 0.0 3.9 0.7 2.4 1.8 3.1 1.6 0.5 1.3 2.3

10 3.4 1.9 3.6 3.2 2.2 3.5 2.1 3.7 0.6 2.5 0.7 2.4 1.8 o 3.3
11 0.8 3.1 0.9 3.4 2.6 2.3 3.2 2.2 3.5 1.2 0.3 0.6 2.5 0.7 1.1
12 2.5 1.3 2.4 0.8 3.1 2.7 0.5 2.8 2.3 3.2 1.5 0.2 2.2 0.3 0.6
13 1.8 0.3 8.3 2.5 1.3 2.4 3.8 0.4 2.7 0.5 2.6 1.7 0.1 1.5 0.2
14 3.2 0.7 0.2 2.8 0.3 3.3 2.5 3.6 1.1 3.8 0.4 2.7 1.9 0.0 1.7
15 1.2 2.6 0.6 0.1 2.9 0.2 2.8 0.3 3.A 1.4 3.6 1.1 3.8 0.9 2.1
16 1.8 1.5 2.7 1.2 0.0 3.9 0.1 2.9 0.2 3.1 1.6 3.4 1.4 3.6 3.2
17 0.5 3.6 1.7 3.8 1.5 2.1 3.7 0.0 3.9 0.1 2.4 1.8 .1.1 0.9 3.4
18 2.8 0.4 3.4 1.9 3.8 1.7 2.2 3.5 2.1 3.7 0.0 2.5 1.3 2.4 0.8
19 1.4 2.9 1.1 3.1 0.9 3.4 1.9 2.3 3.2 2.2 3.5 1.8 0.3 3.3 2.5
20 3.7 1.6 3.9 1.4 2.4 0.8 3.1 0.9 0.5 2.6 0.6 3.2 0.7 0.2 2.8
21 0.7 3.5 1.8 3.7 1.6 2.5 1.3 2.4 0.8 1.5 2.7 1.2 2.6 0.6 0.1
22 1.9 0.6 3.2 0.7 3.5 1.8 0.3 3.3 0.5 1.3 1.7 3.8 1.5 20.7 1.2
23 2.2 0.9 1.2 2.8 0.6 3.2 0.7 1.1 2.8 0.4 3.3 1,9 3.6 1.7 3.8
24 1.3 2.3 0.8 1.5 2.7 1.2 0.3 0.6 1.4 2.9 1.1 2.8 0.9 3.4 1.9
25 0.4 3.3 0.5 1.3 1.7 0.1 1.5 0.2 1.2 1.6 3.9 1.4 2.9 0.8 3.1
26 2.9 1.1 2.8 0.4 2.7 1.9 0.0 1.7 0.1 1.5 1.8 3.7 1 6 3.9 1.3
27 0.3 3.9 1.4 3.5 1.1 3.8 0.9 2.1 1.9 0.0 1.7 0.7 3 5 1.8 3.7
28 1.5 0.2 3.1 1.6 3.4 1.4 3.6 0.8 2.2 0.9 2.1 1.9 0 6 3.2 0.7



15 ,16 17 18 19 20 21 22 23 24 25 26 27 28

0 0.6 3.2 2.9 0.2 2.8 0.3 3.3 1.4 3.6 1.1 3.8 0.6 2.1 1.9
1 2.7 1.2 2.6 3.9 0.1 2.9 0.2 2.8 1.6 3.4 1.4 3.6 1.1 2.2
2 1.7 3.8 1.5 2.7 3.7 0.0 3.9 0.1 2.9 1.8 3.1 1.8 3.4 1.9
3 3.3 1.9 3.6 1.7 3.8 3.5 2.' 3.7 0.0 3.9 0.7 2.4 0.8 3.:
4 1.1 2.8 0.9 3.4 1.9 3.6 3.2 2.2 3.5 2.1 3.7 3.3 2.5 1.3
5 3.9 1.4 2.9 0.8 3.1 0.9 3.4 2.6 2.3 3.2 0.7 3.5 2.8 0.3
6 1.8 3.7 1.6 3.9 1.3 2.4 0.8 3.1 2.7 1.2 2.6 0.6 3.2 2.9
7 3.2 0.7 3.5 1.8 3.7 3.3 2.5 1.3 2.3 3.8 1.5 2.7 1.2 2.6
8 2.1 2.6 0.6 3.2 0.7 3.5 2.8 0.4 3.3 0.5 3.6 1.7 3.3 1.5
9 0.8 2.2 2.7 1.2 2.6 0.6 2.5 2.9 1.1 2.8 0.4 3.4 1.9 3.5

10 0.5 1.3 2.3 3.8 1.5 0.2 1.2 0.3 3.9 1.4 2.9 1.1 3.1 0.9
11 2.8 0.4 3.3 0.5 0.0 1.7 0.1 1.5 0.2 3.7 1.6 3.9 1.4 2.4
12 1.4 2.9 1.1 3.8 0.4 2.1 1,9 0.0 1.7 0.1 3.5 1.8 3.7 1.6
13 1.2 1.6 3.4 1.4 3.6 1.1 2.2 0.9 2.1 1.9 0.0 3.2 0.7 3.5
14 0.1 2.9 1.8 3.1 1.6 3.4 1.4 2.3 0.8 2.2 0.9 2.1 2.6 0.6
15 3.7 0.0 3.9 0.7 2.4 1.8 3.1 1.6 0.5 1.3 2.3 0.8 2.2 2.7
16 2.2 3.5 2.1 3.7 0.6 2.5 0.7 2.4 1.8 0.4 3.3 0.5 1.3 2.3
17 2.6 2.3 3.2 2.2 3.5 1.2 0.3 0.6 2.5 0.7 1.1 2.8 0.4 3.3
18 3.1 2.7 0.5 2.6 2.3 3.2 1.5 0.2 1.2 0.3 0.6 1.4 2.9 1.1
19 1.3 2.4 3.8 0.4 2.7 0.5 2.6 1.7 0.1 1.5 0.2 1.2 1.6 3.9
20 0.3 3.3 2.5 3.6 1.1 3.8 0.4 2.7 1.9 0.0 1.7 0.1 1.5 1.8
21 2.9 0.2 2.8 0.3 3.4 1.4 3.6 1.1 3.8 0.9 2.1 1.9 0.0 1.7
22 0.0 3.9 0.1 2.9 0.2 3.1 1.6 3.4 1.4 3.6 0.8 2.2 0.9 2.1
23 1.5 2.1 3.7 0.0 3.9 0.1 2.4 1.8 3.1 1.6 3.4 1.3 2.3 0.8
24 3.6 1.7 2.2 3.5 2.1 3.7 0.0 2.5 0.7 2.4 1.8 3.1 3.3 0.5
25 0.9 3.4 1.9 2.3 3.2 2.2 3.5 2.1 0.3 0.6 2.5 0.7 2.4 2.8
26 2.4 0.8 3.1 0.9 0.5 2.6 2.3 3.2 2.2 0.2 1.2 0.3 0.6 2.5
27 3.3 2.5 1.3 2.4 0.8 0.4 2.7  0.5 2.6 2.3 0.1 1.5 0.2 1.2
28 3.5 2.8 0.3 3.3 2.5 1.3 1.1 3.§, 0.4 2.7 0.5 0.0 1.7 0.1

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0 0.0 0.1 1.7 1.8 0.2 0.3 2.9 2.8 0.4 1.4 3.2 3.6 1.1 2.6 3.9

1 3.3 2.1 0.0 1.7 1.10 0.1 0.2 0.10 2.9 0.3 0.4 2.8 3.2 .1.5 2.7

2 0.9 2.10 2.2 2.1 3.10 3.7 0.0 0.1 1.3 0.10 0.2 0.3 2.9 2.8 1.8

3 2.4 0.8 0.9 2.3 2.2 3.8 3.3 2.1 0.0 1.7 1.3 0.1 0.2 0.10 2.9

4 0.7 3.4 1.2 0.8 2.4 2.3 3.5 2.10 2.2 2.1 3.10 1.7 0.0 0.1 1.3

5 1.9 0.6 0.7 1.6 1.2 3.4 2.4 3.1 0.9 2.3 2.2 3.8 3.10 2.1 0.0

6 3.6 3.9 0.5 0.6 1.9 1.6 0.7 3.4 2.5 0.8 2.4 2.3 3.5 3.8 2.2
7 1.4 3.2 3.6 1.1 0.5 3.9 1.9 0.6 0.7 2.6 1.2 3.4 2.4 3.1 3.5
8 1.10 0.4 2.8 3.2 1.5 1.1 3.6 3.9 0.5 0.6 2.7 1.6 0.7 3.t 2.5
9 0.10 3.T 0.3 2.9 2.8 1.8 1.5 3.2 3.6 1.1 0.5 1.4 1.9 0.6 0.7

10 1.7 1.3 3.3 0.2 0.10 2.9 1.10 1.8 2.8 3.2 1.5 1.1 0.4 3.9 0.5
11 2.1 8.10 1.7 2.10 0.1 1.3 0.10 3.7 1.10 2.9 2.8 1.8 1.5 0.3 3.6
12 2.3 2.2 3.8 3.10 0.9 0.0 1.7 1.3 3.3 3.7 (.10 2.9 1.10 1.8 0.2
13 3.1 2.4 2.3 3.5 3.8 0.8 2.1 3.10 1.7 2.10 3.3 1.3 0.10 3.7 1.10
14 2.6 2.5 3.4 2.4 3.1 3.5 1.2 2.2 3.8 3.10 0.9 2.10 1.7 1.3 3.3
15 0.6 2.7 2.6 0.7 3.4 2.5 3.1 1.6 2.3 3.5 3.8 0.8 0.9 3.10 1.7
16 1.1 0.5 1.4 2.7 0.6 0.7 2.6 2.5 1.9 2.4 3.1 3.5 1.2 0.8 2.1
17 0.3 1.5 1.1 0.4 1.4 0.5 0.6 2.7 2.6 3.9 3.4 2.5 3.1 3.5 1.2
18 0.1 0.2 1.8 1.5 0.3 0.4 1.1 0.5 1.4 2.7 3.6 0.7 3.4 2.5 3.1
19 3.7 0.0 0.1 1.10 1.8 0.2 0.3 1.5 1.1 0.4 1.4 2.7 0.6 0.7 2.6
20 2.6 3.3 2.1 0.0 3.7 1.10 0.1 0.2 1.8 1.5 1.1 0.4 1.4 0.5 0.6
21 3.10 0.9 2.10 2.2 2.1 3.3 3.7 0.0 0.1 3.8 1.8 1.5 0.3 0.4 1.1
22 3.4 3.8 0.8 0.9 2.3 2.2 2.10 3.3 3.7 0.0 2.9 1.10 1.8 0.2 0.3
23 1.6 0.7 3.5 1.2 0.8 2.4 2.3 1.7 2.10 3.3 2.1 0.10 3.7 1.10 0.1
24 3.9 1.9 0.6 3.1 1.6 1.2 0.8 2.4 3.10 0.9 2.10 2.2 1.3 3.3 3.7

25 2.7 3.6 3.9 0.5 2.5 3.1 1.6 1.2 3.4 3.8 0.8 0.9 2.3 1.7 2.10

26 0.4 1.4 3.2 3.6 3.9 2.6 2.5 1.9 1.6 0.7 3.5 1.2 0.8 2.4 3.10
27 2.9 0.3 P.4 1.4 3.2 3.6 2.7 2.6 3.9 1.9 0.6 3.1 1.6 1.2 3.4
28 1.3 0.10 1.5 0.3 0.4 2.8 3.2 1.4 2.7 3.6 3.9 0.5 2.5 1.9 1.6

i



< -9 4', 51

15 16 17 IS 19 20 21 22 23 24 25 26 27 28

0 1.9 0.6 3.1 1.6 1.2 3.4 2.4 0.8 0.9 2.3 2.2 3.8 3.3 2.1

1 3.6 3.9 0.5 2.5 1.9 1.6 0.7 3.4 1.2 0.8 2.4 2.3 3.5 2.10

2 1.4 3.2 3.6 1.1 2.6 3.9 1.9 0.6 0.7 1.6 1.2 3.4 2.4 2.3

3 1.10 0.4 2.8 3.2 1.5 2.7 3.6 3.9 0.5 0.6 1.9 1.6 1.2 3.4

4 0.10 3.7 0.3 2.9 2.8 1.8 1.4 3.2 3.6 1.1 0.5 2.5 1.9 1.6

5 1.7 1.3 3.3 0.2 0.10 2.9 1.10 0.4 2.8 3.2 3.6 1.1 2.6 3.9

6 2.1 1.O 1.7 2.10 0.1 1.3 0.10 3.7 0.3 0.4 2.8 3.2 1.5 2.7

7 2.3 2.2 3.8 3.10 0.9 0.0 1.7 1.3 0.10 0.2 0.3 2.9 2.8 1.8

8 3.1 1.4 2.3 3.5 3.8 0.8 2.1 0.0 1.7 1.3 0.1 0.2 0.10 2.9

9 2.6 2.5 3.4 2.4 3.1 3.5 3.8 2.2 2.1 3.10 1.7 0.0 0.1 1.3

10 0.6 :.7 2.6 0.7 3.4 2.4 3.1 3.5 2.3 2.2 3.8 3.10 2.1 0.0

11 1.1 0.5 1.4 2.7 1.6 0.7 3.4 2.5 3.1 2.4 2.3 3.5 3.8 2.2

12 3.2 1.5 1.1 0.5 1.4 1.9 0.6 0.7 2.6 2.5 3.4 2.4 3.1 3.5

13 0.1 ' .8 3.2 1.5 1.1 0.4 3.9 0.5 0.6 2.7 2.8 0.7 3.4 2.5

14 3.7 1.10 2.9 2.8 1.8 1.5 0.3 3.6 1.1 0.5 1.4 2.T 0.6 0.7

15 1.3 3.3 3.7 0.10 2.9 1.10 1.8 0.2 3.2 1.5 1.1 0.4 1.4 0.5

16 3.10 1.7 2.10 3.3 1.3 0.10 3.7 1.10 0.1 2.8 1.8 1.5 0.3 0.4

17 2.2 3.8 3.10 0.9 2.10 1.7 1.3 33 3.7 0.0 2.9 1.10 1.8 0.2

18 1.6 2.3 3.5 3.8 0.8 0.9 3.10 1.7 2.10 3.3 2.1 0.10 3.7 1.10
19 2.5 1.9 2.4 3.1 3.5 1.2 0.8 3.8 3.10 0.9 2.10 2.2 1.8 3.3

20 2.7 2.6 3.9 8.4 2.5 3.1 1.6 1.2 3.5 3.8 0.8 0.9 2.3 1."

21 0,5 1.4 2.7 3.6 0.7 2.6 2.5 1.9 1.6 3.1 3.5 1.2 0.8 2.4

22 1.5 1.1 0.4 1.4 3.2 0.0 2.7 2.6 3.3 1.9 2.5 3.1 1.6 1.2

23 0.2 1.8 1.5 0.3 0.4 2.8 0.5 1.4 2.7 3.6 3.9 2.6 2.5 1.9

24 0.0 0.1 1.10 1.8 0.2 0.3 2.9 1,1 0.4 1.4 3.2 3.6 2.7 2.6

25 83 2 1 0.0 8.7 1.10 0.1 0.2 0.10 1.5 0.3 0.4 2.8 3.2 14

26 0.9 2 10 2.2 2.1 3.3 3.7 0.0 0 1 1.8 1.8 0.2 0.3 2.9 2.8

27 3.8 0 8 0.9 2.3 2.2 2.10 3.3 21 0.0 1.7 1.10 0.1 0.2 0.10

28 0.7 3.5 1.2 0.8 2.4 2.8 0.9 2.19. .2.2 2.1 3.10 8.7 0.0 0.1

- 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0 0.0 1.3 3.9 2.4 3.10 2.9 0.8 3.4 2.7 3.7 2.10 2.1 2.3 1.1 1.8
1 0.1 2.1 1.7 3.6 1.4 3.8 0.9 1.2 0.4 0.10 3.3 0.7 2.2 2.4 1.5
2 3.3 0.0 2.2 3.9 3.2 3.10 3.5 0.8 1.6 0.3 1.3 2.10 0.6 2.3 1.4
3 2.6 2.10 2.1 2.3 8.6 2.8 3.8 3.1 1.2 1.9 0.2 1.7 0,7 0.5 2.4
4 0.2 2.7 0.7 2.2 2.4 3.2 2.9 3.5 2.5 1.6 3.7 0.1 3.9 0.8 1.1
5 0.3 o.t 0.10 0.6 2.3 1.4 2.8 0.9 3.1 2.6 1.9 3.3 0.0 3.6 0.5
a 1.9 0.3 0.0 1.3 0.5 2.4 3.10 2.9 0.8 2.5 2.7 3.7 2.10 2.1 3.2
T 1.6 3.r 0.1 2.1 1.7 1.1 .1.4 3.8 0.9 1.2 2.6 0.10 3.3 0.7 2.2
8 0.4 1.9 3.3 0.0 2.2 3.9 1.8 3.10 3.5 0.8 1.6 2.7 1.3 2.10 0.6
9 3.4 0.3 3.7 2.10 2.1 2.3 3.6 1.8 3.8 3.1 1.2 1.9 0.10 1.7 0.7

10 1.2 0.4 0.2 3.3 0.7 2.2 2.4 3.2 1.10 3.5 2.5 1.6 3.7 1.3 3.9
11 0.8 1.6 0.3 0.1 2.10 0.6 2.3 1.4 2.8 3.4 3.1 2.6 1.9 3.3 1.7
12 3.1 1.2 1.9 0.2 0.0 0.7 0.5 2.4A 3.10 2.9 0.4 2.5 2.7 3.7 2.10
13 1.8 2.5 1.6 3.7 0.1 2.1 0.6 1.1 1.4 3.8 0.9 0.3 2.6' 0.10 3.3
14 0.9 1.10 2.6 1.9 3.8 0.0 2.2 0.5 1.5 3.10 3.5 0.8 0.2 2.7 1.3
15 2.9 0.8 3.4 2.7 3.7 2.10 2.1 2.3 1.1 1.8 3.8 3.1 1.2 0.1 0.10
16 3.8 0.9 1.2 0.4 0.10 3.3 0.7 2.2 2.4 1.5 1.10 3.5 2.5 1.6 2.7
17 1.1 3.5 0.8 1.6 0.3 1.3 2.10 0.6 2.3 1.4 1.8 3.4 3.1 1.2 1.9
18 2.8 1.5 3.1 1.2 1.9 0.2 1.7 0.7 0.5 2.4 3.10 1.10 3.5 2.5 1.6
19 3.2 2.9 1.8 2.5 1.6 3.7 0.1 3.9 0.6 1.1 1.4 2.8 3.4 3.1 2.6
20 1.4 2.8 0.9 1.10 2.6 1.9 3.3 0.0 3.6 0.5 2.4 3.10 2.9 0.4 2.5
21 2.4 3.10 2.9 0.8 3.4 2.7 3.7 2.10 2.1 0.6 1.1 1.4 3.8 0.9 0.3
22 3.6 1.4 3.8 0.9 1.2 0.4 0.10 3.3 0.0 2.2 0.5 1.5 3.10 3.5 0.8
23 3.9 3.2 3.10 3.5 0.8 1.6 0.3 3.7 2.10 2.1 2.3 1.1 1.8 3.8 3.1
24 2.3 3.6 2.8 3.8 3.1 1.2 0.4 0.2 3.3 0.7 2.2 2.4 1.5 1.10 3.5
25 2.2 2.4 3.2 2.9 8.5 0.8 1.6 0.3 0.1 2.10 0.6 2.a 1.4 1.8 3.4
26 0.6 2.3 1.4 2.8 1.5 3.1 1.2 1.9 0.2 0.0 0.7 0.5 2.4 3.10 1.10
27 1.3 0.5 2.4 3.2 2.9 1.8 2.5 1.8 3.7 0.1 2.1 0.6 1.1 1.4 3.8
28 2.1 1.7 2.3 1.4 2.8 0.9 1.10 2.6 1.9 3.3 0.0 2.2 0.5 1.5 3.10



< l-w I I,

16 18 17 i8 19 20O 21 22 23 24 25 26 27 28

0 8.8 3.1 0.3 0.1 0.10 1.7 0.7 1.4 2.8 0.9 1.10 0.4 1.9 3.3
1 1.10 3.5 2.5 0.2 0.0 1.3 3.9 0.6 3.10 2.9 0.8 3.4 0.3 3.7
2 1.8 3.4 3.1 2.6 0.1 2.1 1.7 3.6 0.5 3.8 0.9 1.2 0.4 2.5

3.10 1.10 0.4 2.5 2.7 0.0 2.2 3.9 3.2 1.1 3.5 0.8 3.4 0.3
4 1.4 3.8 8.4 0.3 2.6 0.10 2.1 2.3 3.4 2.8 1.5 0.9 1.2 0.4
5 1.5 3.10 3.5 0.4 0.2 2.7 1.3 2.2 2.4 3.2 1.1 1.8 0.8 1.6
6 1.1 1.8 3.8 3.1 0.3 0.1 0.10 1.7 2.3 3.6 2.8 1.5 1.10 1.2
7 2.8 1.5 1.10 3.5 2.5 0.2 0.0 1.3 2.10 2.4 3.2 2.9 1.8 3.4
8 2.3 2.9 1.8 3.4 3.1 2.6 0.1 0.10 1.7 0.7 1.4 2.8 0.9 1.10
9 0.5 2.4 0.9 1.10 0.4 2.5 1.6 0.0 1.3 3.9 0.6 3.10 2.9 0.8

10 0.6 1.1 1.4 0.8 3.4 3.1 2.6 1.9 2.1 1.7 3.6 0.5 3.8 0.9
1 3.6 0.5 1.5 3.10 1.10 0.4 2.5 2.7 3.7 2.2 3.9 3.2 1.1 3.5
12 3.9 3.2 1.1 1.4 8.8 3.4 0.3 2.6 0.10 3.3 2.3 3.6 2.8 1.5
13 0.7 3.6 0.5 1.5 3.10 3.5 0.4 0.2 2.7 1.3 2.10 2.4 3.2 3.9
14 2.10 2.1 3.2 1.1 1.8 38 3.1 0.3 0.1 0.10 1.7 0.7 1.4 2.8
15 3.3 0.7 2.2 2.8 1.5 1.10 3.5 2.5 0.2 0.0 1.3 3.9 0.6 3.10
16 1.3 2.10 0.6 2.3 2.9 1.8 3.4 3.1 2.6 0.1 2.1 1.7 3.6 0.5
17 0.10 1.7 0.7 0.5 2.4 0.9 1.10 0.4 2.5 2.7 0.0 2.2 3.9 3.2
18 3.7 1.3 3.9 0.6 1.1 1.4 0.8 3.4 0.3 2.6 0.10 2.1 2.3 3.6
19 1.9 3.3 1.7 3.6 0.5 1.5 3.10 1.2 0.4 0.2 2.7 1.3 2.2 2.4
20 2.7 3.7 2.10 3.9 3.2 1.1 1.8 3.8 1.6 0.3 0.1 0.10 1.7 2.3
21 2.6 0.10 3.3 0.7 3.6 2.8 1.5 1.10 3.5 1.9 0.2 0.0 1.3 3.9
22 0.2 2.7 1.3 2.10 0.6 3.2 2.9 1.8 3.4 3.1 8.7 0.1 2.1 1.7
23 1.2 0.1 0.10 1.7 0.7 0.5 2.8 0.9 1.10 0.4 2.5 3.3 0.0 2.2
24 2.5 1.6 0.0 1.3 3.9 0.6 1.1 2.9 0.8 3.4 0.3 2.6 2.10 2.1
25 3.1 2.6 1.9 2.1 1.7 3.6 0.5 1.5 0.9 1.2 0.4 0.2 2.7 0.7
26 0.4 2.5 2.7 3.7 2.2 3.9 3.2 1.1 1.3 0.8 1.6 0.3 0.1 0.10
27 3.4 0.3 2.6 0.10 8.3 2.3 3.6 2.8 1.5 1.10 1.2 1.9 0.2 0.0
25 3.5 0.4 0.2 2.7 1.8 2.10 2.4 3.2 .2.9 1.8 3.4 1.6 3.7 0.1

0 1 2 3 4 6 7 8 9 10 11 12 13 14 15 18

0 0.0 0.4 3.10 2.9 0.8 3.7 3.4 0.7 0.2 2.7 1.3 3.2 2.10 1.8 2.3 0.1 3.1
1 1.1 2.1 0.3 3.8 0.10 1.2 3.3 0.7 0.6 0.1 1.4 1.7 2.8 0.9 1.10 2.4 0.0
2 3.3 1.5 2.2 0.2 3.5 1.3 1.8 2.10 0.6 0.5 0.0 0.4 3.10 2.9 0.8 3.7 3.
3 3.2 2.10 1.8 2.3 0.1 3.1 1.7 1.9 0.9 0.5 1.1 2.1 0.3 3 8 0.10 1.2 3.3
4 1.7 2.8 0.9 1.10 2.4 0.0 2.5 3.10 3.9 0.8 1.1 1.5 2.2 0.2 3.5 1.3 1.8
5 0.4 3.10 2.9 0.8 3.7 3.4 2.1 2.6 3.8 3.6 1.2 1.5 1.8 2.3 0.1 3.1 1.7
6 2.1 0.3 3.8 0.10 1.2 3.3 0.7 2.2 2.7 3.5 3.2 1.6 1.8 1.10 2.4 0.0 2..5
7 3.4 2.2 0.2 3.5 1.3 1.6 2.10 0.6 2.3 1.4 3.1 2.8 1.9 1.10 3.7 3.1 2.1
8 1.5 0.7 2.3 0.1 31 1.7 1.9 0.9 0.5 2.4 0.4 2.5 2.9 3.9 3.7 3.3 0.7
9 1.6 1.8 0.6 2.4 0.0 2.5 3.10 3.9 0.8 1.1 3.4 0.3 2.6 0.10 3.6 3.3 2.:0

10 2.8 1.9 1.10 0.5 3.4 2.1 2.6 3.8 3.6 1.2 1.5 0.7 0.2 2.7 1.3 3.2 2.10
11 2.5 2.9 3.9 3.7 1.1 0.7 2.2 2.7 3.5 3.2 1.6 1.8 0.6 0.1 1.4 1.7 2.8
12 0.3 2.6 0.15 3.6 3.3 1.5 0.6 2.3 1.4 3.1 2.8 1.9 1.10 0.5 0.0 0.4 3.10
13 0.7 0.2 2.7 1.3 3.2 2.10 1.8 0.5 2.4 0.4 2.5 2.9 3.9 3.7 1.1 2.1 0.3

14 1,8 0.6 0.1 1.4 1.7 2.8 0.9 1.10 1.1 3.4 0.3 2.8 0.10 3.6 3.3 1.5 2.2
15 1.9 1.10 0.5 0.0 0.4 3.10 2.9 0.8 3.7 1.5 0.7 0.2 2.7 1.3 3.2 2.10 1.8
16 2.9 3.9 3.7 1.1 2.1 0.3 3.8 0.10 1.2 3.3 1.8 0,6 0.1 1.4 1.7 2.8 0.9
17 2.6 0.10 3.6 3.3 1.5 2.2 0.2 3.6 1.3 1.6 2.10 1.10 0.5 0.0 0.4 3.10 2.9
18 0.2 2.7 1.3 3.2 2.10 1.8 2.3 0.1 3.1 1.7 1.9 0.9 3.7 1.1 2.1 0.3 3.3
19 2.2 0.1 1.4 1.7 2.8 0.9 1.10 2.4 0.0 2.5 3.10 3.9 0.8 3.3 1.5 2.2 0.2
20 0.6 2.3 0.0 0.4 3.10 2.9 0.8 3.7 3.4 2.1 2.6 3.8 3.6 1.2 2.10 1.8 2.3
21 0.9 0.5 2.4 2.1 0.3 3.8 0.10 1.2 3.3 0.7 2.2 2.7 3.5 3.2 1.6 0.9 1.10
22 3.9 0.8 1.1 3.4 2.2 0.2 3.5 1.3 1.4 2.10 0.6 2.3 1.4 3.1 2.8 1.9 3.9
23 3.8 3.6 1.2 1.5 0.7 2.3 0.1 3.1 1.7 1.9 0.9 0.5 2.4 0.4 2.5 3.10 -.9
24 2.7 3.5 3.2 1.6 1.8 0.6 2.4 0.0 2.5 3.10 3.9 0.8 1.1 3.4 2.1 2.6 3.8
25 2.3 1.4 3.1 2.8 1.9 1.10 0.5 3.4 2.1 2.6 3.8 3.6 1.2 3.3 0.7 2.2 2.72a 0.6 2.4 0.4 2.6 2.9 3.9 3,7 1.1 0.7 2.2 2.7 3.5 1.3 1.6 2.10 0.6 2.3
27 0.8 1.1 3.4 0.3 2.6 0.10 3 6 3.3 1.5 0.6 2.3 0.1 3.1 1.7 1.9 0.9 0.8

2 3.6 1.2 1.5 0.7 0.2 2.7 1*8 3.2 2.10 1.8 1.10 2.4 0.0 2, 8.10 3.9 0.8



Continuation of table <1--

29 3.8 8.2 1.6 1.8 0.6 0.1 1.4 1.7 2.8 1.9 1.10 3.7 3.4 2.1 2.6 8.8 3.6
80 1.4 3.1 2.8 1.9 1.10 0.5 0.0 0.4 2.5 2.9 8.9 3.7 3.3 0.7 2.2 2.7 8.5
31 0.1 0.4 2.5 2.9 3.9 3.7 1.1 3.4 0.3 2.6 0.10 3.6 3.3 2.10 0.6 2.3 1.4
32 2.4 0.0 0.3 2.6 0.10 3.6 1.2 1.5 0.7 0.2 2.7 1.3 3.2 2.10 0.9 0.5 2.4
33 3.7 3.4 2.1 0.2 2.7 3.5 3.2 1.6 1.8 0.6 0.1 1.4 1.7 2.8 0.9 0.8 1.1
34 1.2 3.3 0.7 2.2 2.3 1.4 3.1 2.8 1.9 1.10 0.5 0.0 0.4 3.10 2.9 0.8 1.2
35 1.3 1.6 2.10 1.8 2.3 2.4 0.4 2.5 2.9 3.9 3.7 1.1 2.1 0.3 3.8 0.10 1.2
36 8.1 1.7 2.8 0.9 1.10 2.4 3.4 0.8 2.6 0.10 3.6 3.3 1.5 2.2 0.2 3.5 1.3

< I-w 1371

17 18 19 20 21 22 23 24 25 26 17 28 -9 30 31 32 33 34 35 36

0 1.3 1.9 3.9 3.7 1.1 2.1 0.3 3.8 0.10 1.2 3.3 0.7 2.2 2.7 1.4 1.7 2.8 0.9 1.10 2.4
1 2.5 1.7 3.9 3.6 3.3 1.5 2.2 0.2 3.5 1.3 1.6 2.10 0.6 2.3 1.4 0.4 3.10 2.9 0.8 3.7
2 2.1 2.6 3.8 3.6 3.2 2.10 1.8 2.3 0.1 3.1 1.7 1.9 0.9 0.5 2.4 0.4 0.3 3.8 0.10 3.6
3 0.7 2.2 2.7 3.5 3.2 2.8 0.9 1.10 2.4 0.0 2.5 3.10 3.9 0.8 1.1 3.4 0.3 0.2 2.7 1.3
4 2.10 0.6 2.3 1.4 3.1 2.8 2.9 0.8 3.7 3.4 2.1 2.6 3.8 3.6 1.2 1.5 0.7 2.2 0.1 1.4
5 1.9 0.9 0.5 2.4 0.4 2.5 2.9 0.10 1.2 3.3 0.7 2.2 2.7 3.5 3.2 1.6 2.10 0.6 2.3 0.0
6 3.10 3.9 0.8 1.1 3.4 0.3 2.6 0.10 1.3 1.6 2.10 0.6 2.3 1.4 3.1 1.7 1.9 0.9 0.5 2.4
7 2.6 3.8 3.6 1.2 1.5 0.7 0.2 2.7 1.3 1.7 1.9 0.9 0.5 2.4 0.0 2.5 3.10 3.9 0.8 1.1
8 2.2 2.7 3.5 3.2 1.6 1.8 0.6 0.1 1.4 1.7 3.10 3.9 0.8 3.7 3.4 2.1 2.6 3.8 3.6 1.2
9 0.6 2.3 1.4 3.1 2.8 1.9 1.100.5 0.0 0.4 3.10 3.8 0.10 1.2 3.3 0.7 2.2 2.7 3.5 3.2

10 0.9 0.5 2.4 0.4 2.5 2.9 3.9 3.7 1.1 2.1 0.3 2.6 3.5 1.3 1.6 2.10 0.6 2.3 1.4 3.1
11 0.9 0.8 1.1 3.4 0.3 2.6 0.10 3.6 3.3 1.5 0.7 0.2 2.7 3.1 1.7 1.9 0.9 0.5 2.4 0.4
12 2.9 0.8 1.2 1.5 0.7 0.2 2.7 1.3 3.2 1.6 1.8 0.6 0.1 1.4 2.5 3.10 3.9 0.8 1.1 3.4
13 3.8 0.10 1.2 1.6 1.8 0.6 0.1 1.4 3.1 2.8 1.9 1.10 0.5 0.0 0.4 2.6 3.8 3.8 1.2 1.5
14 0.2 3.5 1.3 1.6 1.9 1.10 0.5 2.4 0.4 2.5 2.9 3.9 3.7 1.1 2.1 0.3 2.7 3.5 3.2 1.6
15 2.3 0.1 3.1 1.7 1.9 3.9 0.8 1.1 3.4 0.3 2.6 0.10 3.6 3,3 1.5 2.2 0.2 1.4 3.1 2.8
16 1.10 2.4 0.0 2.5 3.10 2.9 3.6 1.2 1.5 0.7 0.2 2.7 1.3 3.2 2.10 1.8 2.3 0.1 0.4 2..5
17 1 0.8 3.7 3.4 2.1 0.3 3.8 0.10 3.2 1.6 1.8 0.6 0.1 1.4 1.7 2.8 0.9 1.10 2.4 0.0 0.3
18 0.10 1.2 3.3 1.5 2.2 0.2 3.5 1.3 2.8 1.9 1.10 0.5 0.0 0.4 3.10 2.9 0.8 3.7 3.4 2.1
19 3.5 1.3 3.2 2.10 1.8 2.3 0.1 3.1 1.7 2.9 3.9 3.7 1.1 2.1 0.3 3.8 0.10 1.2 3.3 0.7
20 0.1 1.4 1.7 2.8 0.9 1.10 2.4 0.0 2.5 3.10 o.1o 3.6 3.3 1.5 2.2 0.2 3.5 1.3 1.6 2.10

Continuation of table < -wT3-I7Z-,

21 0.5 0.0 0.4 3.10 2.9 0.8 3.7 3.4 2.1 2.6 13.8 1.3 3.2. 2.10 1.8 2.3 0.1 3.1 1.7 1.9
22 3.7 1.1 2.1 0.3 3.8 0.10 1.2 3.3 0.7 2.2 2.7 3.5 1.7 2.8'" 0.9 1.10 2.4 0.0 2.5 .60
23 3.6 3.3 1.5 2.2 0.2 3.5 1.3 1.6 2.10 0.6 2.3 1.4 3.1 3.10 2.9 0.8 3.7 3.4 2.1 2.6
24 3.6 3.2 2.10 1.8 2.3 0.1 3.1 1.7 1.9 0.9 0.5 2.4 0.4 2.5 3.8 0.10 1.2 3.3 0.7 2.2
25 3.5 3.2 2.8 0.9 1.10 2.4 0.0 2.5 3.10 3.9 0.8 1.1 3.4 0.3 2.6 3.5 1.3 1.6 2.10 0.6
26 1.4 3.1 2.8 2.9 0.8 3.7 3.1 2.1 2.6 3.8 3.6 1.2 1.5 0.7 0.2 2.7 3.1 1.7 1.9 0.9
27 2.4 0.4 2.5 2.9 0.10 1.2 3.3 2.5 2.2 2.7 3.5 3.2 1.6 1.8 0.6 0.1 1.4 2.5 3.:0 3.9
28 1.1 3.4 0.3 2.6 0.10 1.3 1.6 2.10 2.6 2.3 1.4 3.1 2.8 1.9 1.10 0.5 0.0 0.4 2.6 3.8
29 j.2 1.5 0.7 0.2 2.7 1.3 1.7 1.9 0.9 2.7 2.4 0.4 2.5 2.9 3.9 3.7 1.1 2.1 0.3 2.7
30 3.2 1.6 1.8 0.6 0.1 1.4 1.7 3.10 3.9 0.8 1.4 3.4 0.3 2.6 0. 10 3.6 3.3 1.5 2.2 0.2
31 3.1 2.8 1.9 1.10 0.5 0.0 0.4 3.10 3.8 3.6 1.2 0.4 0.7 0.2 2.7 1.3 3.2 2.10 1.8 2.3
32 0.4 2.5 2.9 3.9 3.7 1.1 2.1 0.3 3.8 3.5 3.2 1.6 1.8 0.6 0.1 1.4 1.7 2.8 0.9 1.10
33 3.4 0.3 2.6 0.10 3.6 3.3 1.5 2.2 0.2 3.5 3.1 2.8 1.9 1.10 0.5 0.0 0.4 3.10 2.9 0.8
34 1.5 0.7 0.2 2.7 1.3 3.2 2.10 1.8 2.3 0.1 3.1 2.5 2.9 3.9 3.7 1.1 2.1 0.3 3.8 0.10
35 1.6 1.8 0.6 0.1 1.4 1.7 2.8 0.9 1.10 2.4 0.0 2.5 2.6 0 10 3.6 3.3 1.5 2.2 0.2 3.5
36 1.6 1.9 1.10 0.5 0.0 0.4 3.10 2.9 0.8 3.7 3.4 2.1 2.6 2.7 1.3 3.2 2.10 1.8 2.3 0.1

<" I-w 1 I" t ,- .t

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 16 16 17

0 9.0 3.1 1.3 1.2 2.10 0.4 2.1 1.4 2.5 2.8 1.6 1.5 0.3 3.10 2.6 2.9 1.9 1.8

1 0.4 2.1 2.5 1.7 1.6 0.7 0.3 2.2 3.10 2.6 2.9 1.9 1.8 0.2 3.8 2.7 0.9 3.7

2 0.7 0.3 2.2 2.6 3.9 1.9 0.6 0.2 2.3 3.8 2.7 0.9 3.7 1.10 0.1 3.5 0.10 0.8

3 1. ) 0.6 0.2 2.3 2.7 3.6 3.7 0.5 0.1 2.4 3.5 0.10 0.8 3.3 3.4 0.0 3.1 1.-

4 3.1; 3.7 0.5 0.1 2.4 0.10 3.2 3.3 1.1 0.0 1.4 3 1 1.3 1.2 2.10 0.4 2. 2.3

5 0.10 3.2 3.3 1.1 0.0 1.4 1.3 2.8 2.10 1.5 2.1 3.10 2.5 1. 7 1.6 0.7 03 2.2

6 1.4 1.3 2.8 2.1) 1.5 2.1 3.10 1.7 2.9 0.7 1.8 2.2 m 2$ 39 .3 0.6 ).2

7 3.10 3.10 1.7 2.9 0.7 1.8 2.2 3.8 3.9 0.9 0 6 1.!0 2.3 3 ., j,7 3 6 3.7 0.5

8 0.2 3." 3.8 3.9 0.9 0.6 1.10 2.3 3.5 3,6 0 F8 0.5 3.1 2.4 -3.1 0.10 3.2 3.3

1 .jO 0.1 3.5 3.5 3.6 0.8 0.8 3.4 2.4 3.1 3.2 1.2 1 1 0.4 1.4 2.5 1.3 2.8

10 3.3 3.4 0.0 3.1 3.1 8.2 1.2 1.1 0.4 1.4 2.3 2.8 1.6 1.5 0.3 S.10 2.0 1.7



Continuation of table<-w I.

11 1.2 2.100.4 2.1 2.5 2.8 2.8 1.6 1.5 0.3 8.10 2.6 2.9 1.9 1.8 0.2 3.8 2.7
12 1.7 1.8 0.7 0.3 2.2 2.6 2.6 2.9 1.9 1.8 0.2 8.8 2.7 0.9 8.7 1.10 0.1 8.5
1N 2.6 3.9 1.9 0.6 0.2 2.3 2.7 2.7 0.9 3.7 1.10 0.1 3.5 0.10 0.8 3.3 3.4 0.0
14 2.3 2.7 8.6 3.7 0.5 0.1 2.4 0.10 0.10 0.0 3.3 3.4 0.0 3.1 1.3 1.2 2..J0 0.4
15 0.1 2.4 0.10 3.2 8.3 1.1 0.0 .1.4 1.3 1.3 1.2 2.10 0.4 2.1 2.5 1.7 1.6 0.7
16 1.1 0.0 1.4 1.3 2.8 2.10 1.5 2.1 3.10 1.7 1.7 1.6 0.7 0.3 2.2 2.6 3.9 1.9
17 2.10 1.5 2.1 3.10 1.7 2.9 0.7 1.8 2.2 3.8 3.9 3.9 1.9 0.6 0.2 2.3 2.7 3.6
1s 2.9 0.7 1.8 2.2 3.8 3.9 0,9 0.6 1.10 2.3 3.5 3.6 3.6 3.7 0.5 0.1 2.4 0.10
19 0.9 0.9 0.6 1.10 2.3 3.5 3.6 0.8 0.5 3.4 2.4 3.1 3.2 3.2 3.3 1.1 0.0 1.4
20 0.10 0.8 0.8 0.5 3.4 2.4 3.1 3.2 1.2 1.1 0.4 1.4 2.5 2.8 2.8 2.10 1.5 2.1
21 3.1 1.3 1.2 1.2 1.5 0.4 1.4 2.5 2.8 1.6 1.5 0.3 3.10 2.6 2.9 2.9 0.7 0.3
22 2.1 2.5 1.7 1.6 1.6 1.5 0.3 3.10 2.6 2.9 1.9 1.8 0.2 3.8 2.7 0.9 1.9 0.6
23 0.3 2.2 2.6 3.9 1.9 1.9 1.8 0.2 3.8 2.7 0.9 3.7 1.10 0.1 3.5 3.6 0.8 3.7
24 0.6 0.2 2.3 2.7 3.6 3.7 3.7 1.10 0,1 3.5 0.10 0.8 3.3 3.4 2.4 3.1 3.2 1.2
25 3.7 0.5 0.1 2.4 0.10 3.2 3.3 3.3 3.4 0.0 3.1 1.3 1.2 1.1 0.4 1.4 2.5 2.8
26 3.2 3.3 1.1 0.0 1.4 1.3 2.8 2.10 2.10 0.4 2.1 2.5 2.8 1.6 1.5 0.3 3.10 2.6
27 1.3 2.8 2.10 1.5 2.1 3.10 1.7 2.9 0.7 0.7 0.3 3.10 2.6 2.9 1.9 1.8 0.2 3.8
28 3.10 1.7 2.9 0.7 1.8 2.2 3.8 3.9 0.9 0.6 1.8 0.2 3.8 2.7 0.9 3.7 1.10 0.1
29 2.2 3.8 3.9 0.9 0.6 1.10 2.3 3.5 3.6 3.7 0.5 1.10 0.1 3.5 0.10 0.8 3.3 3.4
30 1.10 2.3 3.5 3.6 0.8 0.5 3.4 2.4 0.10 3.2 3.3 1.1 3.4 0.0 3.1 1.3 1.2 2.10
31 3.4 3.4 2.4 3.1 3.2 1.2 1.1 0.0 1.4 1.3 2.8 2.10 1.5 0.4 2.1 2.5 1.7 1.6
32 2.100.4 0.4 1.4 2.5 2.8 2.10 1.5 2.1 3.10 1.7 2.9 0.7 1.8 0.3 2.2 2.6 3.9
33 1.6 0.7 0.3 0.3 3.10 1.7 2.9 0.8 1.8 2.2 3.8 3.9 0.9 0.6 1.10 0.2 2.3 2.7
34 3.9 1.9 0.6 0.2 2.2 3.8 3.9 0.9 0.6 1.10 2.3 3.5 3.6 0.8 0.5 3.4 0.1 2.4
35 2.7 3.6 3.7 1.10 0.1 2.3 3.5 3.6 0.8 0.5 3.4 2.4 3.1 3.2 1.2 1.1 0.4 0.0
36 2.4 0.10 0.8 3.3 3.4 0.0 2.4 3.1 3.2 1.2 1.1 0.4 1.4 2.5 2.8 1.6 1.5 0.3

-W 4-5

18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36

0 0.2 2.2 3.8 3.9 0.9 0.6 1.10 2.3 3.5 3.6 0.8 0.5 3.4 0.1 2.4 0.103.2 3.3 1.1
1 1.10 0.1 2.3 3.5 3.6 0.8 0.5 3.4 2.4 3.1 3.2 1.2 1.1 0.4 0.0 1.4 1.3 2.8 2.10
2 3.3 3.4 0.0 2.4 3.1 3.2 1.2 1.1 0.4 1.4 2.5 2.8 1.6 1.5 0.3 2.1 3.10 1.7 1.6
a 1.2 2.10 0.4 2.1 1.4 2.5 2.8 1.6 1.5 0.3 3.10 2.6 2.9 1.9 1.8 0.2 2.2 2.6 3.9
4 1.7 1.6 0.7 0.3 2.2 3.10 2.6 2.9 1.9 1.8 0.2 3.8 2.7 0.9 3.7 1.102.3 2.3 2.7

Continuation of table <I-w t,,.,

5 2.6 3.9 1.9 0.6 0.2 2.3 3.8 2.7 0.9 3.7 1.10 0.1 3.5 0.10 0.8 0.5 3.4 2.4 2.4
6 2.3 2.7 3.6 3.7 0.5 0.1 2.4 3.5 0,10 0.8 3.3 3.4 0.0 3.1 3.2 1.2 1.1 0.4 1.4
7 0.1 2.4 0.103.2 8.3 1.1 0.0 1.4 3.1 1.3 1.2 2.10 0.4 1.4 2.5 2.8 1.6 1.5 0.1
8 1.1 0.0 1.4 1.3 2.8 2.10 1.5 2.1 3.10 2.5 1.7 1.6 1.5 0.3 3.10 2.6 2.9 1.9 1.8
9 2.10 1.5 2.1 3.10 1.7 2.9 0.7 1,8 2.2 3.8 2.6 2.9 1.9 1.8 0.2 3.8 2.7 0.9 3.7

10 2.9 0.7 1.8 2.2 3.8 3.9 0.9 0.6 1.10 2.3 2.7 2.7 0.9 3.7 1.10 0.1 3.5 0.10 0.8
11 3.9 0.9 0.6 1.102.4 3.5 3.6 0.8 0.5 0.1 2.4 0.10 0.10 0.8 3.3 3.4 0.0 3.1 1.3
12 0.10 3.6 0.8 0.5 3.4 2.4 3.1 3.2 3.3 1.1 0.0 1.4 1.3 1.3 1.2 2.10 0.4 2.1 2..5
13 3.1 1.3 3.2 1.2 1.1 0.4 1.4 1.3 2.8 2.10 1.5 2.1 3.10 1.7 1.7 1.6 0.7 0.3 2.2

.14 2.1 2.5 1.7 2.8 1.6 1.5 2.1 3.10 1.7 2.9 0.7 1.8 2.2 3.8 3.9 3.9 1.9 0.6 0.2
15 0.3 2.2 2.6 3.9 2.9 0.7 1.8 2.2 3.8 3.9 0.9 0.6 1.10 2.3 3.5 3.6 3.6 3.7 0.5
16 0.6 0.2 2.3 2.7 0.9 0.9 0.6 1.10 2.3 3.5 3.6 0.8 0.5 3.4 2.4 3.1 3.2 3.2 3.3
17 3.7 0.5 0.1 3.5 0.10 0.8 0.8 0.5 3.4 2.4 3.1 3.2 1.2 1.1 0.4 1.4 2.5 2.8 2.8
18 3.2 3.3 3.4 0.0 3.1 1.3 1.2 1.2 1.1 0.4 1.4 2.5 2.8 1.6 1.5 0.3 3.10 2.6 2.9
19 1.3 1.2 2.10 0.4 2.1 2.5 1.7 1.6 1.6 1.5 0.3 3.10 2.6 2.9 1.9 1.8 0.2 3.8 2.7
20 2.5 1.7 1.6 0.7 0.3 2.2 2.8 3.9 1.9 1.9 1.8 0.2 3.8 2.7 0.9 3.7 1.10 0.1 3.5
21 2.2 2.6 3.9 1.9 0.6 0.2 2.3 2.7 3.6 3.7 3.7 1.10 0.1 3.5 0.10 0.8 3.3 3.4 0.0
22 0.2 2.3 2.7 3.6 3.7 0.5 0.1 2.4 0.10 3.2 3.3 3.3 3.4 0.0 3.1 1.3 1.2 2.10 0 4
23 0.5 0.1 2.4 0.10 3.2 3.3 1.1 0.0 1.4 1.6 2.8 2.10 2.i0 0.4 2.1 2.5 1.7 1.6 0.7
24 3.3 1.1 0.0 1.4 1.3 .8 2.10 1.5 2.1 3.10 1.7 2.9 0.7 0.7 0.3 2.2 2.6 3.9 1.9
25 1 1.6 2.10 1.5 2.1 3.10 1.7 2.9 0.7 1.8 2.2 3.8 39 0 9 0.6 0.6 0.2 2.3 2.7 3.6
26 2.9 1.9 0.7 1.8 2.2 41.9 3.9 0.9 0 6 1.10 2.3 3.5 3.6 0.8 0.5 0.5 0.1 2.4 0.:0
27 2.7 0.9 3.7 0.6 1.10 2.3 0.8 3.6 0.8 0 5 3.4 24 3.1 32 1.2 1.1 1.1 0.0 1.4
28 3.5 0.10 0.8 3.3 0.5 3.4 2.4 1 2 3.2 1.2 1.1 0.4 1.4 2.5 2.8 1.6 1.5 1.5 2.1
29 0.0 3.1 1.3 1.2 2.10 v1 0.4 1.4 1.6 2.8 1.6 1,5 0.3 3.10 2.6 2.9 1.9 1.8 1.8
30 0.4 2.1 2.5 1.7 1.60 07 1.5 0.3 3 10 1 9 2.9 L,9 1.8 0 2 3.8 2.7 0.9 3.7 1.10
31 O.T 0.3 2.2 2.6 .1.9 1.9 0.6 1.8 0 2 3 8 37 0.9 3.7 1.l 0.1 3.5 0.10 0.8 3 3
32 1.9 0.8 0.2 2.3 2.7 :1 6 1.7 0.5 1.10 0.1 3 5 0 10 0 8 3.3 3.4 0 0 3.1 1.3 1.2
3 3.6 3.7 0.5 0.1 2.4 0.10 3.2 33 1.1 3.4 00 3.1 1.- 1.2 2.10 04t 2.1 2.5 1 7

4 0.10 3.2 3.3 1.1 0'] 1.4 1.3 2.8 2.10 1 3 0.4 2.1 2 5 1.7 1.6 0.7 0.3 2.2 26

3.5 1.4 1.3 2.8 2.10 1.5 ' 1 3.10 1.7 2.9 0.7 1.8 0.3 2.2 2.6 3.9 1 9 06 0.2 2.3
: 2.1 3.10 1.7 2.9 07 I 8 2.2 3 8 3.9 0.9 0.6 1.10 0.2 2.3 2.7 3.6 3.7 0.6 0.1
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